—
<
o
@
—
@)
@)
)
Ll
)
LLl
W
Ll
T
—

l._.
Z
Z

2025UPASGO069

[ ]
universite
PARIS-SACLAY

Scalable Bayesian Non-Parametric
Models for Clustering and
Co-Clustering

Modeles Bayésiens non-paramétriques scalables pour
le clustering et co-clustering

Thése de doctorat de l'université Paris-Saclay

Ecole doctorale n° 580, sciences et technologies de I'information et de la
communication (STIC)

Spécialité de doctorat: Informatique

Graduate School : Informatique et sciences du numérique

Référent: Université de Versailles-Saint-Quentin-en-Yvelines

These préparée dans l'unité de recherche DAVID (Université Paris-Saclay, UVSQ), sous la
direction de Mustapha LEBBAH, Professeur des universités, et le co-encadrement de
Hanene AZZAG, Professeure des universités a I'Université Sorbonne Paris Nord.

Thése soutenue a Versailles, le 07 Novembre 2025, par

Reda KHOUFACHE

Composition du jury

Membres du jury avec voix délibérative

Tabea REBAFKA Présidente

Professeure des universités, AgroParisTech, Université

Paris Saclay

Christophe BIERNACKI Rapporteur & Examinateur
Professeur des universités, Inria, Université de Lille

Guillaume CLEUZIOU Rapporteur & Examinateur
Professeur des universités, Université d'Orléans

Lazhar LABIOD Examinateur

Maitre de conférences, Université Paris-Cité

Yuichi YOSHIDA Examinateur

Professeur, National Institute of Informatics (Japon)



ECOLE DOCTORALE

.® | Sciences et technologies
un IVerSIte . de l'information et de
PARIS-SACLAY | la communication (STIC)

Titre: Modéles Bayésiens non-paramétriques scalables pour le clustering et co-clustering
Mots clés: Modéles de mélange gaussien; Modéles de mélange de processus de Dirichlet; Mod-
éles a blocs latents non paramétriques; Calcul distribué; Algorithme EM; Sensibilité moyenne.

Résumé: Le clustering est une tache fondamen-
tale de l'apprentissage non supervisé, visant a
regrouper des observations similaires en clus-
ters. Les modeles de mélange gaussien (GMM)
figurent parmi les approches probabilistes les
plus utilisées en vertu de leur interprétabilité
et de leur efficacité. Toutefois, ils nécessitent
de spécifier a I'avance le nombre de clusters
K, ce qui limite leur applicabilité en pratique.
Les modeles de mélange a processus de Dirich-
let représentent une extension bayésienne non
paramétrique des GMM, permettant d'inférer
automatiquement K a partir des données et of-
frant ainsi plus de flexibilité.

Lorsque les jeux de données tabulaires
présentent une structure duale entre les ob-
servations (lignes) et les variables (colonnes),
le co-clustering—qui partitionne simultané-
ment les lignes et les colonnes en blocs ho-
mogeénes—surpasse souvent les approches
classiques de clustering, qui ne produisent
qu'une partition des lignes. Le modeéle de
blocs latents non paramétrique étend les mod-
eles classiques de mélange en blocs dans un
cadre bayésien non paramétrique, et permet
d'inférer automatiquement le nombre de clus-
ters de lignes et de colonnes.

Bien que les méthodes de Monte Carlo
par chaines de Markov (MCMC), telles que
I'échantillonneur de Gibbs, juissent de bonnes
propriétés asymptotiques et d'une grande pré-
cision, leur processus d'inférence devient trées
lent en raison de leur complexité computation-
nelle, ce qui limite leur applicabilité lorsque
le nombre d'observations est grand. Pour
relever ce défi, nous proposons DisCGS, un
algorithme d'inférence distribué qui approx-
ime I'échantillonneur de Gibbs. Congu pour
des données partitionnées horizontalement
sur plusieurs workers, DisCGS permet un clus-
tering efficace et scalable, aussi bien pour des
données continues que discretes.

Dans le cas continu, notre implémenta-
tion, lorsque les composantes sont supposées
gaussiennes, atteint un temps d'exécution

d'environ 3 minutes pour 100 itérations sur un
jeu de données de 100 000 points, soit une ac-
célération de plus de 200 fois par rapport a une
approche centralisée qui nécessite 12 heures.
Dans le cas discret, nous étendons notre méth-
ode au cas ou les composantes sont multino-
miales, avec une application au clustering de
textes. Enfin, notre méthode se généralise aisé-
ment aux distributions de la famille exponen-
tielle.

Nous étendons également cette approche
distribuée au co-clustering via DisNPLBM, un al-
gorithme d'inférence scalable pour les modéles
de blocs latents bayésiens non paramétriques.
DisNPLBM adopte wune architecture mas-
ter/worker, ou les données sont réparties par
lignes, permettant une inférence paralléle sans
communication entre les workers. |l capture ef-
ficacement les structures de co-clustering. Nous
validons le passage a I'échelle et la précision de
notre approche sur des données synthétiques,
et présentons également une application pra-
tique sur des données réelles d'expression de
genes.

Au-dela de la scalabilité, la fiabilité des al-
gorithmes de clustering est essentielle pour
garantir des résultats robustes. Nous étu-
dions la stabilité de l'algorithme Expectation-
Maximization (EM) appliqué aux GMM via la no-
tion de sensibilité moyenne, qui mesure la vari-
ation des parametres inférés lors de petites
perturbations des données, comme la suppres-
sion d'un point. Nous démontrons théorique-
ment que EM est stable lorsque les propor-
tions de mélange sont fixées et égales, et éten-
dons ce résultat au cas plus général de pro-
portions inconnues. Nos analyses supposent
des clusters sphériques avec une covariance
diagonale connue, sans hypothése sur la sé-
parabilité des clusters ni sur l'initialisation. Des
expériences approfondies sur données syn-
thétiques et réelles confirment nos résultats
théoriques, soulignant la robustesse pratique
de l'algorithme EM.
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Clustering is a fundamental task in unsu-
pervised learning, aiming to group similar ob-
servations into meaningful clusters. Gaussian
Mixture Models (GMMs) are among the most
popular probabilistic approaches for cluster-
ing, providing a flexible parametric framework.
However, they assume a fixed and predefined
number of clusters, which limits their appli-
cability in practice. Dirichlet Process Mixture
Models (DPMMs), a Bayesian non-parametric
extension of GMMs, overcome this limitation by
allowing the number of clusters to be inferred
automatically from the data.

When a dataset exhibits a dual struc-
ture between observations and features, co-
clustering—which simultaneously partitions
both rows and columns into homogeneous
blocks—outperforms traditional clustering
methods that partition only the rows. The
Non-Parametric Latent Block Model (NPLBM)
extends parametric block mixture models to
the Bayesian non-parametric setting, allowing
the automatic estimation of the number of row
and column clusters.

While inference using Markov Chain Monte
Carlo (MCMC) methods, such as collapsed
Gibbs sampling, provides strong asymptotic
guarantees and high precision, it becomes
computationally prohibitive for large datasets.
To address this limitation, we introduce Dis-
CGS, a distributed inference algorithm that ap-
proximates the collapsed Gibbs sampler using
sufficient statistics. Designed for horizontally
partitioned data across multiple workers, Dis-
CGS enables efficient and scalable clustering
for both continuous and discrete data.

For continuous data, our implementation
with Gaussian components achieves a runtime
of approximately 3 minutes for 100 iterations
on a dataset with 100,000 points, yielding over a

200x speedup compared to a centralized sam-
pler that requires 12 hours. For discrete data,
we extend our framework to the case where
the components are multinomial with an ap-
plication to text clustering. Furthermore, our
approach generalizes easily to the exponential
family of distributions.

We further extend this distributed frame-
work to co-clustering by proposing DisNPLBM,
a scalable inference algorithm for Bayesian
Non-Parametric Latent Block Models. Dis-
NPLBM employs a master/worker architecture
that distributes rows of the data matrix among
workers, enabling parallel inference without
inter-worker communication. It models latent
multivariate Gaussian blocks to simultaneously
partition rows and columns, effectively cap-
turing complex co-cluster structures. We val-
idate its scalability and accuracy on synthetic
datasets and demonstrate its practical effec-
tiveness on gene expression data.

Beyond scalability, algorithmic reliabil-
ity is critical for trustworthy clustering re-
sults.  We investigate the stability of the
Expectation-Maximization (EM) algorithm for
GMMs through the lens of average sensitiv-
ity, quantifying the sensitivity of inferred pa-
rameters to small data perturbations such as
the removal of a single point. We theoretically
prove that EM is stable under fixed, equal mix-
ture proportions and extend this analysis to
the more general setting with unknown pro-
portions. Our results assume spherical clus-
ters with known diagonal covariance and do
not rely on cluster separability or initialization
conditions. Extensive experiments on synthetic
and real datasets corroborate our theoretical
findings, underscoring the robustness of EM in
practical scenarios.
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Introduction

Context and motivations

In recent years, the fast growth of data across domains such as text min-
ing, bioinformatics, and computer vision has brought attention to clustering
as a fundamental unsupervised learning task [58]. The goal of clustering is to
partition data into meaningful clusters such that similar samples are grouped
together while dissimilar samples are assigned to different clusters.

Model-based clustering assumes that observations are generated from
a probabilistic model defined over the observation space. Typically, it is as-
sumed that data points within the same cluster are independently drawn
from the same distribution. A common choice in this framework is the fam-
ily of mixture models [112], which assumes that the data are drawn from a
mixture of weighted component distributions. This formulation provides a
flexible and interpretable approach for analyzing complex datasets and has
been widely adopted for its simplicity and efficiency. For parametric mixture
models, the Expectation-Maximization (EM) [43] algorithm is widely used in
practice to perform inference, owing to its simplicity.

However, a major limitation of these models lies in the requirement to
specify the number of clusters in advance, which is unsuitable in a fully unsu-
pervised setting where no labels are available. Moreover, in scenarios where
the dataset size increases, the true number of clusters may also grow, making
the assumption of a fixed number of clusters unrealistic.

Bayesian non-parametric (BNP) models, and particularly Dirichlet Process
Mixture Models (DPMMs) [10], address this limitation by allowing the number
of clusters to be automatically inferred from the data. This flexibility makes
them an attractive choice for cluster analysis, especially when we have no
prior knowledge of the underlying clustering structure.

Beyond traditional clustering, some tabular datasets exhibit a dual struc-
ture between observations and features, such as users and items in recom-
mendation systems, or genes and samples in transcriptomics. In these set-
tings, co-clustering[65]—which simultaneously groups the rows and columns
of a data matrix to produce a block partition—offers a richer representation
of the data and often outperforms traditional clustering that only infers row
partitions. Bayesian non-parametric latent block models (NPLBMs ) [113] nat-
urally extend the DPMM framework to this setting, enabling the automatic
inference of both the number of row and column clusters during the infer-
ence process.

The inference of parameters in BNP models such as DPMMs or NPLBMs
can be performed using two main approaches: Markov Chain Monte Carlo
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(MCMC) inference [121] and variational inference [19]. MCMC methods have
the advantage of producing asymptotically exact samples from the target dis-
tribution [138], whereas variational inference does not offer such guarantees
and instead finds a tractable distribution that approximates the target. Never-
theless, variational inference is often faster than MCMC methods [20]. A well-
known MCMC technique for DPMMs is Gibbs sampling [121], which iteratively
updates both the cluster assignments and the parameters of the component
distribution corresponding to each cluster. In the case where the prior is con-
jugate to the likelihood, the parameters can be integrated out, and only the
cluster assignments have to be estimated. This leads to the collapsed Gibbs
sampling variant.

The collapsed Gibbs sampler is an efficient MCMC method, since it avoids
sampling component parameters and has good asymptotic properties with
high estimation accuracy. However, when the number of observationsis large,
the inference process becomes computationally expensive and thus very slow.
This limitation restricts its applicability to massive datasets and real-world sce-
narios.

Several existing works on mixture models assume Gaussian components
due to their computational convenience. While this assumption may be suit-
able for continuous data, itis inadequate in many scenarios, particularly when
dealing with discrete or count data. For instance, Dirichlet-multinomial distri-
butions are more appropriate for text clustering, and Poisson or Gamma-Poisson
models are better suited for gene expression analysis. Thus, itis crucial to ex-
tend Bayesian non-parametric mixture models beyond Gaussian components
to enhance their applicability across diverse domains.

Finally, the outputs of clustering algorithms often guide decision-making
in practical applications, particularly in safety-critical domains such as health-
care [50] and network security [186]. It is therefore essential to evaluate not
only their clustering quality but also their stability under small perturbations
of the input data. In many real-world scenarios, data may be incomplete or
subject to random deletions, raising the question of how sensitive the clus-
tering outputs are to these small changes. Recent paradigms, such as aver-
age sensitivity [116], provide a principled means to quantify the stability of
learning algorithms, offering valuable insights into their reliability in applied
settings.

The contributions of this thesis directly address these challenges. In the
first part, we develop scalable inference methods for Dirichlet Process Mix-
ture Models capable of handling large-scale datasets without compromising
accuracy. Our aim is twofold: on one hand, to design an approach that can be
readily extended to co-clustering techniques, such as Non-Parametric Latent
Block Models (NPLBMs); on the other hand, to make it flexible enough to ac-
commodate a richer family of component distributions beyond the Gaussian
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case. In the second part, we provide theoretical insights by investigating the
stability of the classical Expectation-Maximization (EM) algorithm for cluster-
ing through the lens of average sensitivity.

Overview

The remainder of this manuscript is organized as follows:

Chapter 1: Related Work

This chapter provides an overview of clustering techniques, with a focus on
model-based approaches. Itfirstintroduces Gaussian Mixture Models (GMMs)
and the Expectation-Maximization algorithm, highlighting their connection to
the K-means algorithm. It then presents Dirichlet Process Mixture Models
as a Bayesian non-parametric extension of Gaussian Mixture Models, with
the inference using the Collapsed Gibbs Sampler. The chapter also discusses
the co-clustering problem, focusing on Non-Parametric Latent Block Models.
Then, it reviews widely used distributed computing frameworks and existing
distributed inference methods for Dirichlet Process Mixture Models and co-
clustering algorithms. Finally, it describes techniques for evaluating clustering
performance, both in terms of quality and stability.

Chapter 2: Distributed inference for DPMMs with a Multivariate
Gaussian components

This chapter presents a distributed inference algorithm for Dirichlet Process
Mixture Models. In this chapter, the component distributions are assumed
to be multivariate Gaussian. This distributed methodology is inspired by the
Collapsed Gibbs Sampler algorithm and employs the master/worker architec-
ture. The sufficient statistics make it possible to aggregate local results and
estimate the global clustering structure.

Chapter 3: Distributed Inference for DPMMs with Multinomial Com-
ponents and Generalization to the Exponential Family

This chapter adapts the distributed inference method presented in Chapter 2,
where component distributions are assumed to be Gaussian, to the case where
they are Multinomial, with an application to text clustering. Moreover, it demon-
strates how the approach generalizes to the exponential family of distribu-
tions, thereby extending its applicability beyond Gaussian and Multinomial
models.
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Chapter 4: Distributed Inference for Bayesian Non-Parametric La-
tent Block Models

This chapter extends the proposed distributed inference framework for Dirich-
let Process Mixture Models to co-clustering, introducing a distributed infer-
ence method for the Bayesian Non-Parametric Latent Block Model. The method
also adopts a master-worker architecture, with data partitioned row-wise across
workers.

Chapter 5: Average sensitivity analysis of the EM algorithm of Gaus-
sian Mixture Models

The work presented in this chapter was conducted during an international
mobility at the National Institute of Informatics (NII)!, Japan. It provides a the-
oretical analysis of the stability of the Expectation-Maximization algorithm for
Gaussian Mixture Models, from the perspective of average sensitivity, which
quantifies how much the output changes under small perturbations of the
input.

Chapter 6: Conclusion and perspectives

This chapter outlines possible extensions of the methods proposed in this the-

sis. In particular, it considers alternative implementations of the distributed
approaches, such as deployment in federated environments, as well as en-
hancements to improve clustering quality. It also explores how these meth-

ods could be adapted to distribute other clustering techniques. Finally, it dis-
cusses potential extensions of the stability analysis of the Expectation-Maximization
algorithm based on average sensitivity.

Publications and submissions

These contributions have been the subject of several publications and
submissions, which are listed below:

Publications
Journals

+ Reda Khoufache, Mustapha Lebbah, Hanene Azzag, Etienne Goffinet,
Djamel Bouchaffra. A Distributed Inference Algorithm for Dirichlet Pro-
cess Mixture Models with Exponential Family Components. Neurocom-
puting, 2025, 131119, ISSN 0925-2312, https://doi.org/10.1016/j.
neucom.2025.131119

"https://www.nii.ac.jp/en/about/international/mouresearch/
internship2024-1/
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International conferences

+ Reda Khoufache, Anisse Belhadj, Hanane Azzag, Mustapha Lebbah. Dis-
tributed MCMC inference for Bayesian Non-Parametric Latent Block Model.
Pacific-Asia Conference on Knowledge Discovery and Data Mining (PAKDD
2024). Taipei, Taiwan. 7-10 May 2024.

+ Reda Khoufache, Mustapha Lebbah, Hanene Azzag, Etienne Goffinet,
and Djamel Bouchaffra. Distributed Collapsed Gibbs Sampler for Dirich-
let Process Mixture Models in Federated Learning. In Proceedings of the
2024 SIAM International Conference on Data Mining (SDM 2024), April
18 - 20, Houston, Texas, United States.

National conferences

+ Reda Khoufache, Anisse Belhadj, Hanane Azzag, Mustapha Lebbah. In-
férence MCMC distribuée pour les modéles a blocs latents Bayésiens
non-paramétriques. Société Francophone de Classification (SFC 2024).
Marseille, France. 10-13 Septembre 2024.

* Reda Khoufache, Mustapha Lebbah, Hanene Azzag, Etienne Goffinet,
and Djamel Bouchaffra. Inférence distribuée pour les modéles de mélange
de processus de Dirichlet dans I'apprentissage fédéré, 55émes Journées
de Statistique de la SFdS, May 27 - 31, 2024, Bordeaux, France.

Submission
* Reda Khoufache, Mustapha Lebbah, Hanene Azzag, Yuichi Yoshida. Av-
erage Sensitivity Analysis of the Expectation Maximization Algorithm for
the Gaussian Mixture Model. Submitted to the International Conference
on Artificial Intelligence and Statistics (AISTATS 2026).

Open-source code

+ DisCGS for continuous data. Implementation of the distributed in-
ference method for the Dirichlet Process Mixture Model with Gaussian
components proposed in Chapter 3. https://github.com/redakhoufache/
DisCGS

+ DisCGS for discrete data. Implementation of the distributed inference
method for Dirichlet Process Mixture Models with Multinomial compo-
nents proposed in Chapter 4. https://github.com/redakhoufache/
DisCGS-for-Discrete-data
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+ DisNPLBM. Implementation of the distributed inference method for
the Bayesian Non-Parametric Latent Block Model introduced in Chap-
ter 5. https://github.com/redakhoufache/Distributed-NPLBM

+ Average Sensitivity Analysis of the EM algorithm. Implementation of
the experiments presented in Chapter 6. https://github.com/redakhoufache/
Average-sensitivity-analysis-of-the-EM
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Introduction

Contexte et motivations

Ces derniéres années, la croissance rapide des données dans des do-
maines tels que I'exploration de textes, la bio-informatique et la vision par
ordinateur a beaucoup attiré I'attention sur /e clustering en tant que probleme
fondamental dans I'apprentissage non supervisé [58]. L'objectif du clustering
est de partitionner les données en des groupes cohérents appelés clusters, de
maniére a ce que les observations similaires soient regroupés dans de mémes
clusters tandis que les observations dissemblables soient assignés a des clus-
ters différents.

Les modeles probabilistes approchent le probléme de clustering en sup-
posant que les observations sont générées par une loi de probabilité définie
sur I'espace d'observations. On suppose généralement que les observations
appartenant au méme cluster suivent indépendamment une méme distribu-
tion. Un choix naturel dans ce cadre est la famille des modéles de mélange
[112], qui représentent les données comme issues d'un mélange de distribu-
tions pondérées par un vecteur de probabilité. Cette modélisation offre une
approche flexible et interprétable pour analyser des ensembles de données
complexes et a été largement adoptée pour sa simplicité. Pour les modéles de
mélange paramétriques, I'algorithme Expectation-Maximization [43] est large-
ment utilisé en pratique pour inférer les parametres.

Cependant, la limitation majeure de ces modeéles réside dans la nécessité
de spécifier a 'avance le nombre de clusters, ce qui est inadapté dans un con-
texte non supervisé ou les données ne sont étiquetées. De plus, dans les sit-
uations ou la taille de I'échantillon augmente, le nombre réel de clusters peut
également croitre, ainsi I'hypothese d'un nombre fixe de clusters inadéquate
et restrictive.

Les modeles bayésiens non paramétriques, et en particulier les modeles
de mélange de processus de Dirichlet (Dirichlet Process Mixture Models, DP-
MMs) [10], surpassent cette limitation en permettant d'inférer automatique-
ment le nombre de clusters a partir des données. Cette flexibilité rend ces
modeles plus attrayants et intéressants pour la tache du clustering, partic-
ulierement lorsqu’on ne dispose d'aucune information préalable sur la vraie
structure de clustering.

Lorsque I'ensemble de données présente une relation duale entre les ob-
servations et les variables, comme par exemple les utilisateurs et les arti-
cles dans les systémes de recommandation, ou les génes et les échantillons
en transcriptomique, le co-clustering [65]—qui regroupe de fagcon simultanée
les lignes et les colonnes d'un tableau de données pour inférer une parti-
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tion en blocs homogénes—offre une meilleure représentation des données et
surpasse souvent les méthodes de clustering classiques qui ne partitionnent
que les lignes sans tenir compte de cette relation. Les modeéles a blocs la-
tents bayésiens non paramétriques (Non-Parametric Latent Block Models)[113]
représentent une extension naturelle des DPMMs au contexte du co-clustering,
permettant ainsi I'inférence automatique du nombre de clusters de lignes et
de colonnes durant l'inférence.

Deux approches principales permettent l'inférence des paramétres dans
ces modeles : linférence par chaines de Markov de Monte Carlo [121] et
I'inférence variationnelle [19]. Les méthodes MCMC présentent 'avantage de
produire des échantillons asymptotiquement exacts de la distribution cible
[138], tandis que lI'inférence variationnelle n'offre pas de telles garanties, mais
construit plutét une distribution qui approxime la distribution cible. Néan-
moins, I'inférence variationnelle est souvent plus rapide que les méthodes
MCMC [20]. Une technique MCMC bien connue pour les DPMMs est I'échantillonneur
de Gibbs [127], qui met a jour itérativement les affectations de clusters ainsi
que les parametres de la distribution composante correspondant a chaque
cluster. Lorsque la distribution a priori est conjuguée, les parametres peu-
vent étre intégrés, et seules les affectations de clusters doivent étre estimées,
ce qui conduit a une variante de I'échantillonneur de Gibbs (collapsed Gibbs
sampling).

L'échantillonneur de Gibbs est une méthode MCMC efficace, puisqu'il n'est
plus nécessaire d'échantillonner les parametres associés a chague composantes.
Cette approche est largement utilisée en raison de ses bonnes propriétés
asymptotiques. Cependant, lorsque le nombre d'observation est grand, le
processus d'inférence devient considérablement lent a cause du colt com-
putationnel élevé, ce qui entrave le passage a I'échelle et restreint son appli-
cabilité aux jeux de données massifs.

Par ailleurs, de nombreux travaux existants sur les modeles de mélange
supposent que les distributions associées a chaque cluster sont gaussiennes,
pour des raisons de simplicité de calcul. Bien que cette hypothese soit adap-
tée aux données continues, elle devient inadéquate dans de nombreux scé-
narios réels, par exemple lorsqu’on traite des données discrétes ou des don-
nées de comptage. Par exemple, dans le clustering de documents, les distri-
butions Dirichlet-Multinomiales sont plus appropriées, tandis qu’en analyse
d’expression de génes, les modéles Gamma-Poisson sont mieux adaptés. ||
estdonc crucial d'étendre les modéles de mélange bayésiens non paramétriques
au-dela des composantes gaussiennes, afin d'élargir leur applicabilité a divers
domaines.

Enfin, les résultats des algorithmes de clustering jouent un role important
dans la prise de décision dans des applications réelles, notamment dans des
domaines tels que la santé [50] et la cybersécurité [186]. Il est donc essentiel
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d'évaluer non seulement leur qualité de clustering, mais aussi leur stabilité
face a de petites perturbations dans les données d'entrée. Dans de nom-
breux contextes réels, les données peuvent étre incomplétes ou soumises a
des suppressions aléatoires, ce qui souléve la question de la stabilité des al-
gorithmes face a ces perturbations. Des outils récents, tels que la sensibilité
moyenne [116], offrent un cadre formel et rigoureux pour quantifier la sta-
bilité des algorithmes d'inférence et fournir des informations sur leur fiabilité
dans des contextes appliqués.

Les contributions de cette thése répondent directement a ces enjeux. Dans
une premiére partie, nous développons des méthodes d'inférence distribuées
pour les modeles de mélange a processus de Dirichlet, capables de traiter de
grands ensembles de données sans compromettre la qualité du clustering.
Notre objectif est, d'une part, de concevoir une approche facilement extensi-
ble aux techniques de co-clustering, telles que les modéles a blocs latents non
paramétriques, et, d'autre part, de garantir une flexibilité suffisante pour con-
sidérer une famille plus riche de distributions de composantes, au-dela du cas
gaussien. Dans une seconde partie, nous menons une analyse théorique en
étudiant la stabilité de I'algorithme classique Expectation-Maximization pour
le clustering, a travers la sensibilité moyenne.

Plan de la thése

La suite de ce manuscrit est organisée comme suit :

Chapitre 2: Related Work

Ce chapitre propose une synthese des techniques de clustering existantes,
en mettant I'accent sur les approches basées sur les modeles probabilistes.
Il introduit d'abord les modeles de mélange gaussiens et 'algorithme Expec-
tation-Maximization et sa connexion avec l'algorithme des K-moyennes. |l
présente ensuite les modeles de mélange a processus de Dirichlet comme
une extension bayésienne non paramétrique des modeles de mélange gaussiens,
ainsi que l'inférence via I'échantillonnage de Gibbs. Ce chapitre aborde égale-
ment le probleme du co-clustering, et rappelle la définition des modeéles a
blocs latents non paramétriques. Il passe ensuite en revue les outils de cal-
cul distribué les plus utilisés ainsi que les méthodes d'inférence distribuée
existantes pour les modeéles de mélange a processus de Dirichlet et les algo-
rithmes de co-clustering. Enfin, il décrit les techniques d'évaluation des algo-
rithmes de clustering, tant en termes de qualité de clustering et de stabilité.
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Chapitre 3: Distributed inference for DPMMs with a Multivariate
Gaussian components

Ce chapitre présente un algorithme d'inférence distribuée pour des modeles

de mélange de processus de Dirichlet en utilisant les statistiques suffisantes.

Dans ce chapitre, les distributions associées a chaque cluster sont supposées

étre gaussiennes multivariées. Cette approche distribuée a pour objectif d'approximeer
I'algorithme collapsed Gibbs sampler et est basée sur une architecture mas-
ter/worker.

Chapitre 4: Distributed Inference for DPMMs with Multinomial Com-
ponents and Generalization to the Exponential Family

Ce chapitre introduit une méthode d'inférence distribuée pour les modéles
de mélange de processus de Dirichlet dans le cas ou les distributions com-
posantes sont multinomiales, avec une application au clustering de textes. |
montre également comment cette méthode se généralise au cas ou les dis-
tributions associées a chaque cluster sont supposées appartenir a la famille
exponentielle, étendant ainsi son applicabilité au-dela des modéles gaussiens
et multinomiaux.

Chapitre 5: Distributed Inference for Bayesian Non-Parametric La-
tent Block Models

Ce chapitre étend le cadre d'inférence distribuée proposé pour les modeles
de mélange de processus de Dirichlet au co-clustering, en introduisant une
méthode d'inférence distribuée pour le modele a blocs latents bayésien non
paramétrique. La méthode adopte également une architecture master/worker,
avec une disribution des données par lignes sur les différents workers.

Chapitre 6: Average sensitivity analysis of the EM algorithm of
Gaussian Mixture Models

Ce chapitre présente une analyse théorique de la stabilité de l'algorithme Ex-
pectation-Maximization pour les modeles de mélange gaussiens, du point de
vue de la sensibilité moyenne, qui quantifie dans quelle mesure les parametres
estimés par l'algorithme EM varient sous de petites perturbations des don-
nées d'entrée.

Chapitre 7: Conclusion and perspectives

Ce chapitre expose les extensions possibles des méthodes proposées dans
cette thése. Il aborde notamment des implémentations alternatives des ap-
proches distribuées, comme leur déploiement en environnement fédéré, ainsi
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que des améliorations visant a améliorer la qualité du clustering. 1l explore
également comment ces méthodes pourraient étre adaptées pour distribuer
d'autres techniques de clustering. Enfin, il discute des extensions potentielles
de I'analyse de stabilité de 'algorithme Expectation-Maximization basée sur la
sensibilité moyenne.
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Notation

Table 1: Table of Notation

General

Linear Algebra

R Real numbers
I Identity matrix
d(-,-) Distance
Il = 11ll2 Euclidean norm
)T Transpose operator
det(-) Determinant
Probability and Statistics
1 Indicator function
M Iteration number
() Gamma function
x ~ D(0) x is drawn from probability distribution D(6) parameterized by 6
p(z | 0) :=D(x | 0) Probability density at =
£(-) Data log-likelihood
Le(4) Complete-data log-likelihood
Q Expected complete-data log-likelihood
H(+) Entropy
Dataset
Dimensions
n Number of observations
P Number of variables
d Representation space dimension
Vv Vocabulary size
Data Structures
x € R4 Univariate dataset
X ¢ Rrxpxd Multivariate dataset
X_i/X_; X without row i / column j
X;,. /X, j Row i / column j of X
Mixture Model and Dirichlet Process Mixture Model
Model Structure
K Number of components/clusters
z Membership vector
e Parameter space
0, € © Parameter of component &
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Component distribution parametrized by 6y,

T
QDo Lol

(Ao, 70)
Q
Ao = (o, ko, Yo, 1)
e = (g, Ky Vi, Vi)

Parameters and Hyperparameters
Mixture proportions
Multivariate Gaussian parameters
Component parameters
Estimate of 6
Estimate from EM with deleted point
Variance parameter
Concentration parameter
Base distribution
Parameters of G
Hyperparameter set
NIW prior parameters
Posterior hyperparameters for cluster k

Counts and Sufficient Statistics

n Size of cluster k
(T, Sk) Sufficient statistics for Gaussian cluster k
% Dirichlet distribution parameter
ly Number of times word w appears in document x
Uy Length of document z
T w Number of times word w appears in cluster k
Ny, Total number of word occurrences in cluster k
n(0) Natural parameter vector
S(x) Sufficient statistics
) Log-partition function
10) Base measure
Co-clustering
Structure
w Coclustering variable partition
p Coclustering column proportions
L Number of column clusters
D Column-cluster size
() Block-cluster size
f(50ka) Block component distribution parametrized by 6;,;
Parameters
B Column-cluster concentration parameter
01 Block distribution parameters

Bty Bkl Vi, Vi

Block cluster (k, 1) posterior distribution parameters
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1 - Related Work

1.1. Clustering

Clustering, or cluster analysis, is a fundamental task in unsupervised ma-
chine learning that aims to automatically assign labels to unlabelled data by
grouping similar instances together. The goal is to partition the data so that
observations in the same cluster are more similar to each other than to ob-
servations in other clusters. In this way, clustering methods seek to maxi-
mize intra-cluster similarity while minimizing inter-cluster similarity. Cluster-
ing technique has been extensively studied over the past decades and has
found utility across wide range of domains, including healthcare [105, 1
biology [2, 33], aviation [102, 55], text mining [176, ], and recommender
systems [13, ]. Numerous clustering algorithms have been proposed to
address various data types and structures. These methods have been contin-
uously reviewed and compared in survey papers [171, , , 53, , 1.
Clustering techniques can be categorized based on the underlying assump-
tions and strategies used to identify homogeneous clusters in data.

1.1.1. Hierarchical Clustering

Hierarchical clustering technique [84] aims to build a hierarchy of nested
clusters, usually represented as a tree-like structure called a dendrogram (see
Figure 1.1). In this representation, each leaf node corresponds to a single
data point, while internal nodes denote clusters formed by merging or split-
ting other clusters. Meaningful partitions can be extracted depending on the
desired level of granularity by cutting the dendrogram at a given depth level.

+ Agglomerative hierarchical clustering (bottom-up): Agglomerative
hierarchical clustering starts by considering each data point as an in-
dividual cluster. It then progressively merges the most similar clus-
ters until all data points are contained in a single cluster. The main
challenge in hierarchical clustering resides in determining which clus-
ters to merge at each step. This process is performed using a simi-
larity measure between clusters. Various hierarchical methods have
been proposed based on different types of similarity metrics. For in-
stance, distance-based similarity measures often utilize a linkage cri-
terion, such as single linkage [8], complete linkage [156], average link-
age [80], and centroid linkage [101]. Algorithms that adopt these cri-
teria include CURE [67], Generic_Linkage [119], and HC-OT [30]. Other
approaches use different similarity measures, such as nearest neigh-
bor similarity [120, 35, ] or the quality evaluation of partitions post-
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Figure 1.1: The representation of the dendrogram produced by hierarchical
clustering (left) and the corresponding cluster structure (right).

merging [146, 74, , ]. Additional agglomerative clustering algo-
rithms comprise AGNES [87], BIRCH [185], and ROCK [68].

+ Divisive hierarchical clustering (top-down): In contrast, the divisive
method begins with all data points grouped into a single cluster. It then
recursively splits this cluster into smaller sub-clusters until a termina-
tion condition is satisfied, such as reaching a desired number of clus-
ters or when the data within each cluster is sufficiently homogeneous.
Divisive clustering is typically composed of three steps: computing the
dissimilarity matrix, selecting and splitting clusters based on this mea-
sure, and determining the level or depth of newly formed clusters in
the dendrogram. Unlike agglomerative methods, where cluster levels
arise naturally, divisive approaches often require custom strategies to
define node levels. Divisive hierarchical clustering techniques comprise
DIANA [87], DHCC [170] and DHClus [160].

Hierarchical clustering presents several strengths. It does not require spec-
ifying the number of clusters in advance, it handles arbitrary similarity or dis-
similarity measures, and allows flexible partitioning at different levels of gran-
ularity by cutting the dendrogram at various levels. Despite these advantages,
it also has limitations. For instance, once a merge or split operation is per-
formed, it cannot be reversed, potentially leading to suboptimal clustering.
Additionally, hierarchical methods are computationally intensive in both time
and memory, with a time complexity that grows quadratically with the num-
ber of data points[145, 1.

1.1.2. Partitional clustering

Unlike hierarchical clustering, partitional clustering [29], also known as
partition-based clustering, begins with an initial partition of the data and it-
eratively updates it by optimizing some objective function [100]. Partitional
clusteringisillustrated in Figure 1.2. In these methods, each cluster is typically
represented by a prototype or centroid. For this reason, they are sometimes
called prototype-based clustering techniques [22].
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Figure 1.2: lllustration of partitional clustering with K = 3 clusters.

Among partitional clustering methods, the K-means algorithm [109] is
one of the most widely used due to its simplicity and efficientimplementation.
The algorithm begins by selecting K initial centroids. Each data point is then
assigned to the closest centroid based on a given distance. After the assign-
ment step, the centroids of the clusters are updated by calculating the mean
of the points within each cluster. These two steps are repeated iteratively un-
til the centroids do not change. While K-means is guaranteed to converge
to a local minimum [149], minimizing its objective function is known to be an
NP-hard problem [79]. Other variants of the K-means algorithm include K-
medoids [86], CLARA [85], CLARANS [123], K-modes [77], K-prototypes [78],
and K-means++[11].

In the K-means algorithm, each point is assigned to one and only one
cluster. This type of assignmentis known as a hard assignment, which leads to
a type of clustering that is known as hard clustering. In contrast, soft (or fuzzy)
clustering techniques allow each point to belong to more than one cluster. An
example is the Fuzzy c-means algorithm [48, 15].

Partitional clustering algorithms offer several advantages. They are rela-
tively scalable, simple, and easy to implement. These methods are particu-
larly effective for datasets with compact, spherical, and well-separated clus-
ters. However, they also have notable limitations. First, they tend to discover
only spherical-shaped clusters and are thus not suited for identifying clusters
with more complex shapes. Additionally, these methods often assume that
clusters have approximately similar sizes, as data points are assigned to the
nearest centroid. This can result in inaccurate cluster boundaries [72]. More-
over, partitional clustering algorithms, such as K-means, are highly sensitive
to initialization; different initial centroid choices can yield significantly differ-
ent results. Finally, their most critical limitation is the need to predefine the
number of clusters K. In a real unsupervised learning setting, this number is
often unknown due to the absence of labels. Recent works that have surveyed
partitional clustering techniques include [157, 29, , 971
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Figure 1.3: lllustration of density-based clustering approach with MinPts = 4.
Core points are shown in blue, border points in green, and noise pointsin red.

1.1.3. Density-based clustering

In density-based clustering approaches, clusters are identified as areas
in the observation space with a high concentration of points, separated by
regions of low density. The most popular algorithm is DBSCAN (Density-Based
Spatial Clustering of Applications with Noise) [52]. Given two parameters: a
distance threshold ¢ and a density threshold MinPts. A point is said to be
a core point if it has at least MinPts neighbors within its e-radius. If a point
lies within the neighborhood of a core point but is not itself a core point, it is
labeled as a border point. Any point that is neither a core nor a border point
is labeled as noise. This clustering structure is illustrated in Figure 1.3.

DBSCAN begins by randomly selecting a point and checking whether it
is a core point. If so, the algorithm expands the cluster by connecting it to all
reachable core points. Border points are then assigned to the clusters of their
associated core points, and noise points remain unclustered. This process
repeats until all points have been visited and classified.

This algorithm offers several advantages: it does not assume any specific
cluster shape, allowing it to identify clusters of arbitrary shapes; it does not
require prior knowledge of the number of clusters; and it includes an explicit
notion of noise, distinguishing outliers from clusters. However, its main draw-
back is its sensitivity to the choice of the two parameters, e and Min Pts, which
can be difficult to set appropriately. Other notable density-based clustering
algorithms include DENCLUE [76], OPTICS [9], HDBSCAN [27], DENCLUE 2.0
[75], and the density peaks clustering method [140]. Comprehensive surveys
on these methods can be found in [94, 26].

1.1.4 . Model-based clustering

Model-based clustering approach assumes that the observations are gen-
erated from a probabilistic model defined over the observation space. Typi-
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Figure 1.4: lllustration of model-based clustering using a Gaussian Mixture
Model with three components

cally, it assumes that each cluster corresponds to a distinct component distri-
bution and that data points within the same cluster are independently drawn
from the same distribution. The most widely used model in this framework
is the mixture model [112], which assumes that the data follow a mixture of
weighted component distributions. Figure 1.4 illustrates data generated from
three Gaussian components.

This formulation provides a flexible and interpretable way to analyze com-
plex datasets. Once the model is specified, given a set of observations, the
goal is to estimate its parameters and assign data points to clusters based
on the components they are most likely generated from. This is commonly
achieved through the Expectation-Maximization [43] algorithm, which itera-
tively estimates the parameters attempting to maximize the data likelihood.

One major drawback of traditional mixture models lies in the need to spec-
ify the number of clusters K. This poses challenges in real-world applications,
as these models are sensitive to the number of clusters. Determining an ap-
propriate number of clusters requires prior knowledge of the dataset, which
is not easy since the true labels are not provided in unsupervised scenarios.
Ideally, an algorithm should autonomously determine the most suitable num-
ber of clusters. This can be achieved using Dirichlet Process Mixture Mod-
els, which extend classical mixture models into the Bayesian non-parametric
framework, as will be discussed later.

1.1.5. Deep learning based clustering

Recent approaches combine clustering methods with deep neural net-
works, resulting in significant performance improvements. These deep clus-
tering methods can be divided into two categories. The first category includes
two-stage methods, which first extract features from the input data using
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deep neural networks, such as variational autoencoders [91], and then apply a
clustering algorithm to the extracted features. Notable works in this category
include DCC[153], DDC[32], DDIC[136], and N2D [111]. The second category
takes into account this separation. Therefore, these approaches propose a
unified framework that jointly learns both deep representations and clusters.
Examples of such works include VADE [82], SC-EDAE [5], IMDGC [175], and
GamMM-VAE [69]. For comprehensive surveys on deep clustering, refer to
[134, ' . 135].

1.2 . Gaussian mixture models

In this section, we formally introduce Gaussian Mixture Models as prob-
abilistic generative models. Then, we describe the inference process based
on the Expectation-Maximization algorithm, and outline its connection to the
K-means algorithm.

Mixture models [112] assume that the data are generated from a prob-
abilistic generative process. Specifically, observations belonging to the same
cluster are independently drawn from the same component distribution, and
the cluster assignment of each observation is sampled from a categorical dis-
tribution parameterized by the mixture proportions (also known as the vector
of weights). As a result, the overall data distribution can be expressed as a
convex combination of the component distributions, where each component
is weighted by its corresponding mixture proportion.

The mostwidely used mixture model is the Gaussian Mixture Model (GMM),
also known as the mixture of Gaussians (MoG). In this framework, each com-
ponent distribution is assumed to follow a multivariate Gaussian distribution.
GMMs have a range of applications, such as data compression [182], out-
lier detection [132], generative classification [103], and density estimation [1].
However, their most common use is in clustering [174, 34], where they form
the foundation of model-based approaches.

1.2.1. Model definition

Let n, d and K be positive integers, x = (z1,...,2,)7 € R"*? the ob-
served data, with ()T the transpose operator. Let [n] = {1,...,n} and [K] =
{1,..., K} denote the sets of observation and cluster indices, respectively.

Let D(0) be a probability distribution over RY parametrized by 6. For a vec-
tor x € R? we write D(z | 6) to denote its probability density at =. Let
p = (up)k |, where yy, € R? and T = (3)E |, where ¥ € R¥4 a sym-
metric positive semi-definite matrix. Let z = (z;);_; be the membership vector,
where z; is a latent variable such that z; = k signifies that the z; belongs to the
k-th cluster. Finally, let = = (7,)&_; be a probability vector, i.e., it verifies

Vke K], 0<m <1,
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Figure 1.5: Graphical representation of a Gaussian Mixture Model.

and
K
Z 7 = 1.
k=1

The Gaussian mixture model assumes that the observations are generated as
follows

5 " Cat (), Vi € [n],
v [ {2z =k, g, X} H N (g, Xk Vi € [n].

Each observation z; is sampled first by sampling its membership z; from a
categorical distribution Cat(7m) parameterized by the mixture weights = (also
called mixture proportions). Then, given the membership z; and its correspond-
ing component parameters (u.,,>,), the observation x;|{z; = k, pu, X} is
sampled from the normal distribution A/ (u, X%). The distribution ' (pg, Xx)
represents the component distribution. The graphical representation of GMMs
is illustrated in Figure 1.5.

According to this definition, the probability distribution of x; parameter-
ized by p, 3 and = is given by

K
p(l’z“ﬂ',ﬂ, 2) = Zp(xia zi = k’”? K, 2)7
k=1

I

= mN (@i, Sr)-

k=1

Anillustration of a mixture of Gaussian densities and their correspondingi.i.d.
generated data is shown in Figure 1.6.

The quantity 73, can be seen as a prior probability of z; = k. The corre-
sponding posterior probability is given by Bayes' rule

Tik = p(zl - k’f]ﬁz, ™, K, 2)7
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Figure 1.6: The mixture density (in purple) formed by three different Gaussian
components (blue, red, and green), along with their corresponding generated
clusters.

_ N (@il g, Xi)
SO N (|, )

The quantity r;; is called a responsibility. We emphasize that only x is known.
The membership vector z, the parameters &, u, and 3 are unknown.

In the next section, we discuss how to estimate these unknown quanti-
ties from the data using the Expectation-Maximization algorithm. For conve-
nience, we denote the full set of parameters by 8 = {=m, u, X}.

(1.1)

1.2.2. Inference: Expectation-Maximization

Given the observed data x, the goal is to find a good estimate of the un-
known parameters m, i, and 3. The data log-likelihood is given by

((6) = logp(x(0),

n K
= Z log (Z WkN(JUi‘em Ek)) :
=1 k=1

The maximization of the data log-likelihood with respect to € is a complex
problem due to the presence of the summation over k inside the log function.
The Expectation-Maximization (EM) algorithm is an alternative to finding the
maximum likelihood estimator (MLE). In this approach, we consider the log-
likelihood of the complete data {x,z} defined by

lc(0) = log p(x,z|6),

n K
DO ook Nog i + log N (|, B)] (1.2)

i=1 k=1

32



where 1 is the indicator function. Maximizing such a function is much easier
than the data log-likelihood. However, in practice, only x is observed (which is
referred to as the incomplete data). Hence, in the E step of the EM algorithm,
we evaluate the expectation of the complete data log-likelihood where this
expectation is taken under the posterior distribution p(z|x, 8). Afterward, we
maximize this expectation, which consists of the M step of the EM algorithm.
Specifically, given some initial parameters 8(0) = <fr(0), a0, ﬁ)(o)>, the EM
algorithm alternates between these two steps at each iteration m € [M]:

1. E step: Evaluate p (z]x, é(m—l)) and set:

Q (0’ é(m_1)> = EZNp(Z|X7é(m71)) [60(0)] 3
p (2%, 8"V ) logp (x,7/6)

= ~ [

K
375 llog m + log N (g, )
k=1

.
Il
—

where ™ = p (zl = k|a;, #m=D pm=b), ﬁ)(m_l)) is given by the equa-
tion 1.1.

2. M step: Maximize Q (0, 9(m*1)> with respect to 8 and set:

6™ — arg;nax Q (0, é(m_1)> .

In the Gaussian case, the parameters associated with each component k are
updated as follows

/l](cm) _ Z (k i, (1.3)
o o A (i) (i)
Tk =1
Am)

where 7, = >°I, 7 and (-)T denotes the transpose operator. The EM algo-
rithm monotonically increases the data log-likelihood until it reaches a local
maximum. The pseudo-code of the EM algorithm is given in Algorithm 1.

1.2.3. Derivation of the K-means Algorithm

Let us consider the case where the mixture proportions are uniform, i.e.,
m =---=7g = 1/K, fixed and known. Let us also assume spherical clusters
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Algorithm 1 Expectation-Maximization algorithm

1: Input: Dataset x,

2: Component number K,

3: Initial parameters #(©, g(¥ and 2,

4: Iteration number M.

5: For m <— 1to M do:

6: // E-step: Compute the responsibilities

7: For i < 1ton do:

8: For k < 1to K do:

o: Compute responsibility fl(;”) using Equation (1.7).
10: // M-step: update component parameter

11: For k + 1to K do:
12: Compute the new parameters 4™ 5™ and #\™ using

Equations (1.3) to (1.5). R
13: Output: The estimated components "), () and #40,

with known and fixed covariances, ¥; = --- = S = o2l where [ isad x d

identity matrix. Hence, the goal of the EM algorithm is to estimate the means

L1, .-, € RY Forthis purpose, given the initial parameters (ﬂ&o), e ,ﬂg)),

at each iteration m, the EM algorithm performs the following two steps:
1. E step: For each pair (i, k) € [n] x [K] set:
N (:cl | [L,E/,mfl),UQI)
i) N (% | ﬂgm—1)7021>’
exp (= z s — " V)

- ~(m—1 ’
S setr oxp (— 2z lwi — "))

i -

2. M step: For each k € [K], update the parameter ﬂ,imfl) associated with

the component k as follows:

~lm 1 ~lm
Tk " i€n]

(m)

We can easily notice that 7, — 51(,2”)

when o — 0 where

5om) _ { L if k= argming-,..x o — "] "6

*k 10 otherwise.

Hence, the E-step of the EM algorithm is equivalent to an assignment function
that assigns each data point to its closest centroid. Moreover, as o — 0, the
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responsibility #™ converges to n\™, where n{™ denotes the cardinal of the

k-th cluster at iteration m. Finally, the M-step is equivalent to the following
update

) 1w
i = o D O s (1.7)
nk =1

The EM algorithm alternates between the assignment and update steps. This
processis sometimes called hard EM, and is commonly known as the K-means
algorithm. Moreover, maximizing the expected complete-data log-likelihood
Equation (1.2) becomes equivalent to maximizing

1 n K
—3 S giyllzi — il

i=1 k=1

This is equivalent to minimizing the objective function of the K-means algo-
rithm. The pseudo code of the K-means algorithm is given in Algorithm 2.

Algorithm 2 K-means Algorithm

1: Input: Dataset x,

2 Number of clusters K,
3 Initial centroids &,

4 Iteration number M.
5. form < 1to M do

6: // E-step: Cluster assighment
7

8

9

0

1

fori < 1tondo
Assign z; to the nearest centroid using Equation (1.6).

// M-step: Centroid update
for k < 1to K do
Update centroid ﬂ,ﬁm) using Equation (1.7).

12: Output: Final centroids 4" and membership vector z(*).

10:
11:

1.3 . Model Selection

In parametric model-based clustering methods, the number of clusters K
is assumed to be known and fixed. In addition, this number must be speci-
fied in advance. However, in practice, the true number of clusters is often un-
known in a fully unsupervised setting and difficult to determine in real-world
scenarios.

To address this limitation, several model selection criteria have been pro-
posed to estimate the most appropriate K by penalizing the likelihood func-
tion. Common examples include the Akaike Information Criterion (AIC) [6],
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the Bayesian Information Criterion (BIC) [148], and the Integrated Completed
Likelihood (ICL )[16]. These criteria attempt to balance model fit and com-
plexity, but they typically require evaluating the model for multiple candidate
values of K and selecting the one with the best score. This approach implic-
itly requires that the true number of clusters lies within the set of candidate
values.

Despite their utility, these techniques come with important limitations.
First, they often assume some prior knowledge of the underlying data struc-
ture. Second, they may fail to accurately recover the number of clusters in
complex or high-dimensional data. Furthermore, the notion of a “true” or
optimal number of clusters is not well defined and may not be unique in real-
world and fully unsupervised scenarios [118].

The challenge becomes even more pronounced when dealing with com-
plex, increasing, or streaming data, where the number of clusters may grow
or change dynamically. In such cases, assuming a fixed number of clusters is
restrictive. Instead, it is more appropriate to let the model infer the number
of clusters during the inference process, enabling it to discover new clusters
or remove unnecessary ones. This flexibility is one of the key motivations for
adopting Bayesian non-parametric models such as Dirichlet Process Mixture
Models, which will be discussed in the next section.

1.4. Dirichlet process mixture models

Bayesian non-parametric modelling allows us to overcome the limitations
of parametric mixture models, particularly the assumption of a fixed and known
number of clusters. Dirichlet Process Mixture Models extend mixture models
to BNP models. In this framework, the number of clusters is assumed to be
infinite, shifting the problem from a parametric to a non-parametric, and the
model parameters are assumed to be random and follow a prior distribution,
shifting the problem from a frequentist estimation to a Bayesian estimation.
This framework allows the estimation of the number of clusters during the
inference process.

DPMMs have been widely applied across diverse domains. For instance,
[177]introduced Bayesian parametric multinomial mixture models applied to
short text clustering, which was then extended to a non-parametric setting in
[179]. In the medical field, DPMMs have been used for brain tumor segmen-
tation in imaging [107] and for clustering single-cell RNA-seq data [3]. Be-
yond biomedicine, [25] have used DPMMs to model user preferences within
content-based recommender systems.

In this section, we first recall the Chinese Restaurant Process and the stick-
breaking process, which are the two most widely used representations of the
Dirichlet Process. We then present the formulation of the Dirichlet Process
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Figure 1.7: Representation of the Stick-Breaking process

Mixture Model. Finally, we describe the inference procedure based on the
collapsed Gibbs sampling algorithm.

1.4.1. Preliminaries
Stick breaking process

We let o > 0 and 7 = ()22, an infinite probability vector derived from the
following process:

o Beta (1, ),

k-1
T = Vi H (1—vk1).

k'=1

mis said to follow the Stick-Breaking process (SB), also called the Griffiths-Engen-
McCloskey (GEM) process, parameterized by o« > 0. This is denoted by 7 ~
SB(a) orm ~ GEM/(«). We have m, > 0 for every £ > 1 and

[e.e]
Zﬂ'k =1.
k=1

With this definition, when 8 = (6;)x>1 are sampled i.i.d. according to some
distribution Gy, the distribution

G(0) =m0, (),
k=1

where ¢ is the indicator function, follows the Dirichlet Process with a concen-
tration parameter o and a base distribution G [150]. This is denoted by

G~ DP(a, Go)
An illustration of the stick-breaking process is given in Figure 1.7.
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Figure 1.8: Representation of the Chinese Restaurant Process

Chinese restaurant process

The Chinese Restaurant Process (CRP) [10] defines a distribution over the set
of partitions that serves as an intuitive metaphor (see Figure 1.8) for repre-
senting the clustering structure in Dirichlet Process Mixture Models. Consider
a restaurant with an infinite number of circular tables (representing clusters)
and customers (observations) entering one by one. Each customer chooses
a table either by joining an existing table, with probability proportional to the
number of customers already there, or by selecting a new one with probability
that is proportional to a given concentration parameter o > 0.

Formally, let n denote the number of customers currently seated, and let
ni be the number of customers at table k. The cluster assignment (i.e., table
choice) for customer i is denoted by z;. The probability of customer i choosing
a particular table under the Chinese Restaurant Process is given by:

if k is an existing cluster
J— . n—l4+a« )
p(zi =k |2z a)x o pi |
7-1ta Thisanewc uster,

where z_; denotes the assignments of all other customers. The concentra-
tion parameter o controls the tendency to create new clusters. On the other
hand, already occupied tables are more likely to attract other customers. This
fact is known as the "rich get richer" phenomenon. This process defines a dis-
tribution over all possible partitions of n elements. If the resulting partition
contains K clusters with cardinalities (ni,...,nx), the joint distribution of
z = (z1,...,2,) under the CRP is:

K K

(21, s 2n) = T la+i—1) H(nk —1)!

k=1
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Figure 1.9: Graphical representation of a Dirichlet Process Mixture Model.

The expected number of clusters observed under the CRP grows approxi-
mately as alog(n) as the number of observations n — oc.

The Chinese Restaurant Process is also related to the stick-breaking pro-
cess, as shown in [115]; each process can be derived from the other.

1.4.2 . Model definition

Given the observed datasetx = (z1,...,z,)’ and the corresponding mem-
bership vector z = (z1, ..., z,). The Dirichlet Process Mixture Model is defined
as follows:

m ~ SB(a),

z; - Mult (), Vie{l,...,n},
0 S Gy, Vk e {1,2,...},
T | {ZZ :k;,Hk} Il\(fj f(l’z,ek), Vi € {1,...,n}.

This definition assumes a generative process over the observation space. To
generate an observation z;, we first generate an infinite vector of mixture
weights 7, also called mixture proportions, following the stick-breaking pro-
cess. Then, we draw z; from the multinomial distribution parameterized by
w. Finally, given an unbounded number of parameters 6 = (0;),>1 generated
from the base distribution G (prior), the observation z;|{z; = k, 0} that be-
longs to the cluster & is drawn from the component distribution f(-, ;). Here,
the component parameters 6, € © are unknown. We denote by Q = («, Gy)
the hyper-parameter set. We assume that G is the conjugate prior on ;. The
representation of Dirichlet Process mixture models is illustrated in Figure 1.9.

1.4.3. Inference

Given a set of observations x, the goal is to infer the membership vector z,
which represents the cluster assignments. Formally, we want to sample from
the joint posterior distribution p(z | x, 6, ), which represents the target den-
sity. However, direct sampling from this distribution is generally intractable.
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To address this, two main classes of approximate inference methods are typ-
ically used: Markov Chain Monte Carlo methods [121] and variational infer-
ence [19].

MCMC methods provide asymptotically exact samples from the target dis-
tribution [138], but they can be computationally intensive. In contrast, varia-
tional inference does not provide such guarantees and instead finds a density
that approximates the target [20]. A widely used MCMC method is the Gibbs
sampling algorithm [121], which iteratively updates the membership vector
and parameters associated with each cluster.

When the model satisfies conjugacy assumptions, the parameters can be
integrated out analytically, leading to the collapsed Gibbs sampler [122], a
more efficient variant of standard Gibbs sampling. In this section, we focus
on recalling this approach.

The standard Gibbs sampler (Algorithm 2 in [122]) alternates between two
steps. First, it samples each membership variable z; from the conditional dis-
tribution p(z; | x,2_;,0,Q), where z_; = {z; : | # i} denotes the current
assignment of all other observations. Second, it updates the parameters of
each cluster 6, by sampling from the posterior distribution p(6x | xx, Go),
where x;, = {z; : z; = k} is the set of data points assigned to cluster k.

Inthe collapsed Gibbs sampler (Algorithm 3in[122]), the model parameters
0, are integrated out, skipping the parameter sampling step. This results in
a more efficient algorithm that samples each membership variable z; directly
from its marginal

#p(mi | z; = k,xz,Gp), existing cluster k, (1.8)
Pz |z x, Q) o T T . | o

— p(x new cluster, )

n_1+ap($l | O)a ( )

where ny is the cardinality of cluster k. The posterior predictive Equation 1.8
and prior predictive Equation 1.9 can be obtained by integrating over 6:

p(zi | zi = k,xx, Go) = /@p(:ri,Q | X1, Go)d®,
= [ pla | 0006 | x0.Gojao, .10
and
bl [9) = [ pla.0| Go)ab,
= [ plaz 1 0)o(0 | Gaas (1.11)
Under the conjugacy assumption, the integrals in Equations 1.10 and 1.11

can be computed analytically. In Chapters 2 and 3, we detail the computa-
tion of these terms when the component distributions are assumed to be
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multivariate Gaussian and multinomial, with the associated priors being the
Normal-Inverse-Wishart and Dirichlet distributions, respectively.

The collapsed Gibbs sampler is an efficient Markov Chain Monte Carlo
method that improves sampling efficiency by integrating out the component
parameters. This technique, known as Rao-Blackwellization, is based on the
Rao-Blackwell theorem [18], which guarantees that the variance of an estima-
tor obtained by marginalizing over latent variables (such as 6) is always less
than or equal to that of an estimator based on direct sampling. This property
holds in the context of collapsed Gibbs sampling as well [104]. The complete
inference procedure is summarized in Algorithm 3.

Algorithm 3 Collapsed Gibbs sampler for DPMM inference

1: Input: Dataset x,

2 Concentration parameter «,
3 Prior G,

4 [teration number M.
5: For m + 1to M do:
6: Fori <+ 1tondo:
7.

8

9

0

1

Remove z; from its cluster.

Compute p(z; | z_;, x, Q). > Using Equations 1.8 and 1.9
: Sample z;. > Draw new membership
: Add z; to its new cluster.

1
11: Output: The last sampled partition z.

1.5 . Bayesian Non-parametric Latent Block Models

Given a data matrix, where rows represent observations and columns rep-
resent variables or features, co-clustering aims to infer a row partition and a
column partition simultaneously. The resulting partition is composed of ho-
mogeneous blocks (see Figure 1.10). When a dataset exhibits a dual structure
between observations and variables, co-clustering outperforms conventional
clustering algorithms, which only infer a row partition without considering the
relationships between observations and variables. Co-clustering is a power-
ful data mining tool for two-dimensional data and is widely applied in vari-
ous fields such as document-term coclustering, recommender systems [73],
Bioinformatics [70, 92], and ADAS systems[63]. For a comprehensive overview
of existing methods and applications, refer to the following survey [17, 1.

1.5.1. Model definition

Let n, p, and d be positive integers, and let X = (z; j)n, € R™*P*4 be the
observed dataset. Here, n represents the number of rows, p is the number
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Figure 1.10: Clustering (left) and co-clustering (right)

of columns, and d denotes the dimension of the observation space. Let z =
(z;)i-, be the row membership vector (also called row partition), where each
z; is a latent variable such that z; = k means that the ¢-th row z; . belongs to
the row cluster k. Similarly, let w = (wj)g.’:l be the column membership vector
(also called column partition), where w; = [ indicates that the j-th column
x.; belongs to the column cluster [. The Non-Parametric Latent Bloc Model is
defined as follows:

7w ~ SB(«), p~ SB(p),
0z w; ~ Go, zi|m ~ Mult(m), w;| p ~ Mult(p),
'x’i,j | {Z’iawja ezi,wj} ~ f ('Ti,jv gzi,wj) .

According to this definition, each observation z; ; is generated through the fol-
lowing process. First, row proportions = and column proportions p are drawn
independently from Stick-Breaking processes parameterized by concentra-
tion parameters o > 0 and g > 0, respectively. Next, the row and column
membership vectors z and w are sampled from multinomial distributions
parametrized by 7 and p, respectively. Given the block component parame-
ters 0., ,, sampled from the base distribution Gy, the cell z; ; | {2, wj, 02, w; }
is drawn from f(z; j, 0., ;). A graphical representation of this Bayesian non-
parametric latent block model is shown in Figure 1.11.

1.5.2. Inference

The goal is to estimate the row and column partitions z and w given the
observed dataset X, the prior Gy, and the concentration parameters « and g,
by sampling from the joint posterior distribution p(w,z | X, Go, «, ). Direct
sampling from this distribution is intractable, but it can be performed using
the collapsed Gibbs sampler.

Given initial values for the row and column memberships, the inference
procedure alternates between updating the row partition given the current
column partition and vice versa. For instance, the update of the row partition
z is performed by sampling each z; sequentially from its conditional posterior
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Figure 1.11: Graphical representation of a Bayesian Non-parametric Latent
Block Model.

distribution p(z; | z—;, w, X, Go, )

M p(xi.|w,X_;,z_;,Go), existingrow cluster k, (1.12)
n—14+a«a ’

«
_ » ,Go) new row cluster. 1.13
e p e | w.Go) (1.13)

Here, z_; = {z : r # i} denotes the row partition excluding observation
i, and ny is the number of rows currently assigned to cluster k. The joint
posterior predictive distribution term in Equation 1.12 is given by

L

p(xi. | W, X _5,24,Go) = [ [ p(xis | Gra), (1.14)
I=1

where L is the number of inferred column clusters, x;; = {z;; : w; = [} de-
notes the subset of elements in row i associated with column cluster [/, and
G}, represents the block posterior distribution updated from the prior. Fi-
nally, the joint prior predictive distribution in Equation 1.13 is expressed as:

L

p(xi. | w,Go) = [ [ p(xiz | Go)- (1.15)
=1

When the conjugacy assumption holds, the terms p(x;; | G;) and p(x;; | Go)
required in Equations (1.14) and (1.15) admit closed-form expressions. In
Chapter 4, we detail the computation of these terms in the case where the
block component distribution is multivariate Gaussian and the prior is the
conjugate Normal-Inverse-Wishart distribution. The update for the column
partition w is carried out analogously, conditioned on the current row par-
tition. The complete inference algorithm for the NPLBM is provided in Algo-
rithm 4.
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Algorithm 4 Collapsed Gibbs Sampler for NPLBM Inference

1: Input: Dataset X,

2: Concentration parameters a (rows) and 3 (columns),
3 Prior distribution G,

4: Number of iterations M.

5. form =1to M do
6
7
8

fori=1tondo > Update row cluster assignments
Remove row x;. from its current row cluster.
Compute p(z; | z—;, X, w™, a,Gy). > Using Equations 1.13
and 1.12

9 Sample a new assignment zz.(m“).
10: Add row x; . to the new row cluster.
11: forj=1topdo > Update column cluster assignments
12: Remove column x. ; from its current column cluster.
13: Compute p(w; | w_j, X, 2™, 3,Gy). > Computed similarly to
the conditional distribution for the rows
14: Sample a new assignment wj(.mﬂ).
15: Add column x. ; to the new column cluster.

16: Output: Estimated block partition (z, w)

1.6 . Parallel and distributed inference

DPMMs and NPLBMs can automatically estimate the number of clusters
and co-clusters, respectively, and identify new structures. However, their in-
ference process through MCMC methods becomes prohibitively slow and non-
scalable with large datasets. This scalability issue limits its practical use in
handling extensive data in real-world applications.

Distributed computing consists of distributing data evenly across multiple
workers. The workers may represent components in edge devices, cores in
a cluster, computers in a network, processors in a computer, etc. This distri-
bution allows the execution of parallel computations. Distributed computing
presents a good framework to significantly accelerate computations and cir-
cumvent memory limitations, making it particularly suitable for algorithms to
handle large datasets.

In this section, we first present the most widely used parallel and dis-
tributed frameworks for big data learning. We then review existing approaches
in the literature for parallel and distributed inference for Dirichlet Process
Mixture Models and co-clustering.

1.6.1. Distributed framework
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Figure 1.12: Workflow of the MapReduce Process for Word Count

Distributed computing frameworks are a fundamental component of dis-
tributed computing systems. Many parallel and distributed frameworks have
been proposed to allow the implementation and execution of parallel and dis-
tributed algorithms that can handle large datasets. The most famous ones are
MapReduce [42], Spark [184], Storm [158], and Flink [28]. Next, we describe
the MapReduce and Spark frameworks.

MapReduce

The MapReduce programming model [42] facilitates large-scale data process-
ing by splitting computations into independent tasks that operate on distributed
subsets of the data. Initially introduced by Google, it was later adopted by the
Apache Hadoop project [166], which enabled developers to adapt sequential
algorithms for parallel execution across cluster environments.

A MapReduce program is composed of two main operations: Map and
Reduce. During the Map operation, each node processes its assigned data
blocks independently to produce local results, typically in the form of key-
value pairs. These operations are run in parallel across all participating nodes,
enhancing computational performance. After mapping is complete, the in-
termediate data is shuffled and routed to specific nodes for the Reduce op-
eration. The Reduce phase aggregates the local results to produce the final
output (as illustrated in Figure 1.12). This entire workflow is managed under a
master-worker architecture, where the master coordinates the job execution,
and the workers execute the Map and Reduce tasks in parallel.

Spark

Researchers from the University of California introduced Apache Spark [184],
a cluster computing framework designed as an extension of the MapReduce
model to support more complex workloads, including interactive queries and
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stream processing. A central abstraction in Spark is the Resilient Distributed
Dataset (RDD)[183], afault-tolerant, read-only collection of objects distributed
across multiple nodes. If any partition of an RDD is lost, it can be recomputed
automatically using lineage information. Spark supports parallel computa-
tion through two types of operations: Transformations (e.g., map, filter) and
Actions (e.g., reduce, collect, foreach), where transformations are operations
applied to RDDs that produce new RDDs, and Actions perform computations
on RDDs and return the final result to the driver program.

Spark is implemented in the high-level programming language Scala’, and
allows the construction of RDDs from various sources, such as the Hadoop
Distributed File System (HDFS) [152] or parallelized Scala collections. The frame-
work follows a master/worker architecture, where a central component called
the driver orchestrates the computation and communicates with multiple dis-
tributed executors, as illustrated in Figure1.13. Spark applications can be
launched using various cluster managers, including the Standalone cluster
manager, Hadoop YARN?, Apache Mesos?, and Kubernetes®.

1.6.2 . Parallel and distributed inference for DPMM
Parallel inference

Several parallel approaches have been proposed to address the slow infer-
ence of DPMMs. In [106], the authors introduced a reparameterization of
the Dirichlet Process that facilitates the learning of clusters representing the

"Thttps://www.scala-lang.org/

’https://hadoop.apache.org/docs/current/hadoop-yarn/
hadoop-yarn-site/YARN.html

3https://mesos.apache.org/

“https://kubernetes.io/
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data and super-clusters defining the granularity of parallelization. In [167],
the authors incorporated auxiliary variables into the Dirichlet Process and
Hierarchical Dirichlet Process to establish a conditional independence struc-
ture, enabling a parallel Gibbs sampler without the need for approximations.
However, [57] demonstrated that the auxiliary variable approach proposed
in these works leads to an extremely unbalanced distribution of data across
computing nodes during parallel inference, making these methods impracti-
cal for real-world applications. Another parallelized MCMC sampler was pro-
posed by [31], which combines a non-ergodic, restricted Gibbs sampler in the
workers with split/merge proposals [81] at the master level to ensure ergodic-
ity. However, this method was implemented only in a single-machine setting,
which limits its scalability and does not fully leverage distributed memory re-
sources.

Distributed Inference

In [46], the authors proposed to extend the parallel approach proposedin[31]
to a distributed version across multiple machines using a distributed-memory
model. Despite this improvement, the main limitation of this approach is the
use of a restricted Gibbs sampler at the worker level, where the number of
clusters is fixed. As new components can only be discovered at the master
level, convergence becomes significantly slower. In fact, many iterations are
needed before the model discovers a sufficient number of clusters to cap-
ture the underlying data distribution. In [59], the authors proposed a dis-
tributed inference algorithm for DPMMs based on a slice sampler developed
by [162]. They addressed the scalability by developing a distributed architec-
ture that estimates the Dirichlet Process and Hierarchical Dirichlet Process
mixture models. [164] presented a scalable estimation method for DPMMs
in a distributed architecture. Their approach allows the creation of new com-
ponents locally in individual computing nodes and proposes a probabilistic
consolidation scheme for merging the created components. In the [1714], the
authors introduced another distributed Markov Chain Monte Carlo inference
method based on the Gibbs sampler. Their approach performs a local Gibbs
sampler to infer new local clusters and a new Gibbs sampler on the means
of each cluster to synchronize the clustering. However, this method assumes
a Dirichlet Process Gaussian Mixture Model with known variances. This as-
sumption of fixed variances both within and between clusters imposed by
the prior significantly restricts the model's flexibility and limits its applicability
to real-world scenarios where variances are typically unknown and must be
inferred from the data. In addition, assuming known variance of each clus-
ter implicitly assumes the knowledge of the number of clusters, which makes
one of the key advantages of the DPMM, its ability to estimate the number of
clusters, meaningless or even obsolete.
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1.6.3. Parallel and distributed inference for NPLBM

Numerous scalable co-clustering algorithms have been proposed in the
literature. The first distributed co-clustering (DisCo) using Hadoop is intro-
duced in [128]. In [54], authors devised a parallelized co-clustering approach,
specifically designed to tackle the high-order co-clustering problem with het-
erogeneous data. Their methodology extends the approach initially proposed
in [66], enabling the computation of co-clustering solutions in a parallel fash-
ion, leveraging a Map-Reduce infrastructure. In [45], a parallel simultane-
ous co-clustering and learning (SCOAL) approach is introduced, also harness-
ing the power of Map-Reduce. This work focuses on predictive modeling for
bi-modal data. In [36], the authors introduce a distributed framework for
data co-clustering with sequential updates (Co-ClusterD). The authors pro-
pose two distinct approaches to parallelize sequential updates for alternate
minimization co-clustering algorithms. However, it's worth noting that these
approaches are parametric and assume knowing a priori the true numbers of
row and column clusters, respectively, which are unknowable in real-life appli-
cations. One of the main challenges in distributing Bayesian Non-Parametric
co-clustering lies in efficiently handling and discovering new block compo-
nents.

1.7 . Evaluation

1.7.1. Clustering quality

Evaluating the quality of the output produced by a clustering algorithm is
a challenging problem, as the clustering solution is not unique. While prob-
abilistic models allow the evaluation of likelihood, this metric does not nec-
essarily reflect the quality of the inferred clustering structure. In addition,
likelihood evaluation is limited only to probabilistic models. To address this,
various evaluation criteria have been proposed. They are mainly grouped into
two main categories:

1. Internal criteria, which do not require ground-truth labels and instead
rely on intrinsic properties of the data (e.g., compactness and separa-
tion between clusters). Common examples include the Dunn Index [49],
Calinski-Harabasz Index [24], Davies-Bouldin Index [41], and the Silhou-
ette Coefficient [144].

2. External criteria, which assume access to ground-truth labels. These
metrics compare the inferred clustering labels against the true labels.
Widely used examples include Purity [137], Adjusted Rand Index (ARI)
[131], Normalized Mutual Information (NMI) [7], Adjusted Mutual Infor-
mation (AMI) [167], Clustering Accuracy (ACC) [56], and Variation of In-
formation (VI) [143].
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In this manuscript, we mainly use ARI, NMI, and ACC to evaluate and com-
pare clustering methods. We provide a brief description of these metrics in
what follows.

Rand Index

Let P = {P},..., P;} denote the estimated clustering partition induced by
the estimated membership vector z, and P = {Py,..., Px} the reference
(ground-truth) partition derived from the true labels z. The Rand Index (RI)
[131] measures the similarity between the two partitions and is defined as:

- TP+TN

I(P,P) .=
RI(P, P) TP+ FP+FN+ TN’

where T'P is the number of True Positives. T'N is the number of True Nega-
tives. F'P is the number of False Positives. F'N is the number of False Neg-
atives. The RI ranges between 0 and 1, with higher values indicating better
clustering quality. However, the major drawback of the Rl score is that even if
P is significantly different from P, the Rl score doesn't guarantee to be close
to 0.

Adjusted Rand Index

To overcome the limitations of the RI, the Adjusted Rand Index adjusts for
chance by subtracting the expected similarity of random clusterings and nor-
malizing by the maximum possible RI. It is defined as:

RI(P,P) —E[RI(P, P)|

ARLP. P = (RIP.P)) — ERIP.P)|

The ARI ranges from —1 to 1. An ARI close to 0 indicates random clustering,
while 1 indicates a perfect match.

Normalized Mutual Information

The Mutual Information (MI)[39] measures the amount of shared information
between two partitions. Given P and P, the Ml is defined as:

A K K o P(i,7)
MI(P,P)=} % P(ij)log P@)P(j))’

i=1 j=1

where P(i, 7) is the probability that a randomly chosen data point belongs
to both P; and P;; P(i) and P(j) are the marginal probabilities for the esti-
mated and true clusters, respectively.
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The Normalized Mutual Information is a normalized version of Ml and is

defined as: .
MI(P,P)

(F(P) + H(P)) /2

where H(P) and H(P) denote the entropies of the predicted and true parti-
tions, respectively. The entropy of a partition P is given by:

ZP )log P(j

The NMI score ranges between 0 and 1, with higher values indicating greater
similarity between the partitions.

NMI(P,P) =

Clustering Accuracy

Clustering Accuracy [56] is a set-matching-based metric that compares pre-
dicted and true labels after finding the optimal one-to-one label correspon-
dence. Let 2 and z be the membership vectors corresponding to P and P,
respectively. The ACC is defined as:

ACC(P, P) Z L (. —map(z:)}

where map is a permutation function that maps the predicted labels to the
true labels. In other words, clustering accuracy measures the proportion of
data points that are correctly assigned to their corresponding clusters, up to
a permutation of labels. Since clustering algorithms assign arbitrary labels
to clusters, we seek an optimal mapping function map that permutes the pre-
dicted labels to best align with the ground truth labels. The optimal mapping is
typically obtained using the Kuhn-Munkres (Hungarian) algorithm [127]. ACC
ranges from 0 to 1, with higher values indicating a better match.

1.7.2. Stability

In practical applications, it is essential that clustering results remain sta-
ble under small perturbations to the input data. Inconsistent outcomes can
lead to unreliable interpretations and potentially costly errors, emphasizing
the need for robust and stable clustering methods. Average sensitivity, intro-
duced by Murai and Yoshida et al. [116], formally quantifies an algorithm'’s
stability with respect to small changes in its input. Average sensitivity was in-
troduced to analyze the stability of network centralities and was later formally
defined for (graph) optimization problems by Varma and Yoshida [159]. It can
also be adapted to evaluate the stability of clustering algorithms. We now
define average sensitivity in the context of clustering.
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For a dataset x = {x1,...,z,}, let x_; denote the dataset obtained by
removing the observation z; (i.e., x\ {z;}). For a deterministic algorithm A4, let
A(x) denote the clustering output when A is run on x. The average sensitivity
of A on x is defined as:

S5 d(AG), AGx),
=1

where d(+, ) is a distance that quantifies the dissimilarity between two clus-
tering outputs. An algorithm is considered stable on average if its average
sensitivity is small.

The stability of some clustering algorithms has been specifically investi-
gated. For instance, [129] analyzed the average sensitivity of spectral cluster-
ing. Yoshida [180] studied the average sensitivity of k-clustering methods, in-
cluding the k-means algorithm. However, in this work, the authors analyzed
the D%-sampling procedure used in the initialization step of the k-means++
algorithm [12]. Average sensitivity has been studied in other various con-
texts, including dynamic programming [95, 96], decision tree learning [71],
and graph problems [181]. In Chapter 5 of this manuscript, we will analyze
the average sensitivity of the Expectation-Maximization algorithm.
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2 - Distributed inference for DPMMs with a Mul-
tivariate Gaussian components

In this chapter, we present a distributed inference algorithm for Dirichlet
Process Mixture Models using sufficient statistics. We assume that the distri-
bution associated with each cluster is a multivariate Gaussian. The proposed
method is inspired by the collapsed Gibbs sampling approach introduced in
[57, ]. Its main objective is to improve the scalability of the inference pro-
cess while preserving the accuracy of Markov Chain Monte Carlo techniques
and the flexibility offered by DPMMs. This algorithm also serves as a foun-
dational component for distributing the inference process in Bayesian non-
parametric latent block models, as discussed in Chapter 4. The research pre-
sented in this chapter was originally published in [89].

2.1. Introduction

The Dirichlet Process Mixture Model is a flexible Bayesian non-parametric
framework for clustering that automatically infers the number of clusters dur-
ing the inference process. While traditional inference methods based on MCMC,
such as collapsed Gibbs sampling [57, ], offer high accuracy, they suf-
fer from high computational cost and poor scalability when applied to large
datasets.

To address these limitations, we propose a novel distributed inference
method based on sufficient statistics that significantly improves computa-
tional efficiency and reduces execution time, while maintaining high cluster-
ing accuracy. The idea of using sufficient statistics for distributed DPMM in-
ference has been explored in several works [59, , , 46]. However, to
the best of our knowledge, it has not yet been applied to distribute the Col-
lapsed Gibbs Sampler , which is the core focus of this work. Moreover, none
of the existing approaches is readily applicable for improving the scalability
and distribution of Bayesian non-parametric co-clustering methods [113].

We demonstrate the effectiveness of this approach on both synthetic and
real-world datasets. For instance, with a dataset of 100000 observations, the
centralized algorithm requires approximately 12 hours to complete 100 iter-
ations, while our approach achieves the same number of iterations in just 3
minutes, reducing the execution time by a factor of 200 without compromising
clustering performance.

The remainder of this chapter is organized as follows. In Section 2.2, we
review the definition of the Dirichlet Process Mixture Model with Gaussian
component distributions. In Section 2.3, we present our distributed inference
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algorithm, including the collapsed Gibbs sampler performed at the worker
and master levels. Section 2.4 reports empirical results on synthetic and real-
world datasets. Finally, Section 2.5 offers concluding remarks and directions
for future work.

2.2 . Model definition

We assume that the observations that belong to the same cluster are in-
dependent and identically distributed according to a multivariate Gaussian
distribution. More specifically, for a cluster k, we denote the parameters as-
sociated with its component distribution by 6 = (i, Xx) where y;, € R? and
Y1 € R4 s a positive semi-definite matrix. We assume that the component
distribution associated with the cluster k is given by

f(xi, 0p) = N (i | pr, Bie)-

Here, u and ;. are unknown. Hence, a natural conjugate prior is the Normal-
Inverse Wishart (NIW) distribution parameterized by \g = (uo0, ko0, Yo, 10).
The parameter po can be interpreted as our prior for u, and xg is how confi-
dentwe are in this prior. Similarly, ¥ is our prior on X, and v is how confident
we are in this prior. Under these assumptions, the Dirichlet Process Mixture
Model can be formally defined as follows:

T~ SB(OZ),
i i'rig'Mult(F)y Vi€l onk,
B 44 NIW (), vke {12},

Z; ‘ {Zi = k,@k} ”f\sj (uk,Ek), Vi € {1, R ,n}.

As stated in 1.6, the inference process of DPMM parameters using the col-
lapsed Gibbs sampler is an efficient MCMC method because it avoids com-
ponent parameter sampling and provides high accuracy. However, this ap-
proach still becomes considerably slow and fails to scale when the number
of observations is large, especially in the Gaussian case, due to the inten-
sive computations involved. The following sections introduce our novel dis-
tributed inference approach designed to overcome this limitation.

2.3. Distributed inference

The collapsed version of the Gibbs sampling inference inspires our ap-
proach and is based on a Master/Worker architecture. In this approach, the
data is evenly partitioned across multiple workers to ensure a balanced work-
load. Each worker performs independently a collapsed Gibbs sampler on its

54



Worker 1

1) Discover local tables 3) Compute sufficient statistics

ge e
W 4) Estimate the local DPMM
P

Local data Existing tables New table G,_,—'
2) Update local membership @_.
21,225+ ¢ 05 Zp a—»@/

Master

1) Discover global tables 3) Update clusters hyper-parameters
.. @ A Az A

‘W W 4) Estimate the global DPMM
“Existing bles Newiable | iy

2) Update global membership @—.@—.@

2132254005 %0 a—

( Worker J
1) Discover local tables 3) Compute sufficient statistics

80 Q& i

.

Py e 4) Estimate the local DPMM
[ ——

Local data  Existing tables New table | G|

2) Update local membership [ >_> e

21,22, 05 2t a—

Figure 2.1: General workflow of DisCGS

local data to discover local clusters. Then, the sufficient statistics associated
with each cluster are computed and sent to the master node.

At the master level, the global clustering structure is inferred by only us-
ing sufficient statistics. The master aggregates local information to estimate a
global DPMM and updates the hyperparameters associated with each global
cluster. The global clustering structure is then shared with the workers. It
is important to note that the workers do not exchange information between
them, and the master never accesses the raw local data, but only the aggre-
gated statistics. More specifically, our method alternates between these two
steps:

1 Worker level: In this step, a local DPMM is inferred on each worker us-
ing the collapsed Gibbs sampler. The observations inside each worker
are assigned one by one to their local clusters. This identifies local clus-
ters. After sufficient statistics and sizes associated with each cluster are
sent to the master.

2 Master level: At this level, instead of assigning the observations one
by one to their global cluster, we assign a group of observations that al-
ready share the same local cluster at the worker level to a global cluster
at the master level. Then, all the observations with the same global clus-
ter will share the same label. This step circumvents the label-switching
problem, allowing the estimation of the global membership vector and
the cluster posterior hyperparameters. Then, these updates are shared
with the workers. The overall workflow of our model is illustrated in Fig-
ure 2.1.

55



Next, we provide the theoretical details of the collapsed Gibbs samplers
executed at each level in the multivariate Gaussian case.

2.3.1. Worker level
We denote by x¢ = (zf,-- - , 2% ) the observations assigned to the worker

L The

e, n° the cardinal of x¢, and z¢ = (z{, - - - 2. ) the local membership vector such

that z{ = k means that the observation z (assigned to the worker e) belongs

to the local cluster k.

At this level, the local memberships are updated one by one using the
collapsed version of Gibbs sampling. Each z{ is updated by sampling from

ne

kp(af| 28 = k,x%,Go), existing cluster &, (2.1)

p(zf | 2%, %%, Q) oc ¢ _O} ta
ﬁp(xf | Go), new cluster, 2.2)
n- — «

where nj is the size of cluster k in worker e and xj, is the content of cluster £ in
worker e. The posterior predictive Equation (2.1) and prior predictive Equation
(2.2) can be obtained by integrating over 6:

p(af | 2 = k, x5, Go) = /@ p(a£. 8 | x5, Go)db,
- /@ p(af | 0)p(6 | x5, Go)do), 2.3)
and
p(af | Q) = /@ p(a5, 0 | Go)db,
- /@ p(af | )p(0 | Go)do. (2.4)

Finally, the integrals in Equations (2.3) and (2.4) can be computed analytically.
In fact, according to [117], the integral in Equation (2.4) is reduced to the fol-
lowing multivariate ¢-distribution:

(ko + 1)¥g > 7

te e | g, — 0T 70

and the integral in Equation (2.3) is reduced to the following ¢-distribution:

(kj, + 1P}, )

tye_ S opg, =

where A\ = (uf, K}, Vg, v;) are the posterior hyper-parameters associated to
cluster k in worker e, updated as follows:

KO0 + D pexe &

(&
K

e e e e e
:‘Qk:/ﬁ:()‘i_nk, Vk:V0+nk, Mk:

)
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U =g+ Y aa’ + wopopd — K-
TEXY,
After having updated the local membership vector, we compute the sufficient

statistics [154] associated with each cluster. In the multivariate Gaussian case,
the sufficient statistics (73, S;) for a cluster xj, are given by [60]:

Ti=— ) zeR (2.5)
k TEXY,
Sp=> (z-TH(x—TH" € R, (2.6)
TEXY,

Sufficient statistics and the sizes of each cluster are sent to the master. The
DPMM inference process at the worker level is described in Algorithm 5.

Algorithm 5 Inference at worker level

1: Input: Dataset x°,
2 Concentration parameter «,
3 Prior Gy.
4: Fori < 1ton° do:
5: Remove z¢§ from its local cluster.
6: Compute p(zf | z¢,, x5, Q). > Using Equations 2.1 and 2.2
7 Sample zf. > Draw new local membership
8: Add z§ to its new cluster.
9: For k < 1to K do:
10: Compute the sufficient statistics (7, S5). > Using Equations 2.5

and 2.6
11: Output: Sufficient statistics {(77,S¢),- -, (T5,S%)} and cluster
sizes (n,--- ,n%).

2.3.2. Master level

The master receives from each worker the sample size of each cluster and
its associated sufficient statistics. The objective is to estimate the membership
vector z = (z1,- -+, 2,) and update the prior hyperparameters of each clus-
ter. In this level, the observations are assigned by batch; a batch corresponds
to a set of observations that belong to the same cluster. In fact, instead of
assigning the observations one by one to their clusters, we assign a group of
observations that already share the same local cluster (i.e., at the worker level)
to a global cluster at the master level. Hence, the memberships of the obser-
vations that are assigned to the same global cluster k will share the same label
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k. We sample the global membership z; of the cluster xj according to

Lp(xﬁ | 2z, = k,xi, Go), existing cluster k, (2.7)
e —e n—14+a«
p(z; | 225,%x,Q) o
mp(xz | GO), new C|USteI’. (2.8)

In practice, the joint posterior predictive and the joint prior predictive dis-
tributions in Equations (2.7) and (2.8), respectively, are computed analytically
by only using sufficient statistics, i.e., it is not necessary to have access to the
content of each cluster. In fact, we have:

] /2P, we )2 vo/2
p (Xz | GO) = ﬂ-inh% : KO d/2 : d (l/h/ ) : det(\IIO) e/
(k)" Ta0/2) - det(ws)"

where det(-) denotes the matrix determinant and the hyper-parameter values
(us,, K3, V5, vy) are obtained as follows:

Kopo + Ty

= s . KR =Ko+ ng, V=Vt n,
h
Kon$
W= W+ 55+ " (g — 76 (o - 1)
h

where T} and S}, are the sufficient statistics obtained from the workers. More-
over, we have

g wYE Ty (E/2)  det (T))?
(k)" Ta(n/2) - det (wg)"/*

and the posterior distribution parameters (ux, ki, ¥, V) associated to the
global cluster k, updated from the prior:
kopo + 1Ty

S K = Ko +ng, Vg = v+ Ny,
k

KoM
U = Uy + Sk + 07k

(o — Ti) (o — Tx) ",
K

with Ty and Si, the aggregated sufficient statistics obtained when local clus-
ters are assigned to the same global cluster k£ are computed as follows:

1
k j,h‘zﬁ:k

Se= > Si+ > (nbTi T") — Ty T
Gh| 28 =k j,h| 28 =k

The inference process at the master level is described in Algorithm 6.
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Algorithm 6 Inference at master level

: Input: Sufficient statistics,

Cluster sizes,

Concentration parameter «,

Prior GGy.

: For each (e, h) do:

Remove xj, from its global cluster.

Compute p(z; | 277, x5, ). > Using Equations 2.7 and 2.8

Sample zj. > Draw new global membership
o: Add x, to its new global cluster.

10: Update the membership vector z.

11: Output: Membership vector z.

e A R

2.4 . Experiments

To evaluate the effectiveness of our approach, we conduct three types
of experiments on synthetic and real-world datasets. Firstly, we compare
our distributed algorithm with other state-of-the-art clustering algorithms in
terms of clustering performance and convergence rate. Secondly, we com-
pare the execution time and clustering performance of the distributed and
the centralized collapsed Gibbs sampler from [1271] on synthetic datasets of
different sizes. Lastly, we investigate the scalability of our distributed algo-
rithm by increasing the number of nodes while keeping the number of obser-
vations fixed. For this purpose, we execute our distributed approach on 10°
data points multiple times, varying the number of cores.

2.4.1. Implementation settings and distributed environment

In the following experiments, we use an uninformative prior NIW for both
centralized and distributed collapsed Gibbs sampler algorithms . Therefore,
both methods are implemented by setting the NIW hyperparameters as fol-
lows: pg and the matrix precision ¥ are respectively set to be the empirical
mean vector and the covariance matrix of all data, as we want them as un-
informative as possible. kg and vy represents our confidence in ug and W,
are set to their lowest values, which are 1 and d + 1, respectively, where d
is the dimension of the observation space. The initial state is a one-cluster
partition. Finally, we have executed the distributed algorithms using the Ne-
owise machine (1 CPU AMD EPYC 7642, 48 cores/CPU) hosted by the cluster
grid5000 '. The centralized algorithm is executed on the same machine using
one core. Both the centralized and distributed algorithms were implemented
in Scala using Apache Spark version 3.3.0 and Scala version 2.13.0 to ensure

1https ://www.grid5000. fr/w/Grid5000 :Home
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reproducibility. Apache Spark is a distributed computing system based on a
master/worker architecture. A key conceptin Spark is the resilient distributed
dataset, which is a read-only collection of objects partitioned across a group
of machines that can be rebuilt if necessary from the hierarchy of previous
RDD operations.

2.4.2 . Clustering performance

To evaluate the clustering performance of our algorithm, we compare our
approach with two distributed algorithms for the DPMM inference: M-R?[59]
and SubC3 [46], and two parallelized clustering algorithms: Kmeans and GMM
(for both methods, we have used the Spark Mllib implementation). These two
parametric methods require the number of clusters. To ensure a fair compar-
ison of the clustering quality with our approach, we set the number of clusters
in these methods equal to the one inferred by the distributed collapsed Gibbs
sampler.

It is important to note that, to the best of our knowledge, SubC and M-
R are the most recent distributed inference approaches for DPMMs that are
closest to our model in terms of assumptions and structure, and for which
publicly available, working open-source implementations exist. Moreover, the
method from [114] does not apply to the chosen datasets because it assumes
a Dirichlet Process Gaussian mixture model with known variances.

All the executions are performed on the Neowise machine by distributing
the data evenly on 32 cores. In this experiment, we use 8 different datasets
described in table Table 2.1. Due to the smaller size of the EngyTime dataset,
we distributed the data only to two workers. The image datasets are en-
coded using a variational auto-encoder (the architecture and implementation
details are provided in the appendix), and each image is encoded into an 8-
dimensional vector. We emphasize that all the datasets used do not contain
any missing values. To evaluate the clustering performance, we compute the
three clustering metrics: Adjusted Rand Index, Normalized Mutual Informa-
tion, and clustering accuracy.

Table 2.2 reports the mean and the standard deviation of the clustering
metrics, ARI, NMI, and ACC, achieved by each method on each dataset over
10 trials. The results show that our distributed approach outperforms other
methods or achieves the second-best score in almost all the datasets for the
three clustering metrics. However, we note that our method is less effective
on certain datasets. Several factors may contribute to this. First, the cluster
assignments are sampled from an approximation of the posterior distribu-
tion, which can resultin noisy partitions. These partitions could be aggregated

°The code source is taken from: https://github.com/wangruohui/
distributed-dpmm

3The code source is taken from: https://github.com/BGU-CS-VIL/
DPMMSubClusters. jl/tree/master
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Dataset n d K  Description

EngyTime 4096 2 2 Synthetic dataset generated from two Gaussian mixtures.

Synthetic 10K 10000 2 6 Synthetic dataset generated from Gaussian components of dimension 2.
Mnist 70000 8 10 Handwritten digits [44].

Fashion mnist 70000 8 10 Zalando's article images [168].

Letter 103600 8 26  Handwritten letters [38].

Balanced 131600 8 47  Both of handwritten digits and letters [38].

Digits 280000 8 10  Handwritten digits [38].

UrbanGB 360177 3 469 Coordinates (longitude and latitude) of road accidents [47].

Table 2.1: The description of the datasets used to evaluate the cluster-
ing performance of our distributed inference approach. n denotes the
size, d the dimension, K the true number of clusters.

Figure 2.2: Unlabeled data (left) and labeled data (right), after M = 100 itera-
tions of DisCGS on EngyTime dataset, ARl = 0.99, NMI = 0.99, and ACC = 0.99.
The number of estimated clusters is 2.

by applying a consensus partition estimation. Second, inadequate feature
extraction techniques may lead to inadequate information representation.
Third, the current initialization strategy may not provide an optimal starting
point for inference. Incorporating a more sophisticated initialization method,
such as K-means or GMM, could potentially enhance clustering quality. Addi-
tionally, tuning the number of iterations performed at the worker or master
level before sharing information between them may further improve both
clustering performance and reduce communication overhead. Moreover, it
is important to note that in this experiment, we only focus on comparing the
clustering performance of the different methods; we do not compare the ex-
ecution times of the three methods because the other approaches proposed
an inference algorithm that differs from the collapsed Gibbs sampler.

Figures 2.2 and 2.3 illustrate the estimated clusters obtained by our dis-
tributed approach on the EngyTime and synthetic 10K datasets, respectively.
These figures respectively represent the best partition achieved over the ten
trials. The purpose of using these datasets is to evaluate our algorithm'’s per-
formance when confronted with complex datasets that exhibit overlapping
clusters. The results demonstrate that our method performs well even when
dealing with such challenging datasets. Specifically, on the EngyTime dataset,
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Dataset DisCGS (ours) M-R[59] SubC [46] GMM Kmeans

ARI 094F0.07 047F0.04 0.87F0.00 0.73F0.13 0.54F0.20
NMI 092F0.07 042F0.02 0.79F0.00 0.67F0.09 0.567F0.11
ACC  096F0.04 0.75F0.04 097F0.00 0.85F0.11 0.68=F0.20

ARI 0.80F0.06 0.10F0.01 0.38F0.07 0.80F0.07 0.75F0.03
NMI 0.86F0.04 0.1230.01 0.613F0.08 0.88F0.04 0.85F0.01
ACC 0.88F0.06 0.29F0.01 0.38FF0.08 0.85F0.08 0.76=F0.05

ARI 0.72+0.01 0.20F0.07 0.66F0.04 0.39F0.02 0.26=F0.01
NMI 0.74F0.00 0.38F0.08 0.79F0.01 0.69F0.01 0.62=F0.00
ACC 0.79F0.01 030F0.06 0.71F0.03 0.38F0.02 0.23F0.01

ARI 045F0.02 0.35F0.02 040F0.02 0.417F0.02 0.377F0.02
NMI 0.60F0.01 054F0.01 0.60F0.01 0.59F0.02 0.57F0.01
ACC 0557002 04530.03 0487F0.01 0.52F0.04 0.48F0.01

ARI 0.30F0.01 0.07F0.03 0.23F0.05 0.30F0.01 0.20 F 0.00

EngyTime

Synthetic 10K

Mnist

Fashion-Mnist

Letter NMI 056001 023F005 047006 0.61F0.00 0.52F 0.00
ACC  0417T001 0147004 031F006 0337T0.01 0.24F0.01

Balanced ARl 0357000 0027T001 0.05F002 035F0.01 0.22F0.00
NMI 059 F0.00 0.17F0.06 0.31F004 0.63F0.00 0.54F0.00

ACC  046T001 0077002 0.10F0.02 0447002 0.30F0.01

Digits ARl 0557001 0287T0.14 0.74T0.05 0467T0.02 0.36T0.01
g NMI 0.71F 001  051F0.14 0.79F0.02 0.71F0.01 0.63F 0.00
ACC  0.58T0.00 0.38F0.09 081F0.05 0447F0.03 0.34F0.01

UrbanGe ARl 0.63T0.01 0127005 0.09TF000 0.677F0.05 0.49F0.06

NMI 0.68F0.01 021F0.07 024F0.00 0.77+0.01 0.81F0.01
ACC  045F0.01 0.2970.02 0.297F0.00 0.53F0.02 0.547F0.02

Table 2.2: The mean and the standard deviation of the clustering met-
rics, over 10 runs on different datasets. The best result within each row
is marked in bold, and the runner-up is underlined.

our method attained an ARI, NMI, and ACC score of 0.99. It accurately inferred
the correct number of clusters, which is two. On the synthetic 10K dataset, our
method achieved an ARI, NMI, and ACC score of 0.85, 0.89, and 0.91, respec-
tively. It estimated a total of seven clusters, while the exact number of clusters
iS Six.

Figure 2.4 illustrates a sample of the ten first partitions estimated by our
approach on the Mnist dataset. It also represents the best partition achieved
over the ten trials. The results show that the partitions group together the
same digits. For instance, the first cluster groups the digit four (4). The second
cluster contains mostly the digit eight (8) and so on. Moreover, our method ob-
tained an ARI, NMI, and ACC score of 0.73, 0.74, and 0.80, respectively, on the
Mnist dataset. It is important to note that our approach inferred a total of 57
clusters for this dataset. This is because our method not only grouped digits
of the same type together but also took into account variations in handwriting
styles. Consequently, our method estimated a larger number of clusters than
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Figure 2.3: Unlabeled (left) and labeled data (right), after 100 iterations of Dis-
CGS on a synthetic dataset with overlapped clusters, ARl = 0.85, NMI = 0.89,
and ACC = 0.91. The number of estimated clusters is 7.
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Figure 2.4: A sample of the first ten clusters inferred by the DisCGS on Mnist
dataset ARl = 0.73, NMI = 0.74, and ACC = 0.80. The number of estimated
clusters is 57.

the ground truth, as depicted in Figure 2.5. However, as stated in [118], in
many cases of clustering tasks, determining the appropriate number of clus-
ters is not straightforward. There is often no well-defined or "true" value for
the parameter K, and this value may not be unique.

2.4.3. Convergence

In this experiment, we examine the convergence of both likelihood and
ARl score of three methods: our distributed collapsed Gibbs sampler approach
(DisCGS), collapsed Gibbs sampler (CGS), and the distributed MCMC inference
(SubC) from [46]. These evaluations are performed on six datasets: Synthetic
100K, Mnist, Fashion-mnist, Mnist-letter, and Balanced. It's important to note
that only the centralized collapsed Gibbs sampler and SubC share the same
model assumption as our distributed method, resulting in a comparable like-
lihood.

Figure 2.6 illustrates the evolution of the log-likelihood and ARI score at
each iteration. We observe that our algorithm converges almost at a similar
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Figure 2.5: Each line illustrates two different clusters that grouped the same
digits with different handwriting digits.

rate as the centralized CGS algorithm and is much faster than SubC, which
takes more iterations to converge. This is because our algorithm is able to
discover new local clusters inside each worker. Whereas, in SubC, the num-
ber of clusters is fixed when performing the restricted Gibbs sampler in each
worker, and new components are only discovered at the master level during
the split step. Thus, more iterations are required to generate enough compo-
nents to model the data. This phenomenon is also observed in [164]. Overall,
our algorithm converges really fast and maintains a stable ARI score over the
iterations. Whereas the CGS and SubC may downgrade their ARI score after
some iterations, as can be observed for the Fashion-Mnist dataset.

2.4.4. Comparison of the distributed and centralized collapsed
Gibbs sampler

In this experience, we compare the execution time and clustering perfor-
mance of the distributed collapsed Gibbs sampler and the centralized col-
lapsed Gibbs sampler from [121], we execute both algorithms on synthetic
datasets of different sizes (from n = 20K to n = 100K) generated from K = 10
Gaussian components of dimension 2. The centralized version is too slow;
running over 100K observations would take too much time. We use 32 cores

for this experiment.
Figure 2.7 illustrates, using a logarithmic scale, the execution time for M =
100 iterations of both the distributed and centralized inference methods. The
results show that our distributed algorithm significantly outperforms the cen-
tralized approach. For instance, when considering 100K data points, the cen-
tralized algorithm takes approximately 12 hours to complete 100 iterations,
whereas our approach achieves the same number of iterations in just 3 min-
utes, reducing the execution time by a factor of 200. Table 2.3 presents the
clustering metrics (ARI, NMI, and ACC) obtained by each algorithm on each
dataset. The results indicate that our approach consistently achieves high
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Figure 2.7: Running time (in logarithmic scale) for 100 iterations of DisCGS and
CGS inference for DPMM on synthetic datasets of different sizes.

scores and outperforms the centralized algorithm in almost all cases. We ob-
serve that using the dataset of size 40K, the centralized algorithm obtained
slightly higher ARl and NMI scores than the distributed algorithm. This is not
surprising since both approaches sample the memberships from an approx-
imation of the posterior distribution, resulting in noisy inferred partitions.
These samples can be aggregated after a given number of burn-in iterations
with a consensus partition estimation. Overall, the findings confirm that the
distributed inference does not compromise the clustering performance while
considerably reducing the execution time.

Dataset size ARI NMI ACC
Dis. Cen. Dis. Cen. Dis. Cen.
20K 099 089 099 096 0.99 0.89
40K 096 0.99 0.97 0.99 0.99 0.97
60K 091 089 092 096 0.92 0.89
80K 094 089 096 096 091 0.89
100K 091 089 094 0.89 091 0.89

Table 2.3: Clustering metrics obtained by the distributed (Dis.) and cen-
tralized (Cen.) inference on synthetic datasets of different sizes.

2.4.5 . Distributed algorithm scale-up

In this experiment, we use n = 10° data points generated from K = 10
components of two-dimensional Gaussian. We run our distributed inference
several times by increasing the number of cores from 8 to 48.

Figure 2.8 represents the running time as a function of the number of
cores. We observe that the running time decreases when the number of cores
increases, showing that our algorithm scales efficiently with the number of
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Figure 2.8: Running time (hours) as a function of the number of cores of Dis-
CGS on 10° data points.

workers. Figure 2.9 shows the clusters (labels) inferred by our approach on
10° data points distributed across 32 cores. As depicted, our approach suc-
cessfully identifies meaningful and coherent clusters, resulting in high AR,
NMI, and ACC scores of approximately 0.98. Similar results were observed
when distributing the data on different numbers of cores. Additionally, it has
inferred 14 clusters while the ground truth is 10. However, only 10 of them are
significant clusters, and the 4 others are only "outliers". Moreover, the clus-
tering performance and the number of clusters depend on the auto-encoder.
Also, the number of clusters might be influenced by the concentration param-
eter o [1718].

) o
Figure 2.9: Unlabeled data (left) and labeled data (right), after A = 100 iter-

ations of DisCGS on 10° data points, using 32 cores, ARl = 0.98, NMI = 0.98,
and ACC = 0.98. The number of inferred clusters is 14.
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2.5. Conclusion

In this chapter, we presented DisCGS, a novel distributed inference method
for Dirichlet Process Mixture Models. DPMMs are a powerful tool for clus-
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tering, particularly when the number of clusters is unknown. However, their
inference process becomes computationally expensive as the number of ob-
servations is large.

To address this challenge, we developed a distributed approach that ap-
proximates the collapsed Gibbs sampler using sufficient statistics. This al-
lows for efficient computation of the posterior distribution, estimation of the
global model, and clustering structure, without sharing raw data. We vali-
dated our method through extensive experiments on both synthetic and real-
world datasets, showing that it drastically reduces inference time while main-
taining high clustering accuracy.

In Chapter 4, we extend this framework to the exponential family of com-
ponent distributions, relaxing the assumption that clusters follow a multivari-
ate Gaussian distribution. This generalization enables its application to other
data types, such as discrete data. Furthermore, the algorithm serves as a
foundational component for distributing the inference process in Bayesian
non-parametric latent block models, as discussed in Chapter 5.

Finally, the proposed methodology is designed to operate in distributed
environments with independent and heterogeneous machines, making it par-
ticularly suitable for horizontal federated learning scenarios, where workers
correspond to different components of an edge network. A natural extension
of this work would be to adapt and implement the method on a fully federated
environment.
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3 - Distributed Inference for DPMMs with Multi-
nomial Components and Generalization to
the Exponential Family

In this chapter, we introduce a distributed inference method for Multino-
mial Dirichlet Process Mixture Models designed for discrete data, with a focus
on text clustering. We then demonstrate how the methodology generalizes
to the exponential family of distributions. The work presented in this chapter
has been published in [90].

3.1. Introduction

Several works involving Dirichlet Process Mixture Models naturally choose
Gaussian distributions for the component models due to their favorable com-
putational properties and convenience. However, this choice is not always the
most suitable. For instance, [93, 99] proposed Dirichlet process mixtures of
beta distributions. In [93], the model was applied to density and intensity
estimation, whereas in [99], it was used for image categorization and object
detection.

Moreover, when dealing with discrete data (e.g., count data), Gaussian dis-
tributions are clearly inappropriate. Natural alternatives in such cases include
the Multinomial and Poisson distributions. For example, [178, 1 intro-
duced Dirichlet-Multinomial and Gamma-Poisson mixture models, respec-
tively, for short text clustering. These examples highlight the need to go be-
yond Gaussian distributions.

In this context, we extend our distributed inference method, originally de-
signed for continuous observations with Multivariate Gaussian clusters, to
discrete observations with Multinomial clusters. For clarity, we present the
model in the context of text clustering. Furthermore, we generalize the ap-
proach to cases where the distribution associated with each cluster belongs
to the exponential family. We demonstrate the effectiveness of this method
on real-world datasets, showing that it reduces inference time significantly
without compromising clustering quality.

The remainder of this chapter is organized as follows. In Section 3.2, we
recall the formulation of the Dirichlet process Multinomial mixture models
in the context of text clustering. In Section 3.3, we present our distributed
inference algorithm, including the collapsed Gibbs sampler at the worker and
master levels. In Section 3.4, we describe its generalization to the exponential
family. Section 3.5 reports empirical results, and Section 3.6 offers concluding
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remarks.

3.2. Model definition

Consider a corpus x = (z1,...,z,) consisting of n documents and a vo-
cabulary of size V. For each document z; in the corpus, let z; denote its clus-
ter assignment. For a given cluster k, let n; be the number of documents
assigned to cluster k. For a word w in the vocabulary, let n;, ,, denote the total
number of times w appears in cluster k; hence, Ny = YV _, nk., is the total
number of word occurrences in cluster k. Similarly, let ¢, ,, be the number
of times w appears in document z;, and define the total length of document
x; as by, = Zgzl&:i,w = Zwemi Uy, w- Therefore, the DPMM assumes the

following generative process:

7w~ SB(a),

2 S Mult (), Vie{l,--,n},
0r " Dir(v), Vke{1,2,-},
vi | {2z =k,0,} " p (@] 0p), Vie{l,--,n}.

Under this model definition, to generate a document z;, we first sample its
cluster (or "topic") label according to an infinite set of mixture weights defined
by the stick-breaking process. Then, we draw the corresponding cluster pa-
rameters 6, from the conjugate prior, which is the Dirichlet distribution with
hyperparameter v = (vy1,...,7v), where~,, > 0forallw € {1,...,V}. Finally,
the document z; | {z; = k, 0} is generated according to the k-th component
of the mixture distribution p(z; | 0;).

For simplicity, and following common practice in the literature [177, 1,
we sety; = --- = 9y = . We also adopt the Naive Bayes assumption:
foralli € {1,...,n}, given z; = k, the words in document x; are generated

independently, and the probability of a word is assumed to be independent
of its position within the document. Under this assumption, the conditional
distribution p(z; | 6;) can be defined as follows:

p(zi | 0x) = [ Mult(w | 6),

WEX;

This means that each mixture component distribution is a multinomial distri-
bution over words. In addition, for all k > 1, we have 0 = (0x.,)Y_, € [0,1]V

and
1%
> g = 1.
w=1

In the text clustering problem, given a corpus with an observable finite num-
ber of clusters (topics), the goal is to estimate the membership z. In this case,
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the prior Equation (1.8) and posterior predictive Equation (1.8) distributions
are respectively computed as follows:

Ly,
Hw T; Hsgw (’Y +s5— 1)
p(z; | Go) = === , (3.1)
[L5(Vy+s—1)

and

ls.
Hw T; Hssz<,y+nk’w+s - 1)
p(w; | 2 = k,x, Go) = —2=% ! , (3.2)

[L2 (VA + Ni+ 5 — 1)
Here, n;, ,, denotes the total number of times word w appears in the k-th clus-
terand Ny, = 32V _ | ny.. is the total number of word occurrences in the same
local cluster. The derivation of Equations (3.1) and (3.2) are provided in [179].

3.3. Distributed inference

In this section, we present the theoretical foundations of the proposed dis-
tributed inference algorithm in the setting where observations are discrete
and component distributions follow a Multinomial model. We focus on the
text clustering problem, where the objective is to estimate the cluster mem-
berships z for a corpus of documents associated with a finite but unknown
number of topics. Once the data have been evenly distributed among the
workers, our distributed approach performs the following two main steps:

3.3.1. Worker level

We denote by x¢ = (zf, - - - , x5 ) the set of documents assigned to the e-th
worker, where n¢ is the total number of documents assigned to that worker.
Similarly, let z¢ = (z§,--- , z5.) denote the corresponding local membership
assignments. As in the multivariate Gaussian case, documents are assigned
to local clusters one at a time by sampling their label z{ from the conditional
distribution p(z{ | z¢,,x%, Q). The only difference lies in the computation of
the prior and posterior predictive distributions. Under the assumption of con-
jugacy, these are respectively computed as follows:

Loe w
HwExf HS:LI (fy + 5= 1)

Kﬂc?
HS:zl(Ve,Y +s5— 1)

p(§ | Go) = , (3.3)

and .
Hwexf Hsziw (’7 + nz,w +s5— 1)
ez‘?
[LZ(Very+ Np+s-1)
Here, nj, ,, denote the total number of times word w appears in the k-th cluster

p(zf | 2 =k, xi, Go) = ; (3.4)

w=

rences in the same local cluster. The derivation of Equations (3.3) and (3.4)

of the e-th worker, and Nf = S2V° | ”i ., 1S the total number of word occur-
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is provided in [179]. Since the component distribution is a multinomial over
words, the sufficient statistics for cluster k& in worker e are given by the word
count vector ng = (nf , )weve. The sufficient statistics and the sizes of each
cluster are then sent to the master.

3.3.2. Master level

The goal at this stage is to estimate the global membership vector z =
(#1,...,2n) and update the prior hyperparameters for each global cluster. To
this end, sets of documents assigned to the same local cluster on a worker are
grouped and reassigned to a global cluster at the master level. Consequently,
all documents mapped to the same global cluster will share a common mem-
bership label. For each set of documents xj belonging to the local cluster h
of worker e, we sample the global membership z; from the posterior distri-
bution p(z}, | z_;,x,Q) o

%p(xz | z;, = k,xx,Go), existing cluster k, (3.5)
n — (6%
%p(XZ | Go), new cluster. (3.6)
n — (8%

In practice, the joint posterior predictive and the joint prior predictive dis-
tributions in Equations (3.5) and (3.6) are computed by only using sufficient
statistics, i.e., it is not necessary to have access to the content of each cluster.
In fact, we have:

e

n W
HwEX‘Z Hslzl (’Y + 5= 1)
Nﬁ
Hs:}ll(V’y +s5— 1)

P (x, | Go) = (3.7)

and

ne w
HwEX,&l H521 (fy + Ni,w +s— 1)
NE :
Hszhl(V’}/ + Np + s — 1)

Here, n; ,, denotes the total number of times word w appears in global cluster
k,and N, = 21‘2:1 Ny 1S the total number of word occurrences in that clus-
ter. These quantities represent the aggregated sufficient statistics obtained
by merging the local clusters. The derivation of Equations (3.7) and (3.8) is
provided in Section 6.7.3.

p(xj, | 2z, = k,xx, Go) = (3.8)

3.4. Generalization to the exponential family case

3.4.1. Model definition

In this section, we generalize the results above to the exponential family.
In this context, the DPMM is defined as follows:

m~ SB(«),
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2; S Cat (m), Vie{l,---,n},
O Il\f Go, vk € {1,2, s },
i | {2 =k, 0k} " fai,00), Vie{l, - ,n}.

with f(-, ;) the component distribution associated to cluster k. In the follow-
ing, we assume that f belongs to the exponential family. This means that f
can be written as follows:

f(x,0) =exp (n(0)"S(z) — ¢(z) —¥(0)), Ve R VOeO,

where 7, S, ¢ and ¢ are known functions. In this assumption, n(9) is the natu-
ral parameter vector, S(z) is said to be the sufficient statistics for the natural
parameter vector 7(#), ¢ is the log partition function that ensures the den-
sity to integrate to 1, and ¢ is the base measure of distribution. Under this
assumption, a conjugate prior Go with a closed form will always exist, and we
assume that it can be written as:

9(0, Ao, 70) = exp (n(0)" Ao — 70 (8) — &(Ao, 70)) -

Here, Ag and 7y are the prior hyperparameters of the base distribution Gj.
They might be interpreted as follows: A( represents our prior on S(x) and
has the same form as the natural parameter. 7, is a scalar that represents
our prior on the number of observations n.

3.4.2 . Distributed inference
Worker level

Under these assumptions, the posterior and prior predictive distributions in

worker e have a closed form, and they are given by:

p(xilzi = k,x},Go) = exp (§(A; + S(xf), 7 +1) — E(AL, ) — é(27)),
and
p(77|Go) = exp (§(Ao + S(zf), 70 + 1) — &(Ao, 70) — ¢(7))

where Af and 7 are the posterior hyper-parameters of cluster k£ in worker e,
and are given by

T = To + Nk,

and
A =Ag+ ) S().

e
xexk

73



Master level

Atthe master level, the joint posterior and prior predictive distributions (Equa-
tion (2.7)) have a closed form and they are given by:

p(x5, | 25 =k, %, Go) = exp [ E(Ap+ Y S(@), 7 + 1) — €Ak, ) — Y ()

a:Ex xExh

and

p(x5, | Go) = exp|&(Ao+ Y S(x),m0+1) = &A1) — D ()

zExh xExh

where A, and 7, are the posterior hyper-parameters of global cluster k. They
are obtained as follows:

A=) > S

(e,h)|z5, =k zexj,

and

T = T0 + Z

(e,h)\zzzk’

In the posterior, prior, joint posterior, and joint prior predictive distributions
depend on ¢, but since this term appears in both prior and posterior, it is not
necessary to compute this term. One can factorize and implicitly compute this
term when computing the normalizing constant. This means that the joint
prior and posterior predictive distributions depend on data only through suf-
ficient statistics.

3.5. Experiments

To evaluate our approach on discrete data in the context of text clustering,
we conduct three types of experiments on real-world datasets. First, we com-
pare our distributed algorithm with several state-of-the-art clustering meth-
ods in terms of clustering performance. Second, we assess both the execution
time and clustering quality of our distributed approach against the centralized
collapsed Gibbs sampler from [179] on datasets of different sizes. Finally, we
examine the scalability of our distributed algorithm by increasing the num-
ber of processing nodes while keeping the number of documents fixed. For
this purpose, we run our distributed method multiple times on a corpus of
300,000 documents, varying the number of CPU cores.
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3.5.1. Implementation settings

In the following experiments, we initialize the model with a one-cluster
partition. For the centralized approach, the concentration parameter « is set
to 0.1 x n, where n is the total number of observations, following the configu-
ration in [179]. For the distributed approach, we adopt a hierarchical setting
for a:: at the worker level, for each worker e, we set the local concentration
parameter o = 0.1 x n¢ where n® is the number of observations handled by
worker e. At the master level, the parameter is set to o = 0.1 x 4, where
nys is the number of aggregated observations at the master and W is the
number of workers. This setup is based on the idea that with more workers,
there will be more clusters to merge at the master level. So, we set the pa-
rameters to encourage stronger merging of clusters over the creation of new
ones, in order to prevent overestimating the number of clusters. The hyper-
prior parameter + is set to 0.02 for the centralized approach, following [179].
In the distributed setting, « is set to either 0.02 or 0.05 at the worker level,
while at the master level, v is scaled as v x W, reflecting the same intuition
used for setting the concentration parameter, encouraging cluster merging as
the number of workers increases. All the used datasets are preprocessed by
transforming text to lowercase, eliminating stop words, and applying stem-
ming to standardize word forms as in [179].

All distributed experiments were executed on the Neowise machine (1x
AMD EPYC 7642 CPU, 48 cores) hosted by the Grid'5000 cluster infrastruc-
ture'. For fair comparison, the centralized approach was run on the same
machine using a single CPU core.

3.5.2. Clustering performance

In this experiment, we evaluate the clustering performance of our algo-
rithm by comparing it against several established text clustering methods,
including GSDPMM [179], GSDMM [177], K-means, and LDA [21], using four
different datasets summarized in Table 3.1. For the parametric baselines (K-
means and LDA), multiple values for the number of clusters are tested. The
baseline results are taken from [179]. Following the same experimental setup,
we fix the number of iterations to 10 to ensure a fair comparison, as it is suffi-
cient for convergence. All experiments are run on the Neowise machine, with
data evenly distributed across two cores.

The results are reported in Table 3.2. Our proposed distributed method
for text clustering, DisCGS, demonstrates strong and consistent performance
across all evaluated datasets. DisCGS outperforms or closely matches state-
of-the-art baselines, including GSDPMM, K-means, LDA, and GSDMM, in terms
of Normalized Mutual Information (NMI). Notably, on the TS dataset, DisCGS
achieves the highest average NMI, outperforming all other methods and con-

1https ://www.grid5000. fr/w/Grid5000 :Home
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Dataset n \% K 0 Description

Tweet 2472 5098 89 856 Tweet relevance to queries manually annotated as part of the TREC Microblog tracks. 2.
T 11109 8111 152 6.23  Titles of news articles reporting on distinct real-world events [177].

S 11109 18478 152 22.20 Snippets of news articles focused on individual real-world events.

TS 11109 19672 152 28.43 Combined titles and snippets from news articles related to specific events.

Table 3.1: Description of the text datasets used to evaluate the cluster-
ing performance of our distributed inference approach. n denotes the
number of documents, V' the vocabulary size, K the true number of

clusters, and /, the average document length.

Dataset K

Clustering Methods

DisCGS

GSDPMM

K-means

LDA

GSDMM

50
89
150

Tweet

0.849 + 0.004
0.849 £ 0.004
0.849 £ 0.004

0.875 £+ 0.005
0.875 £+ 0.005
0.875 £ 0.005

0.696 £ 0.008
0.725 £ 0.007
0.742 £ 0.006

0.775 £ 0.012
0.797 £0.011
0.811 +0.012

0.844 £ 0.006
0.862 £ 0.008
0.871 +0.004

100
T 152
200

0.847 £ 0.005
0.847 £ 0.005
0.847 £ 0.005

0.873 £ 0.002
0.873 £ 0.002
0.873 £ 0.002

0.687 £ 0.005
0.721 £ 0.009
0.730 £ 0.008

0.769 £ 0.012
0.784 £0.015
0.806 = 0.013

0.830 £ 0.004
0.852 £ 0.009
0.868 + 0.006

100
S 152
200

0.868 £ 0.004
0.868 £ 0.004
0.868 + 0.004

0.891 £ 0.004
0.891 £ 0.004
0.891 £+ 0.004

0.739 £ 0.006
0.756 & 0.006
0.768 £ 0.007

0.848 £ 0.005
0.856 + 0.002
0.862 £ 0.004

0.854 £ 0.004
0.867 £ 0.008
0.885 £ 0.005

100
152
200

TS

0.915 + 0.004
0.915 + 0.004
0.915 £+ 0.004

0.912 £+ 0.003
0.912 £ 0.003
0.912 £ 0.003

0.803 £ 0.009
0.837 £ 0.004
0.841 £ 0.005

0.867 £ 0.004
0.881 £ 0.004
0.904 £ 0.005

0.879 £ 0.009
0.898 £ 0.004
0.910 £ 0.003

Table 3.2: The mean and the standard deviation of the NMI over 20
runs on different datasets. The best result within each row is marked
in bold, and the runner-up is underlined.

firming its robustness. On the S dataset, DisCGS consistently ranks second,
closely trailing GSDPMM.

It is important to emphasize that DisCGS is designed as a distributed ap-
proximation of the centralized GSDPMM, and is therefore not expected to
consistently outperform it. Rather, the objective is to achieve comparable
clustering quality while enabling scalability in distributed environments. The
results in Table 3.2 confirm the effectiveness of our approach in preserving
clustering performance while benefiting from parallel computation. More-
over, the low variance in NMI scores across runs highlights the robustness
and stability of DisCGS.

3.5.3. Comparison of the distributed and centralized collapsed
Gibbs sampler

In this experiment, we compare the execution time and clustering perfor-
mance of the Distributed Collapsed Gibbs Sampler (DisCGS) with the Central-
ized Collapsed Gibbs Sampler (GSDPMM) proposed in [179]. Both methods
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n 1% K ¢, Cores

20K 24755 14 742
40K 48562 14 8.52
60K 71834 14 948
80K 94805 14 1047
100K 116154 14 11.37

00 0000 NN

Table 3.3: Statistics of the text datasets extracted from the DBpedia
dataset used to compare the distributed inference approach with the
centralized one. The number of cores used in the distributed setting is
also indicated for each dataset.

are evaluated on multiple subsets of the DBpedia dataset, each varying in size.
DBpedia3 contains Wikipedia abstracts categorized according to a predefined
ontology, where each document represents an entity with an associated label.
Table 3.3 summarizes the statistics of these subsets. To ensure consistency,
the number of iterations is fixed at 10 for both algorithms.

Figure 3.1 and Table 3.4 compare the clustering performance and compu-
tational efficiency of our distributed collapsed Gibbs sampler (DisCGS) with
the centralized GSDPMM on DBpedia subsets ranging from 20K to 100K doc-
uments. As shown in Figure 3.1, DisCGS significantly reduces computational
time compared to GSDPMM. This speed-up becomes more pronounced as
the dataset size increases. For example, on the 100K dataset, DisCGS com-
pletes 10 iterations in approximately 85 seconds, while GSDPMM requires
over 410 seconds, achieving nearly a 5-times improvement. In terms of clus-

400 { —®- GSDPMM (centralized) «’.
—®- DisCGS (distributed) Ptad
350 A -
e
= 300 1 A
g 't’
S 250 4 o
» .
2 200 -
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£ 150 _-2”
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4 ‘,4’
100 e %
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so{ & ____- -
—mm———T * -7
o ¥ ! : ‘ |
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Number of documents

Figure 3.1: Running time of the distributed (DisCGS) and centralized (GS-
DPMM) inference on DBpedia sub-datasets of increasing sizes.

3https://www.dbpedia.org/
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tering quality, as shown in Table 3.4, overall, DisCGS achieves competitive
clustering quality, often outperforming the centralized method in terms of Ad-
justed Rand Index, while maintaining comparable Normalized Mutual Infor-
mation scores. Specifically, DisCGS consistently achieves the best ARI across
all dataset sizes, indicating its strength in recovering true partitions even un-
der distributed approximations. For NMI, DisCGS performs as well as, or in
some cases slightly below, the centralized approach. These results confirm
that the distributed inference not only maintains strong clustering quality but,
in some settings, can even surpass the centralized approach.

Dataset size AR NMI

Dis. Cen. Dis. Cen.
20K 0.460 0.282 0.606 0.578
40K 0.355 0.259 0.544 0.590
60K 0.519 0.299 0.616 0.613
80K 0.405 0.284 0.612 0.609
100K 0.403 0.345 0.621 0.659

Table 3.4: Clustering metrics ARl and NMI obtained by the distributed
(Dis.) and centralized (Cen.) inference on DBpedia sub-datasets of in-
creasing sizes.

These findings validate the core objective of DisCGS to efficiently approximate
centralized inference without sacrificing clustering accuracy while enabling
scalable inference in distributed environments.

3.5.4. Distributed algorithm scale-up

In this experiment, we extract 300,000 documents from the DBpedia dataset.
The resulting vocabulary size is 334,556, and the average document length is
19.89 words. We evaluate the scalability of our distributed inference algo-
rithm by running it multiple times while progressively increasing the number
of cores from 2 to 10.

Figure 3.2 illustrates the effect of increasing the number of CPU cores on
the runtime of our distributed collapsed Gibbs sampler applied to the DBpe-
dia dataset with 300,000 documents. As the number of cores increases from
2 to 10, the runtime decreases significantly, demonstrating the strong scala-
bility and parallel efficiency of DisCGS. Additionally, clustering quality metrics
such as NMI and ARl remain stable (results reported in Appendix 6.9), indicat-
ing that parallelization does not compromise inference accuracy. These find-
ings confirm the suitability of DisCGS for large-scale clustering in distributed
computing environments.
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Figure 3.2: Running time (seconds) of DisCGS on a DBpedia dataset with
300,000 documents as a function of the number of cores.

3.6 . Conclusion

While many works on DPMMs assume multivariate Gaussian clusters for
their computational convenience, this assumption is not always appropriate,
particularly when dealing with discrete data. In this chapter, we extended our
distributed inference framework for DPMMs, originally designed for multivari-
ate Gaussian components, to the case of Multinomial components, with a fo-
cus on text clustering. Furthermore, we generalized the proposed methodol-
ogy to handle any component distribution from the exponential family, broad-
ening its applicability to diverse data types and problem domains. Experi-
ments on real-world datasets demonstrate that the proposed approach re-
duces the inference time compared to the centralized method, while preserv-
ing high clustering accuracy.
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4 - Distributed Inference for Bayesian Non-Parametric
Latent Block Models

In this chapter, we introduce a distributed inference method for the Bayesian
Non-Parametric Latent Block Model (DisNPLBM) using a Master/Worker archi-
tecture. This approach extends the distributed inference framework originally
developed for Dirichlet Process Mixture Models in Chapter 3 to the setting of
co-clustering with non-parametric latent block models. In this chapter, we
assume that the block component distributions are multivariate Gaussian.
The proposed method performs simultaneous clustering of both rows and
columns (i.e., co-clustering), where each block is modeled using multivariate
Gaussian distributions. The work presented in this chapter has been pub-
lished in [88].

4.1. Introduction

Co-clustering aims to simultaneously infer row and column partitions of a
data matrix. It often outperforms conventional clustering algorithms, which
only focus on inferring a row partition, especially when the data exhibits a
dual structure between observations and variables.

Bayesian Non-Parametric Latent Block Models make independent priors
on the row and column cluster proportions and a prior on the block com-
ponent distributions, allowing the number of co-clusters to be automatically
inferred during the sampling process. To perform inference in NPLBM, the
collapsed Gibbs sampler introduced in [127] is commonly used. This Markov
Chain Monte Carlo algorithm iteratively samples the row partition conditioned
on the column partition, and vice versa, based on marginal posterior proba-
bilities. However, as stated in 1.6, MCMC inference approaches suffer from
slow convergence when applied to large datasets.

To address this in a co-clustering setting when the number of observa-
tions is large, we propose a distributed inference algorithm for NPLBM. Our
method follows a Master/Worker architecture where the rows are partitioned
and distributed evenly across the workers, which do not communicate be-
tween them but interact only with the master. Each worker performs the in-
ference of the local row partition given a shared global column partition. It
then sends the sufficient statistics of its local row clusters to the master. The
master uses these statistics to infer the global row partition and the column
partition, which enables the estimation of the global co-clustering structure.
The main challenge addressed in our method is how to estimate the global
row and column partitions without direct access to the full data, using only
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the aggregated sufficient statistics.

Our experimental results demonstrate the effectiveness of the proposed
approach in terms of clustering accuracy and computational efficiency. Addi-
tionally, we showcase its application to a real-world gene expression dataset,
highlighting the practical utility of DisNPLBM in high-dimensional biological
data analysis.

The remainder of this chapter is organized as follows. In Section 4.2, we
recall the definition of NPLBMs with multivariate Gaussian component distri-
butions. In Section 4.3, we present the distributed inference algorithm, detail-
ing the inference of local row clusters at the worker level and the estimation
of global row and column partitions at the master level. Section 4.4 reports
empirical results, and Section 4.5 provides concluding remarks.

4.2 . Model definition

Let X = (z;;)n,, € R™P*? pe the observed dataset. Here, n denotes the
number of rows, p represents the number of columns, and d is the dimension
of the observation space. Letz = (z;)7_; and w = (wj)§:1 be the correspond-
ing row membership and column membership vectors, respectively. In this
work, we assume the following Non-Parametric Latent Bloc Model:

m ~ SB(«), p ~ SB(f),
0250, ~ NIW(Xo), 2z |m ~ Mult(r), w;|p ~ Mult(p),
xi,j | {Ziawja Hzi,wj} ~ N (ezi,wj) .

Since we assume that the block component distribution is multivariate Gaus-
sian. Thus, each block parameter 0,; = (uk,, Xr1), Where pg; € R? is the
mean vector and X ; € R4 js a positive semi-definite covariance matrix.
The base distribution Gy is chosen as the Normal-Inverse-Wishart (NIW) prior
[117], which is conjugate to the multivariate Gaussian. It is parameterized by
the hyperparameters (uo, ko, Yo, 10).

In the co-clustering problem, given the observed dataset X, the prior Gy,
and the concentration parameters « and 3, the objective is to estimate the
row and column partitions, denoted by z and w. In the following section, we
present the distributed inference procedure for NPLBMs in the case where
the number of observations n becomes large.

4.3 . Distributed Inference

The main objective of our method is to make the inference process scal-
able when the number of observations becomes very large, while preserving
high clustering accuracy. To achieve this, we adopt a Master/Worker archi-
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tecture in which the rows of the data matrix are evenly distributed across the
workers. Each iteration of the algorithm alternates between two levels:

* Worker level: Given the current global column partition, each worker
performs alocal row clustering using the collapsed Gibbs sampler, thereby
inferring a local NPLBM. This step estimates the row memberships lo-
cally and computes the sufficient statistics and sizes for each local row
and block cluster. These statistics are then sent to the master.

+ Master level: The master aggregates the information received from
all workers and estimates the global co-clustering structure. First, the
global row partition is inferred. This step also updates the posterior hy-
perparameters of the block distributions. Next, the column partition is
updated, allowing the master to infer the global NPLBM. The updated
global row and column partitions, along with relevant hyperparame-
ters, are then communicated back to the workers. It is important to
emphasize that, at this level, row and column partitions are estimated
without direct access to the data, only through the aggregated sufficient
statistics received from the workers.

In the following, we detail the inference performed at each stage of the
algorithm.

4.3.1. Worker level

Let £ be the number of workers, n® be the number of rows in worker e,
X¢ = (25, nexp € R"¥P*4 the local dataset in worker e, each cell z¢; is a
d-dimensional vector. Let z¢ = (z{),e be the local row partition (i.e. z{f = k
means that the i-th row of e-th worker belongs to the k-th local row cluster).
At this level, each local row membership z{ is updated given the global column
membership and other local row memberships z¢, = {z¢|r # i} by sampling
from p(zf|z¢,, w, X, Go, ) x:

—1

e
ng

TTigal (zf. | w,x}_,Go) existing row cluster k, (4.1)
« e

_ | w,Gy), new row cluster, 4.2

n—l-l—ozp(x“" 0) (4.2)

where nj, is the size of local row cluster k in worker e, va. is the ¢-th row of
worker e, and xj, = {zf [2f = k} the content of local row cluster & in the
worker e. Thanks to the conjugacy assumption, the joint posterior and prior
predictive distributions required in Equations (4.1) and (4.2) can be computed
in closed form. In fact, we have

L

p(iL’i, | W>Xi,.,G0) = Hp(xf,l | Ai,l)?
=1
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Ve, /2
—n,d (ﬂiz)d/Q Ty (Vzl/2> det(lllz’l) m

L
N Hﬂ- : (l{e’ )d/2 . e vi/27
1=1 il L'y (Vk,z/2> det(\l/fl) "

where, L denotes the number of inferred column clusters, and x7;, = {z; :
w; = [} represents the subset of elements in row ¢ of worker e that belong
to column cluster I. Moreover, A} | = (uf,, 5., ¥ ;. Vi) corresponds to the
hyperparameters of the posterior component distribution associated with the
local block (k, 1) of worker e, which are updated as follows

(4.3)

Koo + n,?p‘(?l

Wiy = e s KRy =Ko+, Ve = Vot ngg,
k.l
KoM ) T T
) o€ € o€ o€
Vep=TYo+C+— (no—%%) (mo—%5,) ,C= Y (v—x,) (x—%5,)
k,l TEXY

where, xj ; denotes the content of the local block (&, 1), and nj ; its cardinality.
The joint prior predictive distribution in Equation (4.1) is given by

L

p(Xi‘ ‘ W7G0) = Hp(xil ‘ GU)?
=1

]l I
= T ’ ' /2’
(k5)%?  Ta(v0/2) det (‘I’gl)yu/2

I=1
with n7, the size of x7, and where the hyperparameters values are given by:

(4.4)

e Ge
. Ropo + 1y X

Hip =

5 , Kip =Ko+ mng, Vi = +ng,
il

Ko7 _ T _ _e T
\I/fyl =Uy+C+ Hez (o — X41) (,uo — xil) ,C = E (:U - Xf,l) (x - Xf,l) .

4,0

e
TEXY,

After having updated the local row partition, for a given row cluster k in worker
e, for each column j, we compute the following sufficient statistics:

neé

1
% = — Z z$; € RY, (4.5)
ki=t1,ze=k
ne
Sto= D (af,; — T, — Ti)T € R (4.6)
i=1,z{=k

Let K¢ denote the number of row clusters inferred by worker e. We denote
by S¢ the set of sufficient statistics associated with these clusters, defined as

S° = {(T,SJ,S,?J-) | (k,j) € {1,..., K} x {1,...,p}},
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Finally, the sufficient statistics and sizes of each cluster are sent to the master.
The DisNPLBM inference process at the worker level is described in Algorithm
7, which represents the Map function.

Algorithm 7 Map function: local inference of the row partition

1: Input: Dataset X°,

2: Column partition w,

3: Concentration parameter «,

4: Prior G.

5: Fori < 1ton°

6 Remove zf from its local row cluster.

7 Compute p(z§|z¢,, w, X¢ Go, ) > Using to Equations (4.1) and

| (4.2)

8: Sample z{ > Draw new local row membership
o: Add z7 _to its new local row cluster.

10: For k < 1to K°

11: Forj«< 1top

12: Compute Ty, and Sg,j > Using Equations (4.5) and (4.6)

13: Output: Updated row partition z¢, sufficient statistics S¢, sizes of
each cluster.

4.3.2 . Master level

At this level, the objective is to estimate the global row and column parti-
tion given sufficient statistics, local cluster sizes, and the prior. In the follow-
ing, we detail these two steps:

Global row partition estimation

The global row membership z is estimated by clustering the local row clus-
ters. Instead of assigning the rows sequentially and individually to a global
row cluster, we assign a batch of rows that already share the same local row
cluster to a global row cluster. Hence, the rows assigned to the same global
row cluster will share the same global row membership. Since the workers op-
erate asynchronously, the results are aggregated using the Reduce function
without waiting for all workers to finish their tasks.

LetSet, 52, K¢ and K2 be the sets of sufficient statistics and the number
of local row clusters returned by two workers e; and e, respectively. The goal
is to aggregate the local row clusters {xf, ..., X% }and {xi%, ey X Py
into a global structure by performing an additional Elustering step. To pér-
form such clustering, we proceed as follows: we first set the initial cluster
partition equal to the local partition inferred in cluster e;. Then, for each h €
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{1,..., K°}, wesample z;?, the membership ofxff”_ fromp(z;? | 29, X, Go, )

#p(xfﬁ | 232 =k, X},.,Go), existing row cluster k, 4.7)
n—14+« ’
fp(xfﬁ | Go) new row cluster, (4.8)
n—14+a« ’

where ny, is the size of global row cluster &, X, . the content of global row
cluster k, and z%, = {z7|h’ # h}. The joint posterior and the joint prior
predictive distributions needed in Equations (4.7) and (4.8) respectively are
computed analytically by only using sufficient statistics, i.e., without having
access to the content of local and global clusters:

d/2 e ,
b(xi, | Go) —mid . fo Ta(4/2) det(¥o)”

where the hyper-parameters (u5, x5, ¥, vj) are obtained using the sufficient
statistics:

Kopo + Ty

MZZ P ) K/iel:K/O—’_n?N Viez:V0+nzv
h
Konyg, T
€ € € €
n="Yo+ 5y + e (ko —T5) (ko — T5) ",
h
e 1 P . e _ 1\wP e
where Ty = 5% Thjand S; = > %, S, ;. Moreover, we have

e d/2
s wlP Ta(/2) (w2

)™ T/ a7

where the posterior distribution parameters (uy, ki, ¥x, ;) associated to the
global cluster k are updated from the prior as follows:

K + niT;
Hi = w, Kk = Ko + Nk, Vg = Vo + N,
k
RO
Uy = Wo+ Sy, + p” (1o — Ti) (1o — T) ",
with T}, and Sy the aggregated sufficient statistics when local clusters are as-

signed to the same global cluster. They are given by:

1
Ty = — ©.Te .
E= > ong Ty, (4.9)
e,h|z; =k
and
Sk= > S+ Y (nZ-T,g-T,fT)—nk-Tk-T,Z’. (4.10)
e,h|z =k e,h|z, =k

This step consists of joining workers'local row clusters in a streaming way. The
recursive joining process stops when the global row partition is estimated. If
K(e1.¢2) js the number of inferred global row clusters, then the process stops
when SSE 5 — . The procedure is detailed in the algorithm 8.
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Algorithm 8 Reduce Function: global row-partition estimation

1: Input: Sufficient statistics S, §¢

2: Concentration parameter «,

3 Prior Gy.

4: Initialize global membership z according to z*
5. For each h € K2 do:
6
7
8

Compute p(z;? | 2%, X, Go, «) > Using Equations (4.7) and (4.7).

Sample z;? > Draw new global row membership
: Add x;” to its new global row cluster.
9 Update the membership vector z.
10: For k < 1 to K(¢12)do:
11: Compute S, and T, > Using Equations (4.9) and (4.10)

12: Output: Updated row partition z, aggregated sufficient statistics
and clusters sizes.

Column memberships estimation

Given the sufficient statistics S, S2,...,S¥, the global row partition z, the
prior G, and the concentration parameter 3, the objective is to update the
column partition w = (w,),, each w; is drawn according to p(w;|w_;, z, X, Go, 8)

{pkp(ﬂf.,j | z,w_j, X_;,Go, ), existingcolumn cluster, (4.11)

pp(x.; | z,Go) new column cluster, (4.12)

with z_; the j-th column and X_; the dataset without column 5. Similarly, the
joint posterior predictive and the joint prior predictive distributions needed in
Equations (4.11) and (4.12) are computed analytically without having access
to the columns, but only by using sufficient statistics. In fact, we have:

K
p (.5 | 2,Go) = [ ] p (xk,;1Go)
k=1
with K the global number of inferred row clusters, and x;, ; the element of

column j that belong to the row cluster k. We have:

d/2 U
b (xp Gy = e K0 T/ ol o/
’ ry s Ta(o/2) ||/

with py ; the cardinal of x; ;. The updated hyper-parameters are obtained
with:

Koo + Pk, Tk, j
M
Kk,j

Wy = Wo + Sk,j +

Pkj = Kk,j = Ko + Dk,j, Vk,j = V0o + Pkjs

KOPk,j

T
Kk,j )

(o — Tj) (o — T 5
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Moreover, the posterior predictive distribution is computed as follows:

K
p(a.; |z, w_j,X_j,Go,8) = [[ P (%k;|Gra)
k=1

with G, ; the posterior distribution associated with block (k, 1) (i.e., row cluster
k and column cluster ). We have:

/2
P (%Xk,j|Gk1) = T PRXS Frg La(vk,;/2) det(\pkl)yk’lﬂ
7‘7 b -

"ﬂi,/f OYP) det Wy, ;)2

with (pu1, ki1, Vi, vk,) the block posterior distribution parameters given by:

Kopo + Pk Tk,
Pil = — Kkl = Ko+ Pkl, Vil = Vo + Pk,
k.l

K
Uy =W+ Sk + 0Pk

(o — Tra) (1o — Tea)
With T3, ; and Sy, the aggregated sufficient statistics are obtained when local
clusters are assigned to the same global block (k,1), and they are computed

as follows:

1
Tpy=— Z Phy - Thy

Pkl e b 2 —k =l
S, = Se 4 e .Te .TeT _ T 'TT
kil = hil Phiy AhgLhy Pi,t - Thyi - Th
e,h| z; =k, w=l e,h| z; =k,w=l

where py ; is the number of cells in the global cluster (k,1). The column parti-
tion update is detailed in algorithm 9.

Algorithm 9 Column partition estimation

. Input: Sufficient statistics,
Global row partition,
Concentration parameter g,
prior Gy.
: For j < 1topdo:
Remove z_; from its column cluster.
Compute p(w;|w_;,z, X, Gy, B) > Using Equations (4.11) and
(4.12).
Sample w; > Draw new column membership
Add z_; to its new column cluster.
10: Output: Column-partition w.

NouhAsWwWwN-=2

o 0
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4.4 . Experiments

To evaluate our approach, we conducted several experiments. Firstly, we
compare our distributed algorithm with other state-of-the-art co-clustering
and clustering algorithms in terms of row clustering performance on synthetic
and real-world datasets. Secondly, we compare the execution time and clus-
tering performance of our distributed algorithm, DisNPLBM, and the central-
ized NPLBM [63] on synthetic datasets with different row sizes. Lastly, we
investigate the scalability of DisSNPLBM by increasing the number of nodes
while keeping the number of rows fixed. The clustering performance is eval-
uated using the clustering metrics Adjusted Rand Index (ARI) and Normalized
Mutual Information (NMI).

4.4.1 . Experiment settings

In the following experiments, we use an uninformative prior NIW as in
[63]. Therefore, we set the NIW hyper-parameters as follows: 1o, and the
matrix precision ¥, are respectively set to be empirical mean vector and co-
variance matrix of all data. k¢ and v are set to their lowest values, which are
1 and d + 1, respectively, where d is the dimension of the observation space.
The initial partition consists of a single cluster, and the algorithms run for 100
iterations.

The distributed algorithm is executed on the Neowise machine (1 CPU
AMD EPYC 7642, 48 cores/CPU) and Gros machines (1 CPU Intel Xeon Gold
5220, 18 cores/CPU), both hosted by Grid5000'. For enhanced portability and
deployment flexibility, DisNPLBM is containerized using the Docker image bit-
nami/spark 3.3.0. We employ Kubernetes for orchestrating Docker images
and deploy the Kubernetes cluster on Grid5000 using Terraform?.

4.4.2 . Clustering performance

We first evaluate the row clustering performance of our algorithm on both
synthetic and real-world datasets; we compare its results with two co-clustering
algorithms, NPLBM [63] and LBM [64], and two clustering algorithms, K-means
and Gaussian mixture model (GMM). We applied the algorithms to 4 datasets:
Synthetic dataset of size 150 x 150, generated from 10 x 3 Gaussian com-
ponents. Wine dataset [4] represents a chemical analysis of three types of
wines grown in the same region. The dataset consists of 178 observations, 12
features, and 3 clusters. We also apply the algorithms to two bioinformatics
datasets Chowdary (104 samples, 182 genes, and 2 clusters) [37] and Nutt (22
samples, 1152 genes, and 2 clusters) [125]. Each sample’s gene expression
level is measured using the Affymetrix technology leading to strictly positive
data ranging from 0 to 16000. we apply the Box-Cox transformation [23], to

Thttps://www.grid5000.fr/
2https://www.terraform.io/
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Dataset DisNPLBM NPLBM LBM GMM K-means
Svnthetic ARl 1.00+0.00 1.00£0.00 0.42+£0.03 0.384+0.05 0.39=£0.01
y NMI  1.00+0.00 1.00£+0.00 0.78+0.02 0.70+0.02 0.71+£0.01
Wine ARI 0.524+0.03 0.56+0.04 0.56+0.07 0.514+0.07 0.50+£0.04
NMI  0.59+0.02 0.65+0.03 0.64+0.03 0.644+0.03 0.6440.02
Chowda ARl 0.78+0.01 0.07£0.01 0.65+£0.00 0.744+0.01 0.75+0.01
Y NMI 0.68 £0.02 0.114+0.01 0.58+0.01 0.6340.01 0.6440.01
Nutt ARl 0.58 £0.01 0.564+0.02 0.54+£0.04 0.08£0.00 0.11£0.04
NMI  0.74+0.01 0.744+0.01 0.68+0.02 0.284+0.02 0.3040.00

Table 4.1: The mean and the standard deviation of ARl and NMI over 10
runs on different datasets. The best result within each row is marked
as bold.

make the data Gaussian-like. Since the number of Genes is much greater
than the number of samples we distribute the columns across the workers to
achieve scalability, this is legitimate since the row and column clustering are
symmetric in our case.

Table 4.1 presents the mean and standard deviation of ARl and NMI across
10 launches for each method on each dataset. Our method outperformed
other approaches in the Bioinformatics datasets. Additionally, it has esti-
mated the true clustering structure in the synthetic dataset. While NPLBM
and LBM slightly outperform our method on the Wine dataset, our approach
still yields satisfying results, surpassing traditional methods like GMM and K-
means. It's crucial to note that this experiment focuses on comparing cluster-
ing performance, without considering execution times due to different infer-
ence algorithms. Figure 4.1 illustrates the Heatmaps of Chowdary data before
DisNPLBM and reordered data after DisNPLBM. In the recorded data, there is
avisible checkerboard pattern distinguishing co-clusters. Co-clustering simul-
taneously clusters samples and genes, revealing groups of highly correlated
genes with distinct correlation structures among different sets of individuals,
such as between disease and healthy individuals or different types of disease.
This may allow to identify which genes are responsible for some diseases.

4.4.3 . Comparison of the distributed and centralized approaches

We compare the execution times and clustering performance of the dis-
tributed and the centralized NPLBM. We execute both algorithms on synthetic
datasets of sizes n x p x d, where n € {20K,...,100K}, p =90and d = 1 gen-
erated from K x L Gaussian components, with K = 10and L. = 3(i.e.,, K = 10
row clusters and L = 3 column clusters). We stop at n = 100K because the
centralized version is too slow; running over 100K observations would take
too much time. The distributed algorithm is executed on the Neowise ma-
chine in local mode using 24 cores. The centralized algorithm is executed on
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Original data

Figure 4.1: Heatmaps of Chowdary data. The first row represents the original
data. The second row represents the reordered data after DisNPLBM.

the same machine using one core.

ARI NMI KxL Running time (s)
Dis. Cen. Dis. Cen. Dis. Cen. Dis. Cen.

20K 1.0 10 10 1.0 30 30  400.21 2265.69
40K 1.0 10 10 10 30 30 693.02  6452.78
60K 1.0 10 10 10 30 30 1122.80 10511.01
80K 1.0 10 10 1.0 30 30 1373.04 19965.01
100K 1.0 10 10 10 30 30 157290 41897.12

n

Table 4.2: ARI, NMI, number of inferred block clusters (K x L), and the
running time in seconds achieved by the distributed (Dis.) and central-

ized (Cen.) algorithms.
Table 4.2 reports the clustering metrics ARI, NMI, number of inferred block

clusters (K x L), and the running times obtained by the centralized and dis-
tributed inference algorithms on datasets with different row sizes. The re-
sults show that our approach considerably reduces the execution time. For
example, it is reduced by a factor of 26 for a dataset with 100K rows. On the
other hand, we remark that both the distributed and centralized methods per-
formed very well in terms of clustering with values of 1 indicating perfect clus-
tering. Moreover, both methods inferred the true number of clusters. Overall,
the distributed approach runs much faster than the centralized method with-
out compromising the clustering performance which makes it more efficient
in terms of computational time.

4.4.4 . Distributed Algorithm Scalability
We now investigate the scalability of our approach by increasing the num-
ber of cores up to 64 in a distributed computing environment. We employ a
dataset with n = 500K rows, p = 20 columns, and d = 1 (representing the
observation space dimension). The dataset is generated from K x L Gaus-

91



251 g
\

204

Running time (hours)

Number of cores

Figure 4.2: Running time (hours) as a function of the number of cores of the
distributed approach.

Cores ARI NMI K x L Running time (s)

2 1.0 1.0 30 88943.45
4 1.0 1.0 30 27964.73
8 0.99 0.99 30 16202.15
32 098 0.99 33 2715.80

64 098 0.99 33 1861.85

Table 4.3: ARI, NMI, number of inferred clusters, and the running time
in seconds achieved by the distributed approach when distributing on
different numbers of cores.

sian components, where K = 10 is the number of row clusters and L = 3 is
the number of column clusters. To conduct this evaluation, we deploy a Ku-
bernetes cluster using up to 6 Gros Machines. Table 4.3 presents clustering
metrics ARl and NMI, the number of inferred block clusters, and running time
as the number of cores increases. The running time significantly decreases
with an increasing number of cores, with the execution time reduced by a
factor of 48 when using 64 cores compared to two cores. This demonstrates
the efficient scalability of our algorithm with the number of workers. It's worth
noting a slight overestimation of the number of clusters with more cores. Ad-
ditionally, there is a slight decrease in ARl and NMI scores. Nevertheless, our
approach still achieves very high clustering metrics and accurately estimates
the number of clusters.

4.5 . Conclusion

This chapter presents a novel distributed MCMC inference for NPLBM.
NPLBM has the advantage of estimating the number of row and column clus-
ters. However, the inference process becomes too slow when dealing with
large datasets. Our proposed method achieves high scalability without com-
promising the clustering performance. This method can also serve as a basis
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component to distribute to multiple co-clustering [62].
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5 - Average sensitivity analysis of the EM algo-
rithm of Gaussian Mixture Models

This research was conducted during a five-month international mobility
at the National Institute of Informatics (NII)!, Japan, from October 27, 2024,
to March 29, 2025. In this chapter, we study the stability of the Expectation-
Maximization algorithm, one of the most widely used inference methods for
Gaussian Mixture Models, from the perspective of average sensitivity, which
measures how the algorithm’s output changes when a random data point is
removed. We first show mathematically that the EM algorithm is stable when
the mixture proportions are fixed, known, and equal. We then extend this
result to the more general case where the mixture proportions are unknown
and must be inferred.

5.1. Introduction

Gaussian Mixture Models play a central role in clustering and are widely
applied within data mining. Their parameter estimation is often performed
using the Expectation-Maximization algorithm [43], which combines an intu-
itive iterative structure and robust empirical performance. Importantly, EM
is frequently applied even when the data does not strictly follow a Gaussian
mixture distribution. Since clustering outcomes often guide decision-making,
it is crucial to ensure their stability under missing data or small input pertur-
bations.

Figure 5.1 demonstrates that the EM algorithm may behave unstably in
certain pathological scenarios. For example, the estimated means ji; (red)
and jis (blue) obtained from the full dataset differ considerably from i (or-
ange) and [i2 (light blue) after deleting a subset of points. On the other hand,
prior work has established that if the data is generated by a GMM and the
correct number of components is used, EM reliably recovers the underlying
parameters [40, , 98]. This result indicates that EM is robust to random
deletions of observations. Hence, the central question of this work is to inves-
tigate whether the widely used EM algorithm remains stable under random
deletions of data points, even when the data are not generated by a GMM.

Our approach to answering this question is based on the notion of aver-
age sensitivity [116, 1, which serves as a rigorous metric for stability. In
essence, it measures the expected deviation in the EM-estimated GMM pa-
rameters when a single, randomly selected data point is removed. This per-

"https://www.nii.ac.jp/en/about/international/mouresearch/
internship2024-1/
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Figure 5.1: The trajectories of the estimated means /iy, fi2 (resp., fi1, fi2) by the
EM algorithm, both before (resp., after) randomly deleting 200 points from a
dataset of n = 10,000 observations. Stars indicate the final positions of the
estimated means. The data is generated from the mixtures of three Gaussians
(red, green, and blue) with mixture proportions = = (0.02,0.96,0.02), means
(p1, p2, 13) = ((—10.0,0.0), (0.0,—-10.0), (10.0,0.0)), and variance o2 = 10.0.
The EM algorithm is initialized with K = 2 components, with initial means set
as follows: i1 = i1 = (—0.1,0.0) and 12 = 12 = (0.1,0.0). The initial mixture
proportions are & = 7 = (0.5,0.5).

spective allows us to evaluate the robustness of EM under typical small per-
turbations. With this in place, our contributions are threefold.

Our first contribution is a theoretical analysis proving that the EM algo-
rithm exhibits low average sensitivity. Considering the setting with uniform
mixture proportions and cluster covariance 021, for some o > 0, we estab-
lish that the average sensitivity is O(K/n) when the EM variance parameter is
fixed to a sufficiently large constant, where K denotes the number of clusters
and n the number of observations. This bound is substantially tighter than the
trivial O(1) estimate and, more significantly, independent of the number of it-
erations m. Such independence is striking, as average sensitivity is generally
expected to increase exponentially in m. Indeed, prior work has only focused
on one-shot (non-iterative) algorithms to circumvent this difficulty [159, 95].

Second, we extend our analysis to the more general case where the mix-
ture proportions are unknown and must be estimated. In this setting, we es-
tablish that the average sensitivity is O(¢™/n), where cis a constant depend-
ing on the EM variance parameter. Although this bound grows exponentially
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with m, it remains non-trivial since it is smaller than O(1) when m = o(logn).

Finally, we validate our theoretical findings through comprehensive ex-
periments on both synthetic and real-world datasets. Our results not only
deepen the understanding of the EM algorithm's stability but also reassure
practitioners that clustering outcomes produced by EM remain robust under
slight input perturbations. Moreover, our analysis reveals an important trade-
off: increasing o improves stability but may degrade clustering quality. This
trade-off should be carefully considered when tuning the algorithm in prac-
tice.

5.2. Preliminaries and assumptions

Letn, d, and K be positive integers, and define [n] .= {1,...,n}and [K] =
{1,...,K}. Foraset S and an elementi € S, let S — i denote the set S \ 1.
Let D(6) be a probability distribution over R? parametrized by . For a vector
r € R? we write D(z | #) to denote its probability density at x. For a vector
p € R? and a positive semi-definite matrix ¥ € R%*?, we let N'(u, X)) denote
the Gaussian distribution with mean p and covariance matrix X. In this work,
we make the following assumption:

Assumption 1. We assume that the clusters are spherical and share the same
known and diagonal covariance matrix o%1;, where o > 0 and I; denotes the
d x d identity matrix.

It is important to emphasize that this assumption is widely adopted in
the literature on the theoretical analysis of the EM algorithm [83, , 141,
because analyzing the behavior of the EM algorithm under the general set-
ting—where covariance matrices are unknown and distinct—is a highly chal-
lenging problem, which significantly complicates the derivation of rigorous
theoretical guarantees. However, this generalization constitutes an interest-
ing direction for future research.

5.2.1. Gaussian Mixture Models

In this section, we review spherical Gaussian mixture models. Let (p1, ..., 1K)
be a sequence of vectors in R? and w = (71, ..., 7 ) be a probability vector
(.e., it verifies 0 < m, < 1forevery k € [K]and >,k m = 1). Then the
Gaussian mixture model generates a sequence x = (x1, ..., x,) of vectors in
R9 as follows:

2 NS Cat (m), Vi € [n],

x|z =k Hd (/Lk,0'2ld) , Vi € [n].
Each observation z; is sampled first by sampling its membership z; from a cat-
egorical distribution Cat(7) parameterized by the mixture weights 7. Then,
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given the membership and its corresponding component parameter py, the
observation z; is sampled from the normal distribution N (uy, 021;). The dis-
tribution N (uux, 021,) is called a component distribution. According to this def-
inition, the probability density function p(z) of the Gaussian mixture model
parameterized by (u1, ..., ux) and = is given by:

px) =Y mN(@ |, 0 1a).

ke[K]

The quantity 7, can be seen as a prior probability of z; = k (i.e., m, = Pr[z; = k).
The corresponding posterior probability r;; = Pr[z; = k | ;] is called respon-
sibility and is given by the Bayes rule:
o TN (| 0l)
T Y eey meN (@i | pe, 0%14a)

We denote by § = (m; 1, - . ., ux ) the set of all parameters.

5.2.2 . Expectation Maximization Algorithm
The goal of the expectation maximization algorithm is that, assuming that

the observed data x = (x1,...,x,) is generated from the Gaussian mixture
model, estimates the unknown parameter 6 = (; 1, ..., ux). Then, we can
recover cluster structure in x by viewing u1, ..., ux as the centroids of the
clusters.

First, we observe that the data log-likelihood is given by:

(0) => log | > mN(wi| pr,0”1a)

i€[n] kE[K]

Maximization of the log-likelihood of the data is a complex problem due to the
presence of the summation over k inside the log function. The EM algorithm
is an alternative to finding the maximum likelihood estimator. Given initial
parameters 6 = (#(; 5{% . 1%, the EM algorithm alternates between

two steps at each iteration m > 1:

1. E step: For each pair (i, k) € [n] x [K], compute the responsibilities fz(,’:”)
as follows:

#m=1 (x | gg”‘”,am)

Am) _ .
Srap A N (o L)

Tik

2. Mstep: Foreach k € [K]|, compute the parameters fr,(ﬂm) and ﬂ,&m)associated

with each component k as follows:
(m)

pm
n

i
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AT 1 AT
Ml(c )= ~(m) Z Tz(k: )x“
Tk " i€n]

where 7, := Zie[n] Pik-

The EM algorithm monotonically increases the log-likelihood of the data until
it reaches a local maximum.

5.2.3. Average Sensitivity

Let x = (z1,...,2,) be a data consisting of n vectors. For j € [n], let x_;
denote the data obtained from x by deleting ;. The EM algorithm with m iter-

ations run on x_; will output the parameters §(™ = {7(m); 5™ ,ﬁﬁ?)}. It
is important to emphasize that §™ and 7" depend on j (i.e., 6™ = §(m) ;)
and fglzn) = fg,zn)(j)). The notation of this dependency will be omitted if the

deleted observation z; is clear from the context. Then, we define the average
sensitivity for the parameters of the EM algorithm as:

S (M)
Jj€[n] k€[K]

where

In the simplest case where ﬁ,gm) = ﬁ,im)(j) = 1/K for every k € [K], the
distance D (éém), élim)(j)> is equal to H/l,(cm) — ﬂ,gm)(j)]]/K. Hence, we simply
consider the stability of the estimated mean vector when deleting an obser-
vation z;.

In the general case, we give more weight to clusters with larger propor-
tions and ignore perturbations of cluster centers when the corresponding
clusters are small. We note that by the triangle inequality

) ~(m)‘.

~(m
T~ — Ty

D (00,07 )) < |+ A G - a - A6

Hence, when #™ and #\"™ are close, and 4{™ and i{"™ (j) are close, then

the average sensitivity is small.

In practice, random initialization is commonly used across different runs
of the EM algorithm. However, in our setting, allowing different initializations
for é,(go) and GNI(CO) implies shifting the cluster centers, leading to a label-switching
problem. This makes the analysis of average sensitivity infeasible, as the clus-
tering outputs may only match up to an unknown permutation. To address
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this and make the average sensitivity analysis tractable, we introduce the fol-
lowing assumption:

Assumption 2. We assume that 69 and 8©) are arbitrary but fixed and equal
(ie., ) = 6) across different runs.

This assumption implies that for all £ € [K] and j € [n], we have fr](;)) =

7" (7) and 4y = @Y ().

In this work, we analyze the average sensitivity of the EM algorithm for
GMMs without assuming that the observed data are i.i.d. samples from the
mixture distribution. Instead, we consider a non-probabilistic setting in which
the data points are assumed to lie within a ball of radius R > 0. Itis important
to note that in this case, R does not depend on n and thus can be treated as
a universal constant. Furthermore, because the data can be rescaled without
loss of generality, we assume that all observed points lie within the unit ball.
This leads to the following assumption:

Assumption 3. We assume that the data points x4, . . ., x, lie within the unit ball,
ie, foralli € [n], |z;] < 1.

5.3 . Uniform Mixture Proportions

In this section, we analyze the average sensitivity of the EM algorithm for

the case where the mixture proportions are uniform, i.e.,, 71 = --- = g =
1/K,and known. Hence, the goal of the EM algorithm is to estimate the means
w1, ..., € RY The goal of this section is to show the following:

Theorem 5.3.1. Suppose that the mixture weight @ = 1/K is known and that
Assumptions 2 and 3 hold. Then, the average sensitivity of the EM algorithm with

m iterations is at most
2K (1 —(2¢)™)

n 1—2¢ 7
where ¢ = exp(4/0?) — 1.

As [i; and jii lie within the unit ball, the trivial upper bound on the av-
erage sensitivity is 2. When o2 is sufficiently large such that ¢ < 1/2 (0 >
2/4/1og(3/2) suffices), the average sensitivity bound is at most 2K /(1 — 2¢)n.
This is significantly smaller than the trivial upper bound of 2, and remarkably,
it is independent of the number of iterations m.

Conversely, when ¢? is small such that ¢ > 1/2, the average sensitivity
bound is at most 2K - (2¢)™/n, which grows exponentially with m. However,
this bound is smaller than the trivial bound of 2 whenever m = o(log.(n/K)).?

2When ¢ — 1/2, the bound of Theorem 5.3.1 converges to 2Km/n.
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Before proving Theorem 5.3.1, we first recall how the EM algorithm up-

dates relevant parameters for the current setting. Given the initial parame-

ters (,:L§°>, ey ﬂ&?)), at each iteration m, the EM algorithm, run on the dataset

x = {x1,...,z,}, performs the following two steps:
1. E step: For each pair (i, k) € [n] x [K] set:
) _ Nz | @™, 021y)
ik T ~(m—
> ey N (@i | Al o2y
exp (=g llzi — " V)

- ~(m—1
ZZG[K] exp <—ﬁsz - Mé )HQ)

2. Mstep: For each k € [K], update the parameter ﬂ,(cm_l) associated with

the component k as follows:

~lm 1 ~lm
Tk " ign]

Given j € [n], the EM algorithm performs similar steps when it is run on x_;
and outputs (,zgm), e ,[L(Km)) and (fz(,:l))i,k at the m-th iteration. For readabil-
ity, we omit the iteration superscript indices if they are clear from the context.

Our proof is by induction on m. Let Au,(Cm) = ||ﬂ,(€m) - [L](Cm)H and Arl(;”) =

|f§,’f) - fg,:l) |. We first bound A,U,]im) using Arg,zn).

Lemma 4. For any k € [K] and a positive integer m, we have

T 4
Aﬂlgm) <2| -~ 4+ max ik
7

Proof. We omit the superscript (m) for readability. Note that

1 . 1 -
Apy = " > Fapi — a > Fins

i€[n] i€[n]—j
1 . .
== Z TkTikTi; — Z TkTikT;
TETE || ) .
i€[n] i€[n]—j
1. . - .-
= - TET kT =+ Z (rkrik — TkTik) x;
KTk icn]—j
1 A 1 . .
< — Ffipsl + || D (Fafax — Frfin) 2
TETE TET

i€[n]—j
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Tk 1 - .
< ;k ;| + |l Z '(Tkrik — TkTik) T
i€[n]—j
ik 1 - .
< J . I . .
=y ||:Cj|| + e E ‘|7ﬂk7’zk rk'rzk| ||:Uz||
i€[n]—j
T 1 . . .
< %k + — E ‘Tkzrik - 7"l<:7"z'l<;| (by H%H <l1forallie [n])
Ty TETE A
i€[n]—j
= rjk + = 1~ E |(Tk(Pik — Tir) + (Tx — %) Tir)|
Tk TETE .
i€[n]—j

IN
>
<
el
—_
<
=
=
~
=
|
Rl
!
ol
_|_
=
NES
R
<
.
il
Ead

T TRTE e TR e
Tk 1 . N T — Tk
=+ > ik — Tl + | (5.1)
£ Fiem—
Using the factthat 7, > Zie[n]_j 7sp andforanywuy, ... u, > 0andwy, ..., v, >
0, we have
721‘6[71] o < max i
Diem Vi~ igln] vi’
we obtain
1 Z 7"72‘]6—')7%‘ Por — T
— Z |Tile — Tik| < e T < Amaxi‘ ik ik (5.2)
il Zie[n} —; Tik i€[n]—j Tik
and
[P — Tk < ik N >ieln)—j [Fik — Tikl < Tk + max |Fike — Tik| (5.3)
S Yic[n]—j ik T Pk i€ln]—j Tk
Thus, from Inequalities 1 to 3, we have:
P P — T
A,ukSQ(fk—i— max w> O
Tk 4€n]—j Tik

) (m) )

Let Aulﬁl '= MaXpe(K] Aug” . Next, we bound Ar;, ™ by using Aufﬂgl .

Lemma 5. For any k € [K], a positive integer m, and i € [n], we have

Ar(m) 4 —
(o (4) 1) i

Tik

Proof. In this proof, we drop the superscript (m) from fg,;") and fl(,;”) and (m —

1) from ﬂ,(fmfl), [L,(fmfl), and Apd" Y for readability. For i € [n] — j, let
R 1 2
Nik = T‘QH% — ",
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and
.1 - 19
ik = ﬁ”ﬂcz‘ - MkH .
Then, we have
Angt = Nike — ik

1 . _ N .
= 55 Ul = fll + Ml = ) - (e = Al = lls = e l])

20
1 . A
< 55 @il + e + anl) - e —
2
< 5 A (5.4)
2
S ;A,U/max- (55)

Similarly noting that —An;, < % Afimax. We obtain

2 2
_ﬁAMmax < Anzk < ?A,Umax (5.6)
Then, noting that V¢ € [K] (thus particularly for £ = k), we have
exp(—17i1) = exp(—1i + An).
From Equation (5.6), we have
4 exp (—1)ik)
€xp A/lmax> <
< o? ZEG[K] exp(—7i)

exp(—7jik) ( 4 ) exp(—7ik)
< = < exp 7A,umax <
2 rerr) ©xXP(=7lit) o e k) €XP(—7i)

4A limax \ . - AA fmax \
xp—— 3 Tik < Tik < €Xp 2 Tik

Therefore

Hence, since for each pair (i, k) € [n] x [K], we have #;; > 0, we have

4A ri 4A
exp <—“m) <2 <exp < . ;“) (57)
g

o? Fik

On one hand, we have

7, 4A
Tk _ 1 < exp ( ’“‘;a"> 1 (5.8)
Tik (o

On the other hand, we have

N’i 4A max
1—7:k<1—exp<— “’2a> (5.9)
Tik g
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Therefore

4A
< exp( MQmaX> —1.
o

We obtain the claim by using the inequality exp(Rz) — 1 < (exp(R) — 1)x
whenever z € [0, 1]. O

Proof of Theorem 5.3.1. Recall ¢ = exp(4/0?) — 1. Fix k € [K]. Combining
Lemmas 4 and 5, we obtain
Apl™ < 2 max + 2cAplm=t)
Nmax — ke[K] I(C ) max °

Now, we bound Aug& by an inductive argument. First, we have

Apl™ < 2 max + 2eApimY

T ke[K] }(C m)
7g(lt) o
m 0
<2 Z (2c)™ ’r(t) (2¢)™ Apiyniy-
te[m] k

By assumption, we have ﬂ](co) = gl(f), and hence we have

®)

f.k
Api <23 (20)™ ;rel%?] )0l
te|m]
)
<2> @2ty A(f). (5.10)
t€[m] kelK] Tk

We remind that the m-th iterate M(m) of the EM algorithm on x_; can be

viewed as a function of ;5 (and Ausna; as well). Then from Equation (5.10),
the average sensitivity can be bounded as

rD DD IEVILLE <*Z,§;§}§ﬁA“k )

J€[n] ke[K]
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1
—— (m) (s
S AR (),

j€(n]
70
= DIDID I She 1
]E[n] te[m] ke[K] Tk
70
<Z Z Z 26 m— tz J ,
ke[K]te m) jem) "
KC
< —
n

where in the last inequality, we have used the fact that

and

Hence, the claim follows. O

5.4 . Unknown Mixture Proportions

In this section, we analyze the average sensitivity of the EM algorithm for
the case where the mixture proportions are unknown. Hence, the goal of the
EM algorithm is to estimate @ = (71, ..., 7x) and the means p1, .. ., ux € R%
The goal of this section is to show the following:

Theorem 5.4.1. Suppose that Assumptions 2 and 3 hold. Then, the average sen-
sitivity of the EM algorithm with m iterations is at most

2™ —
nec—1"

- (en(2) em(2)) (0 2)->

Although the bound is exponential in m, it is significantly smaller than the
trivial upper bound of 2 (when m = o(log, n)). Before proving Theorem 5.4.1,
for notational convenience, we let

p{™ =D (67.0™),

A~ w lm)

where
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and
(m) _ ~(m)

T - Ty ‘

AW,(Cm) =

Fori € [n]—jand k € [K], let
A o= [rG — 750,

Refer to Section 5.2.2 for how the parameters are updated through the EM
algorithm.

5.4.1. Recursive Bound on Average Sensitivity
First, we bound D,gm) using Arf,:,”).

Lemma 6. For any k € [K] and a positive integer m, we have

N . (m)
Dk :n+n+ne%:Ar“f
1€[n]—j

Proof. We omit the superscript (m) for readability. We have

7, 1 R Tk 1 N
D,(Cm) == % D_ Tik®Ti— e Z TikTi
n T n—1 75 ]
i€ln] i€[n]—j
1 R 1 -
== Tk j TikX;
i€[n] 1€[n]—j
Tk 1 X 1
S ;l + ; . Tikd; fl ' Z 'rzkxz
i€[n]—j i€[n]—j
o 'f']k 'FLk . fzk
T on * ' Z ) < n n- 1) !
i€[n]—j
Fir  Dicpn)—jTik 1 L
g kg el 2 (Pir. — Tir)
n n(n—1) ni.
i€[n]—j

Fik | Tk 1 N
:L‘F**'; Z (Pik — Tik) Ti

n n
i€[n]—j
Tik Tk 1 N -
e > N — Far) il
i€n]—j
ik Tk 1
< JdF TR, - . || <
STt Y A, (by [l < 1)
i€[n]—j
and the claim follows. O
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5.4.2 . Recursive bound on Mixture Proportions

Next, we bound Aw,gm) using Arg,:“).

Lemma 7. We have

. (m)
Aﬂ'k Sn—f‘n‘i‘n‘E%'ATik .
i€n]—j

Proof. We omit the superscript (m) for readability. We have

Tk T
A, = no on-— 1‘
1 R 1 _
Iy ae Y
i€[n] i€ln]—j
Tk Tik Tik
< 2 ML — L
- n + Z , ( no n- 1)
i€[n]—j
ik Zz’e[n]—j Tik 1 R -
A ) (L B W -
= + 7’L(7’L—1) +7”L AZATzk Tik
i€[n]—j
ik
< Z Ari. 0

zE [n]—j

5.4.3 . Recursive Bound on Responsibilities
Fori € [n] — j, k € [K], and a positive integer m, let

i = 2; i — i1,
and
R Pl
Also, let
=4 e (),
and

3" =7 exp ().

The goal of this section is to bound Ar™ using D™ and Ax{""". We start
with the following lemma.

Lemma 8. Foranyi € [n| — j, k € [K], and a positive integer m, we have

o & }<<1+ )A(m)+ = pim.
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Proof. We omit the superscript (m) for readability. First, we note that

2 . R - 2 . .
—— i — el < e — e < —5 ok — |
g g
Hence 5
19k — Tk < —5 [l — [l (5.11)
g
Moreover, we have

bir — bik| = |7k exp(—ijir) — 7 exp(—ix) + T exp(—iir) — 7Tx exp(—7ix )|

< A7y + 7k | exp(—1ix) — exp(—7ix) |
< A7y + T|ike — Tik|
(by Lipschitz continuity of exp(—z) for z > 0)
27 5 . . -
< Amg + 5 1w — Al (using 5.11 and |z |, || ful], l] < 1)
2. . - -
= A+ 1 Teive — Thix |
2. . A - -
= Amp, + pﬂﬁkuk — gl + Tpfb — Tpfir|
2 R 2 .. .
< Amy + ;Am e || + gﬂﬁkuk — T k||
2 2 . -
SA?TkJr;A?TkerHMMk—WWkH (by [lpxll < 1)
2 2
g g
Lemma 9. Forany i € [n] — j and a positive integer m, we have

2: Aég)SCMEZ Awé +ﬁ E: Dm1

ke[K] k€[K] ke(K]

oo (3) eon(2)) (+2)
=& o0 () 2

Proof. In this proof, we omit the superscript (m) from r( ™) and r( ™) and the
superscript (m — 1) from other notations for readablllty.

Let § = > e k) by and S = > telk) $i. Because ||z; — ji|| < 2 and
|z — jie|| < 2foreveryi € [n] and ¢ € [K], we have 7y exp(—2/0?) < b <
and #pexp(—2/0?) < ¢y < 7 for everyi € [n] and ¢ € [K]. Then since
Zée[K] Ty = Eee[[q 7, = 1, we have

where

2 ~ o~
exp<—02> <8,8<1. (5.12)
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Next, we have

it ¢~5m ¢>m it 1 ‘
A Wk — | = — = 7 =
Tik Z 3 ¢>k Z
|¢>zk ikl cszif g S’
S SS
By Lemma 8, we have
. 2
|pik — dir| < <1 + 2) Amy + — Dy,
g (o
A 2
5-51<(1+3) S an+ 5 3 o
Le[K] Le[K]
Combining all, we obtain
ZAT‘k< Z 1A<<1 2>A7rk—|— Dk)
1 $ 0_
ke[K)| ke[K]
Pin 2 2
Z = (<1+U2>ZATQ+022D£)
ke[K] Le[K] telK]

2 2
((1 + 2> A7Tk + 2Dk>+
g g

- 2 2
al(1+5) S ant 5 Y o).
K] ¢e[K] te[K]
(by (5.12) and ¢ < 7%

Noting that > -, ) 7x = 1, we have

Y Arpg<a ) Am+B Y Dy O

ke[K] ke[K] kelK]

5.4.4 . Putting It Together
Proof of Theorem 5.4.1. By Zke ( ) = 1 and Lemmas 6 and 9, we have

m Z m—
ZD( kE[K] Jk + - —{—aZAﬂ' —I—BZD 1
ke[K] ke[K] ke[K]
BY > relx) ﬁ,(cm) = 1 and Lemmas 7 and 9, we have
m Z m— m—
Z A )< keK] ]k: _|_ +a Z A7T( 1) ‘*’5 Z Dl(c 1).
ke[K] ke[K] ke[K]
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Hence, we have

3

(K] kG[K]

+ (a+pB) max{ZAﬂ ZDml}

ke[K] ke[K]
This inequality has the following form:
am < (a+ B)am-1+ by,
where

ammax{ Z A’]Tkm) Z D }

ke[K]

1 L (m)
ke[K]

Hence by induction, we have:
am < (a+B)"ag+ Y (o + B)™ by
t=1

Recall that a,, and b; are functions of the deleted point x;, and thus we de-
note them by a,,(j) and b:(j). From the assumption that we have the same
initialization, we have

ao(j) = maX{AW,gO),D,(CO)} =0.
On the other hand, we have
1 holygt (0 <2
Ezbt(])—nzn (Z +1) -
ED Jj€ln] kelK]

Also D,&m) is a function of the deleted point =, and we denote it by D,&m) (7).
Combining the inequalities above, the average sensitivity is

= ZD(m . SE Zam(j)
J€[m]

si%;n](aw)mao +i D (a+ 8" b(h)

j€[m] t=1
P R N G e
Sn;(a—’_ﬁ) n (a+pB) -1 -

110



The reason we do not have a dependency on K in Theorem 5.4.1 is that,
in the calculation of Dy, the terms 1/7; and 1/7} are canceled out by 7% and
Tk, respectively, in Lemma 6. In Lemma 5, when approximating 7;, with 7,
we require error bounds for 7; for £ # k, which introduces an extra factor
of K. An interesting open question is to eliminate the dependence on K in
Theorem 5.3.1.

5.5. Experiments

This section reports our experimental results, which validate our theoret-
ical findings. After describing the datasets used in our experiments in Sec-
tion 5.5.1. We analyze the behavior of average sensitivity as a function of the
sample size n in Section 5.5.2. Then, we evaluate both average sensitivity and
clustering quality with respect to the variance parameter o2 in Section 5.5.3.
Finally, we analyze the effect of the number of clusters K on the average sen-
sitivity in Section 5.5.4.

It is important to emphasize that the goal of the following experiments is
not to show that our theoretical bounds are tight, but rather to illustrate the
overall trend in average sensitivity.

5.5.1. Datasets

In our experiments, we use both synthetic and real datasets, described
below.

Synthetic: We generated two-dimensional data points from four Gaussian
components (K = 4) with variance ¢? = 1.0, means u; = (—1.0,0.0), us =
(0.0,—1.0), us = (1.0,0.0), and pg4 = (0.0, 1.0), and mixture proportions 7 =
(0.01,0.01,0.49, 0.49). We rescale the data to lie within the range [—1, 1]2. For
all the experiments, we generated n = 10,000 points except for the first ex-
periment, where n varies.

MNIST [44]: This dataset consists of n = 70,000 images of handwritten dig-
its, grouped into 10 clusters. For dimensionality reduction, we apply Princi-
pal Component Analysis (PCA), keeping the first d = 25 components, which
preserve 70% of the explained variance. The data are rescaled to lie within
[—1,1]%.

For all the following experiments, unless otherwise specified, we partition
each dataset into chunks of 200 points, compute the average sensitivity after
deleting each chunk (normalized by the chunk size), and then take the mean
of these sensitivities.

5.5.2. Effect of Sample Size

First, we analyze the average sensitivity of the EM algorithm as a function
of n, where n € {211,...,217}. The EM algorithm is set with K = 2, 4\” =
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Figure 5.2: Average sensitivity v.s. n for the uniform mixture case (left) and
the unknown mixture case (right) on the synthetic dataset.

ﬂ§0) = (—0.01,0.0), ﬂgo) = ,zgo) = (0.01,0.0) with the variance parameter
o2 = 0.05. For the unknown mixture case, we have set #(0) = 70 = (0.5,0.5).
In this case, the number of chunks is 128 points (so that it divides 27).

Figure 5.2 presents the empirical average sensitivity of the EM algorithm
with varying number of iterations m for the uniform and unknown mixture
cases, respectively. Our theoretical bounds (Theorems 5.3.1 and 5.4.1) sug-
gest that the average sensitivity is proportional to 1/n, a trend that is corrobo-
rated by the empirical results. We note that this behavior cannot be attributed
solely to the convergence of the empirical mean to the true mean, since the
chosen value of K for the EM algorithm is different from the actual number of
clusters and the convergence rate of the empirical mean is O(1/1/n) accord-
ing to the standard concentration bound.

5.5.3. Effect of Variance Parameter
Mnist dataset

Next, we analyze the average sensitivity and clustering quality—measured us-
ing the Adjusted Rand Index (ARI), of the EM algorithm as a function of the
variance parameter o2 on the MNIST dataset. The EM algorithm is configured
with K = 10 clusters. For initialization, we randomly select one observation
from each cluster and rescale the selected means by a factor of 5.0 to prevent
trivial clustering and fast convergence. For the unknown mixture case, we set
#9 =70 — 0.1 forall k € [K].

The results for the uniform mixture case (Figure 5.3) strongly support our
theoretical bound (Theorem 5.3.1). Specifically, when the variance parameter
o2 of the EM algorithm is high, the average sensitivity remains low regardless
of the number of iterations m. In contrast, for low values of o2, the average
sensitivity increases with m. However, when o2 is too large, clustering quality
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Figure 5.3: Average sensitivity (right) and clustering quality measured by ARI
(left) as functions of ¢ for the uniform mixture case on the MNIST dataset.
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Figure 5.4: Average sensitivity (right) and clustering quality measured by ARI
(left) as functions of o2 for the unknown mixture case on the MNIST dataset.

may degrade. As shown in Figure 5.3, there exists a range (e.g., 0% € [0.04,0.1])
where the average sensitivity is low and the ARI score remains high. This high-
lights a trade-off between stability and clustering quality when selecting the
variance parameter. We also observe in the same figure that the ARI score
is higher for small values of m, which is due to the slower convergence of
the estimated means (centroids) when o2 is small. Similar results were also
obtained on the synthetic dataset.

Synthetic dataset

We analyze the average sensitivity of the EM algorithm as a function of o2
on the synthetic dataset (Section 5.5.1). The EM algorithm is set with K = 3,

Al = 5 = (-0.1,0.0), ¥ = & = (0.1,0.0), ¥ = & = (0.0,0.1), For
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Figure 5.5: Average sensitivity (right) and clustering quality measured by ARI
(left) as functions of o2 for the uniform mixture case on the synthetic dataset.
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Figure 5.6: Average sensitivity (right) and clustering quality measured by ARI
(left) as functions of o2 for the unknown mixture case on the synthetic dataset.

the unknown mixture case, we have set #(0) = #(0 = (1,1 1) See Figures 5.5
and 5.6 for the results. As observed, the trend is similar to that obtained for

the MNIST dataset (Figures 5.3 and 5.4).

5.5.4 . Effect of the Number of Clusters
Mnist dataset

Next, we analyze the average sensitivity of the EM algorithm as a function of
the number of clusters K on the MNIST dataset. The EM algorithm is set with
o2 = 0.01 and for each k € [K], ﬂ,(f) = ﬁéo) are set by randomly sampling
K points from the data and rescaling them by a factor of 5.0. For the un-
known mixture case, we have set 7}](60) = ﬁ,io) = 1/K for every k € [K]. Since
the dimension d is large and the number of clusters K increases, computing
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Figure 5.7: Average sensitivity v.s. K for the uniform mixture case (left) and
for the unknown mixture case (right) on the MNIST dataset.

the average sensitivity becomes prohibitively expensive when the number of
chunks is small. For computational efficiency, we fix the number of chunks to
500.

The results are reported in Figure 5.7. In the uniform mixture setting, the
average sensitivity increases with K. In contrast, for the unknown mixture
case, no clear increasing trend is observed as K increases. This is consistent
with the theoretical bound in Theorem 5.4.1, which is independent of K. A
similar trend is observed on the synthetic dataset. In particular, Figure 5.8
clearly shows that the sensitivity increases linearly with respect to K, strongly
supporting our theoretical result in Theorem 5.3.1, which depends linearly on
K.

Synthetic dataset

Next, we analyze the average sensitivity of the EM algorithm as a function of
the number of clusters K on the synthetic dataset (Section 5.5.1). The EM
algorithm is set with o2 = 0.05 and for each k € [K], ;1,(60) = ;1,(60) are set by
randomly sampling K from the data and rescaling them by a factor of 5.0. For

the unknown mixture case, we have set fr,(go) = ﬁ,(fo) =1/K forevery k € [K].

The results are presented in Figure 5.8. For the uniform mixture case, we
observe a similar trend to that seen on the MNIST dataset (Figure 5.7), with the
average sensitivity increasing linearly with K. This observation aligns closely
with our theoretical result in Theorem 5.3.1. When the mixture proportions
are unknown, the average sensitivity shows a slight decrease as K increases.
However, the magnitude of this change is minimal. This corroborates our
theoretical finding (Theorem 5.4.1).
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for the unknown mixture case (right) on the synthetic dataset.

5.6 . Conclusion

In this chapter, we investigated the average sensitivity of the EM algorithm
as applied to Gaussian mixture models. In the uniform mixture proportion
scenario, we theoretically bounded the average sensitivity by O(K/n) when
the variance parameter o2 is sufficiently large. This bound is independent of
the number of iterations m. In the unknown mixture proportions scenario, we
showed that the average sensitivity is O(c¢™/n), where ¢ > 2 is a decreasing
function of 2. When m is small, which is often the case in practice, this bound
is smaller than the trivial upper bound of O(1). We further validated these
theoretical findings with experiments. Although we observe that the EM algo-
rithm becomes more stable as o2 increases, this improvement in stability may
come at the expense of clustering quality, as illustrated in Section 5.5.3. Thus,
these results naturally raise two important directions for future research. The
first is to explore the trade-off between clustering quality and average sensi-
tivity. The second is to investigate average sensitivity in scenarios where the
covariance matrices are also unknown.
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6 - Conclusion and perspectives

In this manuscript, we first proposed several distributed algorithms that
approximate the collapsed Gibbs sampler in the context of clustering with
Dirichlet Process Mixture Models and co-clustering using Non-Parametric La-
tent Block Models. We summarize our contributions as follows:

We first introduced DisCGS, a novel distributed inference algorithm for
DPMMs based on sufficient statistics and a Master/Worker architecture. This
method enables scalable and efficient clustering by avoiding the need to share
raw data, making it well-suited for distributed environments and federated
learning settings. Through extensive empirical evaluation, we demonstrated
that DisCGS significantly reduces inference time while maintaining high clus-
tering accuracy.

We then extended this framework to support non-Gaussian component
distributions, particularly focusing on Multinomial component distributions in
the context of text clustering. More generally, we developed a generic version
of the distributed inference algorithm applicable to any component distribu-
tion that belongs to the exponential family, thereby broadening the applica-
bility of our method to a wide range of data types.

Building on this foundation, we developed a distributed inference method
for the NPLBM, which simultaneously estimates row and column partitions
in large-scale data matrices. In this framework, local row partitions are in-
ferred in parallel across workers, while the global co-clustering structure is
reconstructed at the master using only sufficient statistics. This method al-
lows scalable co-clustering without direct access to the full dataset.

In the last contribution, we conducted a theoretical analysis of the average
sensitivity of the Expectation-Maximization algorithm for spherical Gaussian
Mixture Models. We provided bounds on the average sensitivity, offering in-
sights into its behavior. These results contribute to a better understanding
of the robustness of EM-based inference in clustering tasks. We have also
validated our theoretical results with experiments on synthetic and real data.

Finally, we suggest several research directions that naturally extend the
contributions of this manuscript:

6.1. Federated Dirichlet Process Mixture Models

The methodology introduced in Chapter 2 is well-suited for horizontal fed-
erated learning. A natural extension is to deploy our distributed inference
algorithm in a federated setting, where data are partitioned across differ-
ent clients (workers) without centralized access. Each client initializes with
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a shared global model and runs collapsed Gibbs sampling locally on its pri-
vate data to infer local cluster structures (tables). The sufficient statistics and
associated counts from each local model are then transmitted to the central
server (master), which aggregates them to update the global model and es-
timate the global clustering structure. These updates are broadcast back to
the clients to synchronize their local models. This federated inference process
alternates between local and global updates until convergence.

6.2. Adaptive Prior on Concentration Parameters

The concentration parameter « influences the granularity of the inferred
clustering: higher values of o generally lead to more inferred clusters. In our
current work, we adopted fixed, empirically chosen values for o based on
standard practices. However, this parameter could instead be inferred from
the data. A promising extension is to place a Gamma prior on « and update it
adaptively during inference at both the worker and master levels. This would
enable the model to adjust the concentration parameter dynamically from
the observed data, and is particularly relevantin federated environments with
heterogeneous data.

6.3 . Distributed Multiple Co-Clustering

The methods developed in Chapters 2 and 4 may be extended to imple-
ment a distributed version of the Multiple Co-Clustering model proposed in
[61]. This model combines two layers of Bayesian non-parametric structure:
(1) a multiple clustering layer that groups variables sharing the same row par-
tition, and (2) a co-clustering layer that assigns a separate NPLBM to each
variable group. A distributed inference algorithm for this model would allow
scalable co-clustering of very large and high-dimensional datasets.

6.4 . Inference with Non-Conjugate Priors via Metropolis-Hastings

The current distributed algorithm assumes the conjugacy of the prior to
enable the computations in the collapsed Gibbs sampling. However, it is pos-
sible to extend this method to non-conjugate settings. In this case, the col-
lapsed Gibbs sampler becomes inapplicable. An alternative is to incorporate
general sampling methods like Metropolis-Hastings (MH) to perform infer-
ence. This would extend the flexibility of the algorithm to a broader class
of models, including those with complex or non-standard priors, without sac-
rificing scalability.
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6.5 . Average Sensitivity of EM with Unknown Full Covariance
Matrices

In Chapter 5, we focused on a simplified scenario where clusters are as-
sumed to be spherical with known diagonal covariance matrices (Assumption
1). While this assumption makes the analysis tractable, it limits the generality
of the results. A more challenging and impactful extension involves analyz-
ing the average sensitivity of the EM algorithm when each component has a
full, unknown covariance matrix. Such an analysis would offer a more realistic
understanding of EM behavior in practical GMM applications.

6.6 . Trade-Off Between Average Sensitivity and Clustering Qual-
ity

Our empirical results in Chapter 5 reveal that increasing the variance pa-
rameter o2 leads to greater stability of the EM algorithm (i.e., lower sensitivity),
but this comes at the cost of reduced clustering accuracy, as shown in Sec-
tion 5.5.3. This observation suggests a fundamental trade-off between stabil-
ity and clustering quality. A deeper theoretical investigation into this trade-off
could shed light on how to optimally balance robustness and performance in
practical clustering scenarios.
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Appendix

6.7 . Proofs

Before computing the expressions for the multivariate Gaussian case, we
start by computing those of the exponential family case.

6.7.1 . Exponential family case
Prior predictive

p(z Ao, 70) = /e (] 6)p (8] Ao, 7o) d6. 6.1)
=/ f(xf,ﬁ)g(e,f\o,ro)de, (6.2)
(S]

= [ e (00" A — 6) — i(®) — €M) 8 (63
©

= exp <—¢(:Ef) —&(Ao, 7'0)> /@exp (17(9)TA1 —n(0)) do (6.4)

with Ay = Ag + S(z]) and 1 = 75 + 1 the integral part can be obtained as
follows:

p(O|A1, 1) = g(0,A1,71) (6.5)
=exp (n(0)" A1 — T1(0) — E(A1, 1)) (6.6)
=exp (—&(Ay,71)) exp (U(G)TAl — 7'11/)(9)) (6.7)

using the fact that fe 9(0,A1,m)df =1, we obtain:

exp (—&(A1, 7)) /@ exp (U(G)TAl —m(0))do =1 (6.8)

hence,
/@ exp (n(0)" Ar — 719(8)) 49 = exp (£(Ar, 1) (6.9)

therefore,

p(a] Ao, 70) = exp(¢(Ro + S(ad), 0+ 1) = £(Ao, 1) = 6(a])). (6:10)

O
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Posterior predictive

p(z|2] = k,x}, Ao, 70) = / p(z|0)p(0]x2, Ao, 70)d6, (6.11)
)
using the conjugacy property, we have:
p(O]xL, Ao, 10) = g(0, AL, 7}), (6.12)

with Ai = Ao+ D ex i T and Tk =710+ ”k the updated hyper-parameters.
Therefore:

p(a]le] = k. x], Ao, o) = / f(a],0)g(0, A, )do. (6.13)
(C]
= [ exo (30)" N, = otah) = (0) — (0. ) 9
(6.14)
= exp (~olal) = €(80.7)) [ exp (0)7A] = (o)) as
(6.15)

by computing the integral part similarly to the one in the equation 6.4, we
obtain:

/ exp (n(Q)TAfg _ T,gw(e)) 0 = exp <£(A{€, T,g)) (6.16)
)
Hence
p(all=] = k,x], Ao, 7o) = exp (€(A] + S(ad), 7 + 1) = £, 7)) = 6(ad) )
(6.17)
O

Joint prior predictive

We start by computing the expression of the prior predictive distribution:

p(x] | Ao, 7o) = /@ p(x]0)p(60] Ao, 7o) b, 6.18)
H p(z]0)p(0| Ao, 70)db, (6.19)
xExh
H f(x,0)9(0, Ao, 70)d, (6.20)
IExh

- /@ exp [ 007N, = 3 o) = () — €0, o) | o,

mexh

(6.21)
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—exp | = 3 6() = o) | [ exp (165, = u0)) db.

xexh
(6.22)
=exp [ £(A],77) — €(Ao,70) = D () | - (6.23)
zex)
O
Joint posterior predictive
p(xj, | , = k., xp, Go) = / p(,10)p(0]xk, Ao, 70) b, (6.24)
(C]
:/ H p(xle)p(9|xk7A077_0)d0> (625)
Gx@c{1
— [ T #6e.00906. Avc ), (6.26)
[S) .
TEX)

—exp | = 3 0(0) ~ € | [ exp (n(O)7 A 7(6)) b

S}

J
$€Xh

(6.27)

= exp | E(Ap ) — E(Ak, ) — Y b(x) (6.28)

J
TEXY,

with A = Ay + > s S(z) and 7, = ”?1 + 14, where A, and 7, are the
h
posterior hyper-parameters of global cluster k. They are obtained as follows:

(j.h)|z) =k z€x]

T = To + Z nil

(,h)| 2} =k

and

6.7.2 . Multivariate Gaussian case

In the multivariate Gaussian case, for the computational details of the
prior and posterior distribution, please refer to [61]. In the following section,
we provide proof for the joint posterior and joint prior distributions computed
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at the master level. We recall that the density of the multivariate Gaussian dis-
tribution (i.e., = (u, X)) is given by

F@,0) = (2m) V2|52 exp (-i(g; TS (- M)) . (6.29)

The multivariate Gaussian distribution belongs to the exponential family of
distributions, and its density can be written as [67]:

f(z,0) = exp (n(@)TS(:c) — ¢(z) —¥(0)), (6.30)
where

00) = (_pooegs1)) 560 = (gt ) 00) = § lort2m),

and ¢(0) = 3 (TS + log(|Z])). Here, vec(-) denotes the vectorization op-
erator. On the other hand, the density function of the NIW prior can be written
as [67]:

9(0, Ao, 70) = exp (n(0)" Ao — 70 (8) — £(Ao, 10)) (6.31)
where Ag = (Vec(w’j&’ﬁ N ‘I’o))' T0 = Ko + Yo+ d + 2, and
0

2% x2r, (3) |
Kg/2|\IJO‘V0/2

§(Ao, 70) = log <

By injecting these terms into equation 6.23, the joint prior distribution is
obtained as follows:

p(x) |80, 70) = exp | E(AS, 7)) — E(Ro,70) = D () (6.32)

J
TEXY,

l/id d/2 I/j
. T2 Zh
n;’ld 2w Fd 2 ,ig/2|\110|uo/2

= (2m) 3 , 2 (6.33)
(k)22 95 md/2, ()

v
O R G
(H{L)d/Q Ty (%) ’\I,gl|ufl/2

=T 2

(6.34)

O
The joint posterior distribution can be obtained similarly by injecting the
updated hyperparameters in equation 6.28
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6.7.3 . Multinomial case
Consider a document z; € x/. For better readability, we omit the indices
i and j, as they are clear from the context. Thus, we define £, = ({¥)yev,
where ¢ = 0 for all w ¢ x. We note that

p(z | 0) = ] Mult(w | 6), (6.35)
wex
S (6.36)
wex
= exp (Z ly010g (ew)> . (6.37)
wex
— Hw F('Yw)
On the other hand, we let A(v) = - We have
p(0|Go) = Dir(@ | ), (6.38)
H o1, (6.39)
wGV
— exp (Zm —1)log (6,) — 10g(A(7))> . (6.40)
weV
Hence, the prior predictive distribution Equation (3.3) is obtained as follows
bl Go) = [ p(al0)p(6]Go)ds (6.41)
/ T Mult(w | 6)Dir(6 | v)do (6.42)
wex
— / exp (Z(@w + Yo — 1) log (6,) — 10g(A(7))> dh, (6.43)
© weV
/ [T ot s, (6.44)
7 weV
Al +7)
— ’ (6.45)
A(v)
F(Z = Eww +’7w w=1

F(Zw 1€xw+7w wez
e 185 (u +5 = 1)
T s — 1)

e I (r+5-1)

e (Vy+s-1)
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(6.48)

(6.49)




where in 6.43 we have use the fact that ¢, ,, = 0,Vw ¢ x, to obtain 6.45, we
have used the fact that

1 / Lo wt+Yw—1
_ | | 0™ Tdo = 1.
AL, +7) © wev

Finally, to obtain 6.49, we have used the fact thatthaty; = --- = v = v, and
forall S € Nand r > 0, we have

S

Lr+5)
W_H(wrs—l).

s=1

We now compute the posterior predictive distribution Equation (3.4). For k& >
1 such that z ¢ xy, let ny, = (nkw)wey denote the word counts in cluster k.
By the conjugacy property of the Dirichlet and Multinomial distributions, we
have:

1
p(0 | xx, Go) = m exp (Z (Mo + Y — 1) 10%(%)) . (6.50)

weV

Moreover, we have

p(IE | = kaxka GO) = /ép(x | e)p(e | XkaGO)de’ (651)
; /
—— | exp N + Low + Y — 1) log(y,) | d,
A(,Y + nk) o <1§V< k Y ) g( ))
(6.52)
1 (nk wtlz w+7w71)
= — Oy ' de, (6.53)
Ay + ng) /ewlg/
A('Y + ng + eaz)
= R (6.54)
Ay +ng)

\%
F(Zz‘f;:l Yuw T nk’,w) H F(Vw + Ngw + Km,w)
F(szl Yw + Nk + gw,w) w=1 F(lyw + nk,w)

)

(6.55)

_ F(ZZ:1 Yw + nk’,w) H F(’Yw + N + E:p,w)
F(Zq‘f}:l Yw + Nk,w + gw,w) = F(’Y’w + nk,w)

)

(6.56)

ez,w
_ Hwem Hs:l (fy + New +s— 1)

2 (6.57)
[Ty (Vy + Ne+s— 1)

It is important to note that the words present in the document x don't con-
tribute to the computation of ny, ,, and thus of Nj.
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Joint prior predictive

Next, we provide the derivation of the joint prior predictive distribution.

p (x| Go) = /e (s} 6)p(6]Clo) b, (6.5
H p(]0)p(0]Go)d (6.59)
wExh

/ H 1 Mult(w | 6)Dir(6 | v)do (6.60)
J we:c

exp | Y Y lawlog (0w) + D (1w — 1) log (6) — log(A(¥)) | db,

wGVxeX weV
(6.61)
<Znhwlog + ) (Yw — 1) log (6) — log(A(‘y))) de,
weV weV
(6.62)

y
e
A

xp <Z (17, + Y — 1) log (6u) — 10g(A(’7))> df, (6.63)

weV
/ I] ¢ gl 0L (6.64)
weV
A(n?ﬂ—’y)
Sl U N O 6.65
A() (6.65)

_ I(Ce ) ﬁf(ni,ervw)

F(ZZ:I n‘}th + /7’11}) w=1 F(’Yw)
\%4 T J + Ve
L el || W+ 70), (6.67)
F(Zw:l n‘;),w +PY’LU> c j P(’Yw)
WEXy,
[wexi Hsh Py+s—1)
= . (6.68)

Ilszl(‘/7'+>5 _'1)

Joint posterior predictive

We now compute the posterior predictive distribution Equation (3.5). For k >
1 such that x{L ¢ xi(this means that the local cluster h of worker j is notin the
global cluster k), let n;, = (n4,4,)wey denote the word counts in global cluster
k. By the conjugacy property of the Dirichlet and Multinomial distributions,
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we have:

p(0 | xx, Go) = Dir(0 | v + ny), (6.69)
1

T Ay fnp) P <§(”k,w +7w = 1) 10g(9w)> . (6.70)

Moreover, we have p(x7 | z} = k,xy, Go)

- / p(x] | 0)p(6 | x4, Go)d), 6.71)
(C]
H p(z | 0)p(0 | xi, Go)do, (6.72)
IEGXh
11 ] Mult(w | 6)Dir(6 | v + ny)do, (6.73)
IEX{L wer

1
BNCET ) /eXp > Efmwlog Ouw) + D (Mo + v — 1) log(6) | db,

WeV zex) wevV
(6.74)
1 / j
= A~ L exXp U w log (6) + (nk,w + Y — 1) log(6,) | db,
e o (X a0+ T
(6.75)
1 / ( ;
=—— [ exp Z (Mo + 1, 4 + Y — 1) log(9w)> de, (6.76)
Ay +ng) Jo =
1 / (nk,w+n¥l JF'Yw*l)
el P TTEURY Ouw " df, (6.77)
Ay +ng) Jo 11;1;[
_A(y+ g+ n{l) 6.78)
 A(y+ng) .
(e e+ M) ﬁ T'(Yw + Mk + 1y ) 6.79)
DY v + g + 12 Ly + gw) '
w=1 W W hyaw/ w=1 ’
R YOS ) I (Y + Mg + 1, ) 650)
a v J  T(yw + 1) '
F(szl ’Y’LU + nkvw + nh,w) wEx] fyw k’w
h
Hwexa Hs (v + g + 5 — 1)
= . (6.81)

6.8 . Feature extraction

128



Cores | NMI AR
2 0.610 | 0.330
4 0.646 | 0.430
6 0.651 | 0.456
8 0.633 | 0.410
10 0.670 | 0.472

Table 6.1: Clustering quality metrics (NMI and ARI) of DisCGS on the
DBpedia dataset with varying numbers of CPU cores.

Inthe image datasets, a feature extraction step is performed using a varia-
tional auto-encoder, which encodes each image into an 8-dimensional vector.
The optimizer used for training is ADAM, with a learning rate of 0.005. The
training process spans 100 epochs. The neural network is trained on eight
Nvidia Tesla V100 GPUs with a capacity of 32 GiB. These GPUs are available
on the Gemini machine, hosted within the cluster grid5000. The architecture
of the auto-encoder is illustrated in Figure 6.1.

Input Cunvl Csnnvz Cuan3 Cean-t Output
CDWB ConvT2
Conwl Convs FC& FC1 Reshape COﬂle s=2
il code 5= _‘
@ ( \///
TxTx64 TxTx64 g TxTx64 TxTx64
14 % 14 x 64 3136 3136 14 x 14 % 64 _
28><28x1 28 x 28 » 32 8 28 % 28 x 32 28x23x1
J L
T I
Encoder Latent space Decoder
Convolutional (Conv) + Convolutional transpose Convolutional transpose +
Ful cted (FC) Sampled latent P
1) LeakyReLU + uly connected (FC) (5] Samp ok Reshape (] (ComvT) + LeakyReLU + [~ 1) | sakyreLU

Batch Normalization Batch Mormalization

Figure 6.1: The architecture of the variational auto-encoder used to extract
features from the images.

6.9 . Clustering quality when increasing number of cores

The Table 6.1 presents the clustering quality metrics—Normalized Mutual
Information (NMI) and Adjusted Rand Index (ARI)—for DisCGS on the DBpedia
dataset containing 300000 documents as the number of CPU cores increases.

The results show that the clustering quality of DisCGS remains stable or
improves as the number of CPU cores increases, based on both Normalized
Mutual Information (NMI) and Adjusted Rand Index (ARI) metrics. Specifically,
NMI values stay consistently high, rising slightly from 0.61 to 0.67, which con-
firms that the distributed inference approach preserves robust clustering ac-
curacy. These findings demonstrate that DisCGS effectively utilizes additional
computational resources to speed up inference without compromising clus-
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