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Abstract

Keywords: reinforcement learning, exploration, imitation learning, adversarial MDPs, reinforce-
ment learning from human feedback

Reinforcement learning (RL) provides a formal framework for sequential decision-making in an
unknown environment. An agent learns a policy to maximize a cumulative reward signal by in-
teracting with a Markov Decision Process (MDP). This thesis investigates three extensions to the
standard RL setting, providing new algorithms and associated theoretical analyses. First, we study
the problem of exploration in the absence of a reward signal. We consider two distinct formula-
tions of maximum entropy exploration and propose computationally efficient algorithms. For these
algorithms, we derive sample complexity bounds that improve upon previously known results. Our
analysis further establishes that learning the maximum visitation entropy policy is statistically
less demanding than both a common variant of reward-free exploration and the task of learning
an optimal policy in a standard rewarded MDP. Second, we address the problem of accelerating
reinforcement learning using expert demonstrations, a setting motivated by modern applications
such as Reinforcement Learning from Human Feedback (RLHF). We analyze the framework of
demonstration-regularized RL, where the agent’s learning objective is augmented with a Kullback-
Leibler penalty for deviating from a reference policy learned from the demonstrations. We prove
that this approach leads to a linear reduction in sample complexity with respect to the number of
demonstrations. This result establishes how expert data can improve the efficiency of the subse-
quent RL task. Third, we address the problem of learning in MDPs with rewards selected by an
(oblivious) adversary. We propose a new algorithm that uses a black-box online linear optimization
oracle, making it easy to implement. We provide a regret analysis showing that its performance
bound matches the minimax lower bound for the stochastic (non-adversarial) case in its dependence
on the number of states, actions, and the number of episodes. Collectively, the contributions of this
thesis consist of novel algorithms for various problems in reinforcement learning, accompanied by
proofs of their performance in terms of sample complexity and regret bounds.
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Résumé

Mots-clés : apprentissage par renforcement, exploration, apprentissage par imitation, MDPs ad-
versaires, apprentissage par renforcement à partir du retour humain

L’apprentissage par renforcement (RL) fournit un cadre formel pour la prise de décision séquen-
tielle en environnement inconnu. Un agent apprend une politique afin de maximiser un signal
de récompense cumulée en interagissant avec un processus de décision markovien (MDP). Cette
thèse étudie trois extensions du cadre standard de l’apprentissage par renforcement, en proposant
de nouveaux algorithmes ainsi que leurs analyses théoriques associées. Premièrement, nous étu-
dions le problème de l’exploration en l’absence de signal de récompense. Nous considérons deux
formulations distinctes de l’exploration par maximisation d’entropie et proposons des algorithmes
computationnellement efficaces. Pour ces algorithmes, nous dérivons des bornes de complexité en
tailles d’échantillons, qui améliorent les résultats précédemment connus. Notre analyse établit en
outre que l’apprentissage de la politique de maximisation de l’entropie de visite est statistiquement
moins exigeant que l’exploration sans récompense dans l’une de ses variantes usuelles, ainsi que
l’apprentissage d’une politique optimale dans un PDM standard avec récompenses. Deuxièmement,
nous abordons le problème de l’accélération de l’apprentissage par renforcement à l’aide de démon-
strations expertes, un cadre motivé par des applications modernes telles que l’apprentissage par ren-
forcement à partir de retours (feedback) humains (RLHF). Nous analysons le cadre de l’apprentissage
par renforcement régularisé par des démonstrations, où la fonction objectif de l’agent est augmentée
d’une pénalité de Kullback-Leibler pour toute déviation par rapport à une politique de référence ap-
prise à partir de démonstrations. Nous prouvons que cette approche entraîne une réduction linéaire
de la complexité en tailles d’échantillon par rapport au nombre de démonstrations. Ce résultat
établit comment les données expertes peuvent améliorer l’efficacité de la tâche d’apprentissage par
renforcement. Troisièmement, nous étudions le problème de l’apprentissage dans des MDP où les
récompenses sont choisies par un adversaire oublieux (oblivious). Nous proposons un nouvel al-
gorithme qui utilise un oracle boîte noire d’optimisation linéaire séquentielle, le rendant facile à
mettre en œuvre. Nous fournissons une analyse de regret montrant que sa borne de performance
correspond à la borne inférieure minimax du cas stochastique (non adverse) en termes de dépen-
dance aux nombres d’états, d’actions et d’épisodes. Globalement, les contributions de cette thèse
consistent en de nouveaux algorithmes pour divers problèmes en apprentissage par renforcement,
accompagnés de preuves de leur performance en termes de complexité en tailles d’échantillons et
de bornes de regret.
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Notations

General notations.

• R+ is the set of non-negative real numbers;
• N+ is the set of positive natural numbers;
• [n] is the set {1, 2, . . . , n} for n ∈ N+;
• e is Euler’s number;
• ∆d is the (d− 1)-dimensional probability simplex: ∆d ≜ {x ∈ Rd+ : ∑d

j=1 xj = 1};
• ∆X or P(X) is the set of distributions over a finite set X : ∆X = ∆|X |;
• clip(x,m,M) is the clipping procedure: clip(x,m,M) ≜ max(min(x,M),m) for m < M ;
• H(p) is the Shannon entropy for p ∈ ∆X : H(p) ≜ −∑i∈X pi log pi.

Probability theory notations. Let (X,X ) be a measurable space and P(X) be the set of all
probability measures on this space. For p ∈ P(X) we denote by Ep the expectation with respect
to p. For a random variable ξ : X → R, the notation ξ ∼ p means Law(ξ) = p. For any measures
p, q ∈ P(X) we denote their product measure by p⊗ q. We also write Eξ∼p instead of Ep.

For any p, q ∈ P(X), the Kullback-Leibler divergence KL(p, q) is given by

KL(p, q) =

Ep
[
log dp

dq

]
, p≪ q

+∞, otherwise

For any p ∈ P(X) and f : X → R, we define pf = Ep[f ]. In particular, for any p ∈ ∆d and
f : {0, . . . , d} → R, we have pf = ∑d

ℓ=0 f(ℓ)p(ℓ).
We define Varp(f) = Es′∼p

[
(f(s′)− pf)2

]
= p[f2]− (pf)2.

Matrix norms and inner products. For any symmetric positive definite matrix A, we define
the corresponding A-scalar product and A-norm as follows:

⟨x, y⟩A = ⟨x,Ay⟩, ∥x∥A =
√
⟨x, x⟩A

Note that if ∥A∥2 ⩽ c, then ∥x∥A ⩽
√
c∥x∥2.
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Résumé substantiel en français

Cette thèse porte sur l’apprentissage par renforcement, un cadre théorique pour la prise de décision
séquentielle en environnement inconnu. Dans ce contexte, un agent interagit avec un processus de
décision markovien afin d’apprendre une politique qui maximise une fonction de récompense cu-
mulée. Le travail s’intéresse à des variantes du cadre standard pour lesquelles les garanties classiques
d’efficacité statistique et computationnelle doivent être repensées. Trois directions principales sont
explorées : (i) l’exploration en l’absence de signal de récompense, (ii) l’apprentissage à partir de
démonstrations expertes, et (iii) l’apprentissage dans des environnements où les récompenses sont
adverses. Pour chacune de ces extensions, la thèse propose de nouveaux algorithmes accompagnés
d’analyses théoriques de leur performance en termes de complexité en taille d’échantillon ou de
regret.
Première partie — Exploration en l’absence de récompense. La première partie étudie le
problème de l’exploration pure, où un agent doit découvrir un environnement inconnu sans disposer
d’un signal de récompense extrinsèque. L’objectif n’est plus de maximiser une fonction de récom-
pense donnée, mais de couvrir efficacement l’espace des états et des actions. Deux formulations
fondées sur la maximisation d’entropie sont analysées.

La première repose sur la maximisation de l’entropie trajectorielle. Ce critère est montré équiv-
alent à un problème d’apprentissage par renforcement régularisé par l’entropie, ce qui permet
l’utilisation de méthodes de type politique régularisée. Un algorithme dédié, noté RFExploreEnt,
est introduit. Son analyse établit une borne de complexité en taille d’échantillon de l’ordre de
O(poly(H,S,A)/ε) pour obtenir une politique ε-optimale, où H désigne l’horizon temporel du pro-
cessus, S le nombre d’états et A le nombre d’actions possibles. Cette borne améliore la dépendance
standard en O(1/ε2) issue des approches directes.

La seconde formulation concerne la maximisation de l’entropie de visite, qui favorise la couverture
équilibrée des états et actions visités. Le problème correspondant est non-concave dans l’espace des
politiques, mais il peut être reformulé comme une maximisation concave sur le polytope convexe des
mesures d’occupation états-actions. Un nouvel algorithme inspiré de la théorie des jeux, EntGame,
est proposé. Il interprète la maximisation de l’entropie de visite comme un jeu à somme nulle entre
un prédicteur et un échantillonneur récompensé pour son imprévisibilité. Cette reformulation rend
le calcul plus efficace, car elle évite la résolution complète d’un sous-problème d’apprentissage par
renforcement à chaque itération, étape coûteuse des approches précédentes. Une version régularisée,
RegEntGame, est également analysée. Les résultats obtenus montrent une complexité en taille
d’échantillon en O(H2SA/ε2), améliorant la dépendance antérieure en O(1/ε3). L’analyse établit
en outre que l’apprentissage d’une politique de maximisation de l’entropie de visite est, du point
de vue statistique, moins exigeant que l’exploration sans récompense classique ou que la recherche
d’une politique optimale dans un processus de décision markovien standard avec récompenses.
Deuxième partie — Apprentissage régularisé par des démonstrations. La deuxième
partie s’intéresse à la manière dont l’apprentissage par renforcement peut être accéléré grâce à des
démonstrations expertes obtenues préalablement. Ce cadre est motivé par des applications récentes,
notamment l’apprentissage par renforcement à partir de retours humains, mais il est ici étudié sous
un angle théorique.

Le travail introduit un cadre d’apprentissage par renforcement régularisé par les démonstrations,
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dans lequel la fonction objectif de l’agent comporte un terme de pénalisation de Kullback-Leibler
pour toute déviation par rapport à une politique de référence apprise à partir de données expertes.
La méthodologie comprend deux étapes : (i) apprentissage d’une politique initiale par clonage
comportemental à partir du jeu de démonstrations; (ii) optimisation d’une politique séquentielle,
régularisée par rapport à cette politique de référence.

L’analyse théorique montre que ce schéma réduit la complexité en taille d’échantillon propor-
tionnellement au nombre de démonstrations NE, atteignant un taux O(H6S3A2/(ε2NE)). Ce
résultat formalise comment les démonstrations peuvent contribuer à une accélération linéaire de
l’apprentissage. La preuve repose sur deux éléments principaux : une analyse optimale au sens
minimax du clonage comportemental en divergence de Kullback–Leibler sur les trajectoires, et un
nouvel algorithme d’exploration régularisée (UCBVIEnt+) pour l’estimation de la meilleure politique
régularisée. Le cadre est ensuite étendu au cas où la récompense n’est pas directement disponible
mais apprise à partir de préférences, comme dans les approches d’apprentissage par renforcement
à partir de retours humains. L’analyse montre que, sous des conditions de taille suffisante des
ensembles de démonstrations et de préférences, le schéma standard en trois étapes – apprentissage
supervisé initial, modélisation de la récompense, puis apprentissage par renforcement régularisé –
possède des garanties de convergence et permet de limiter les dérives du signal de récompense.
Troisième partie — Apprentissage dans des environnements adverses. La troisième partie
traite du problème de l’apprentissage dans des processus de décision markoviens où les fonctions de
récompense sont choisies de manière adverse, mais indépendamment des actions présentes et passées
(adversaire dit oublieux, “oblivious” en anglais). Le but est de concevoir un algorithme dont la borne
de regret corresponde, en ordre de grandeur, à celle obtenue dans le cadre stochastique classique.

L’algorithme proposé, appelé APO-MVP, utilise un oracle d’optimisation linéaire séquentielle pour
chaque état, chargé de gérer la nature adverse des récompenses à l’aide d’estimations d’avantage
optimistes. Afin de traiter la non-stationnarité du modèle de transition inconnu, une technique de
doublement des époques est employée pour geler périodiquement les estimations du modèle.

L’analyse repose sur une nouvelle décomposition du regret qui sépare les composantes adverses,
contrôlées par les garanties de l’oracle d’optimisation linéaire séquentielle, et les composantes liées
à l’apprentissage du modèle. Cette séparation permet d’éviter les dépendances récursives qui
avaient conduit à des bornes sous-optimales dans les travaux antérieurs. Il en résulte une borne
de regret de O(

√
H7SAT ), correspondant en dépendance principale à la borne inférieure minimax

O(
√

poly(H)SAT ) du cas stochastique, où H désigne l’horizon temporel, S le nombre d’états, A le
nombre d’actions et T le nombre total d’épisodes d’apprentissage.
Conclusion. Dans l’ensemble, cette thèse propose une étude unifiée de plusieurs extensions du
cadre standard de l’apprentissage par renforcement, couvrant des problématiques d’exploration,
d’utilisation de données expertes et de robustesse face à l’adversité. Les contributions consistent en
la conception d’algorithmes efficaces en calcul et en l’établissement de garanties précises en taille
d’échantillon et en regret. Ces résultats apportent une meilleure compréhension théorique des lim-
ites statistiques et computationnelles de l’apprentissage par renforcement dans des environnements
complexes, au-delà de la simple maximisation d’un signal de récompense connu.
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Chapter roadmap. This chapter has two roles: (i) it gathers the background on classical rein-
forcement learning needed for the rest of the thesis and (ii) it previews the three research directions
developed in the subsequent chapters.

• Section 1.1 (Reinforcement Learning Problem) introduces finite-horizon Markov decision pro-
cesses, standard learning objectives, their minimax lower bounds, and the UCBVI algorithm
that nearly matches those bounds.

• Section 1.2 summarises Chapter 2 and explains how to find a policy that maximizes certain
notions of entropy.

• Section 1.3 previews Chapter 3 where expert demonstrations are incorporated into reinforce-
ment learning via KL-regularised learning.
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• Section 1.4 previews Chapter 4 on reinforcement learning with adversarial rewards.
• Section 1.5 briefly lists related works not covered in this thesis.

Readers already comfortable with the material in Section 1.1 may skip ahead to the summary
sections.

1.1 Reinforcement Learning Problem

1.1.1 Overview
Reinforcement learning (RL) is a paradigm of machine learning centered on the reward hypoth-
esis: intelligent behaviour can be learned by trial-and-error interaction that maximises a scalar
reward (Silver et al. 2021). Deep RL has confirmed this hypothesis in practice. It first reached
super-human play on Atari games and Go (Mnih et al. 2015; Silver et al. 2016), mastered Chess
and StarCraft (Silver et al. 2018; Vinyals et al. 2019). All these domains share a clear, fixed reward
signal.

However, many real-world applications present additional challenges. In many settings the
reward is sparse, supplemented by demonstrations, or even non-stationary. This thesis focuses on
three such challenges:

1. Pure exploration. Many tasks provide little or no reward — examples include auto-
matic website testing (Zheng et al. 2021) and exploratory pretraining for downstream control
tasks (Seo et al. 2021; Zhang et al. 2021a; Mutti et al. 2022). In these settings the agent
must explore efficiently rather than maximise immediate returns. We investigate reward-free
exploration in Chapter 2 and preview it in Section 1.2.

2. Learning from demonstrations. Robotics (Tang et al. 2025) and reinforcement learning
from human feedback (RLHF) for language model fine-tuning (Ziegler et al. 2020; Ouyang
et al. 2022) additionally provide large datasets of expert behaviour. The challenge is to blend
these demonstrations with reward signals so the agent learns faster than with either RL or
imitation alone. We tackle this in Chapter 3 and outline the idea in Section 1.3.

3. Non-stationary rewards. In some applications, rewards may change over time. For exam-
ple, this occurs when one trains the destruction process in molecule generation (Bengio et al.
2021; Malkin et al. 2022; Tiapkin et al. 2024b) or when human preferences shift in RLHF (Pet-
tigrew 2019). Algorithms must adapt online, even in the face of adversarial changes. We
address this challenge in Chapter 4 and provide an overview in Section 1.4.

These three problems highlight the need to extend classical RL theory to new settings. This
thesis develops theoretical and algorithmic frameworks for each, aiming to advance current rein-
forcement learning methods. The subsequent chapters introduce these challenges in detail.

1.1.2 Markov Decision Process
To formalize the reinforcement learning problem, we define a so-called Markov decision process
(MDP). In this thesis, we focus on finite-horizon heterogeneous MDPs that are defined as a tuple
M = (S,A,P , H, r, s1) that consists of:
• a finite set of states S of size S;
• a finite set of actions A of size A;
• a planning horizon H ∈ N;
• a collection of transition kernels P ≜ (Ph)Hh=1, where each Ph : S × A → ∆(S) specifies the

probability of transitioning to the next state at step h;
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• a collection of reward functions r ≜ (rh)Hh=1, in which each rh : S ×A → R;
• an initial state s1 ∈ S.
For simplicity, we assume that rewards are deterministic and bounded within [0, 1]. This assump-
tion does not significantly limit generality. In most reinforcement learning problems, the primary
difficulty is learning the transition kernel when it is unknown.1 We also assume a fixed initial state
s1. If the initial state instead comes from a distribution ρ ∈ ∆(S), this scenario can be reduced
to the fixed-state case. As described by Fiechter (1994), one can introduce an auxiliary state s◦,
extend the horizon to H + 1, and define the initial transition as P0(s|s◦, a) = ρ(s) for any a ∈ A,
assigning zero reward to this auxiliary transition.

Policy. A general (or history-dependent) policy π = (ψh)h∈[H] is a collection of functions ψh : (S×
A × [0, 1])h−1 × S × [0, 1] → A that each maps a history Ih = (S1, A1, U1, . . . , Sh−1, Ah−1, Uh−1)
where Uj for j ⩽ h − 1 are i.i.d. uniformly distributed on the unit interval, a state Sh, and an
auxiliary independent uniformly distributed random variable Uh to an action Ah = ψh(Ih, Sh, Uh).
The set of all general (or history-dependent) policies is denoted as ΠH.

A policy is called Markovian if the action at each step depends only on the current state and
an independent randomization variable, i.e., Ah = ψh(Sh, Uh). In this case, the policy can be
equivalently represented as π = (πh)h∈[H], where each πh : S → ∆(A) maps states to probability
distributions over actions, and Ah ∼ πh(Sh). Importantly, for any distribution πh(Sh) ∈ ∆(A),
there exists a measurable function ψh such that Ah = ψh(Sh, Uh) generates Ah according to πh(Sh),
e.g., via the inverse transform sampling method (see also Douc et al. (2018, Theorem 1.3.6) for a
more general statement). The set of all Markovian policies is denoted as Π.

A policy π = (πh)h∈[H] is called Markovian deterministic if, for each step h ∈ [H], the policy
πh : S → A deterministically maps each state to a single action. That is, for every s ∈ S, πh(s)
returns a specific action in A without any randomization. Note that in the finite-horizon setting,
each πh may differ across steps h, in contrast to the stationary policies often considered in infinite-
horizon MDPs (see, e.g., Puterman 2014, Section 5).

Interaction protocol. At the beginning of each episode, the agent selects a (possibly history-
dependent) policy π = (ψh)h∈[H]. The interaction protocol is as follows:
• The agent starts at the initial state S1 = s1;
• For each step h = 1, . . . , H:

– The agent samples an action Ah = ψh(Ih, Sh, Uh), where Ih denotes the history at the beginning
of step h, and Uh is an independent randomization variable;

– The environment transitions to the next state Sh+1 ∼ Ph(· | Sh, Ah);
– The agent observes the reward rh(Sh, Ah).

Trajectory distribution. The interaction protocol induces a probability distribution over the
space of trajectories T ≜ (S × A)H . For a Markovian policy π = (πh)Hh=1, the probability of
observing a trajectory τ = (s1, a1, s2, a2, . . . , sH , aH) is

qπ(τ) ≜ π1(a1 | s1)
H−1∏
h=1

Ph(sh+1 | sh, ah) πh+1(ah+1 | sh+1) . (1.1)

Occupancy measure (visitation distribution). For a Markovian policy π = (πh)Hh=1, the
occupancy measure or visitation distribution at step h is the distribution dπ

h over state-action pairs,
1However, stochastic heavy-tailed rewards introduce additional analytical challenges; see Zhuang and Sui (2021) and

Huang et al. (2023).
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defined as
dπ
h (s, a) ≜ Pπ,P [Sh = s, Ah = a] , (1.2)

where the probability is taken over trajectories generated by following π in the MDP with transition
kernels P, i.e., when trajectories τ follow the distributions qπ. A set of occupancy measures for all
steps is denoted by dπ = (dπ

h )h∈[H].

Value and Q-value. Given a general policy π, the value function V π
h (s) at step h and state s is

defined as the expected cumulative reward obtained by starting from state s at step h and following
policy π thereafter:

V π
h (s) = Eπ,P

[
H∑

h′=h
rh′(Sh′ , Ah′)

∣∣∣∣∣Sh = s

]
. (1.3)

The Q-value function Qπ
h (s, a) is the expected cumulative reward when taking action a in state s

at step h, and then following policy π:

Qπ
h (s, a) = Eπ,P

[
H∑

h′=h
rh′(Sh′ , Ah′)

∣∣∣∣∣Sh = s, Ah = a

]
, (1.4)

where the expectation is taken over trajectories τ = (s1, a1, . . . , sH , aH) generated according to the
interaction protocol described above.

Optimal values and optimal policy. The optimal value function V ⋆
h : S → R and the optimal

Q-value function Q⋆
h : S ×A → R at step h are defined as

V ⋆
h (s) ≜ sup

π∈ΠH

V π
h (s), Q⋆

h(s, a) ≜ sup
π∈ΠH

Qπ
h (s, a). (1.5)

A policy π⋆ ∈ ΠH is called optimal if it achieves the supremum, i.e., V π⋆

h (s) = V ⋆
h (s) for all s ∈ S

and h ∈ [H]. A classical result (see Bellman 1957, Chapter IV, also see Puterman 2014, Theorem
4.4.2 for a more modern exposition) guarantees the existence of an optimal policy that is both
Markovian and deterministic, and, therefore, the class of policies in the definition (1.5) can be
replaced with Π. Consequently, unless specified explicitly, we restrict our attention to Markovian
policies in the remainder of this thesis.

Bellman equations. The Bellman equations (Howard 1960, Chapter 2) describe the recursive
relationship between value and Q-value functions for a Markovian policy π = (πh)Hh=1. For all
h ∈ [H], s ∈ S, and a ∈ A:

Qπ
h (s, a) = rh(s, a) + PhV

π
h+1(s, a), V π

h (s) = πhQ
π
h (s), (1.6)

where V π
H+1 ≜ 0 by convention. Here, PhV π

h+1(s, a) ≜ ES′∼Ph(·|s,a)[V π
h+1(S′)] is the expected value

at the next state, and πhQ
π
h (s) ≜ EA∼πh(s)[Qπ

h (s, A)] is the expected Q-value under the policy at
step h. We refer to Puterman (2014, Section 4.2) and Howard (1960) for details.

Bellman optimality equations. The Bellman optimality equations (Bellman 1957, Chapter III)
characterize the optimal value and Q-value functions recursively, for all h ∈ [H], s ∈ S, and a ∈ A:

Q⋆
h(s, a) = rh(s, a) + PhV

⋆
h+1(s, a), V ⋆

h (s) = max
a∈A

Q⋆
h(s, a), (1.7)

with V ⋆
H+1 ≜ 0. These equations imply that the optimal value at each state is achieved by choosing

the action that maximizes the expected sum of immediate reward and the optimal value at the
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next step. The existence of a Markovian deterministic optimal policy follows from these equations
(see, e.g., Puterman 2014, Theorem 4.4.2, for a proof), since such a policy can be described as
π⋆h(s) = arg maxa∈A Q

⋆
h(s, a), where ties in the arg max definition are resolved arbitrary, i.e., π⋆h(s)

is equal to a some action from the set arg maxa∈A Q
⋆
h(s, a).

1.1.3 Learning Objectives
When both the transition kernel P and reward function r are known, the RL problem reduces to
solving the Bellman optimality equations (1.7) and extracting a Markovian deterministic optimal
policy. In practice, however, these quantities are unknown and must be learned through interaction
with the environment. In this subsection, we summarize the three most common learning objectives
in RL.

Learning algorithms and objectives. This leads to the standard reinforcement learning ob-
jectives, which can be broadly grouped as follows.

• Regret minimization (Lai and Robbins 1985; Burnetas and Katehakis 1997). The learner seeks
to minimize the cumulative regret over T episodes, defined as the difference between the total
expected reward of the best policy in hindsight and that of the learner’s sequence of policies:

R(T ) ≜
T∑
t=1

(V ⋆
1 (s1)− V πt

1 (s1)),

where πt denotes the policy executed in episode t. Under this criterion, an RL algorithm is
formalized as a sequence of random policies (πt)t∈N, where each πt depends on the history up
to episode t − 1. The learner updates its policy based on observed trajectories and rewards,
aiming to minimize regret over time. An algorithm is called a regret minimizer if, with high
probability, R(T ) = o(T ) as T →∞.

• Best policy identification (BPI, Fiechter 1994). The learner’s goal is to output a policy π̂ such
that, with probability at least 1− δ, its value is within ε of optimal:

V ⋆
1 (s1)− V π̂

1 (s1) ⩽ ε.

The focus here is on minimizing the sample complexity, i.e., the number of episodes required
before the learner can confidently output such a policy. Formally, an RL algorithm for this
objective is specified by a sequence of exploration policies (πt)t∈N, a stopping time t (possibly
random and adapted to the observed data), and an output policy π̂, which may depend on
the entire interaction history up to t. Importantly, π̂ need not coincide with the last policy
executed, and can be constructed using all collected data.

• Provably Approximately Correct (PAC) for exploration (Kakade 2003). The learner aims to
explore the MDP so as to minimize the number of episodes in which the executed policy is
more than ε-suboptimal:

Nε ≜
∞∑
t=1

1{V ⋆
1 (s1)− V πt

1 (s1) > ε} ,

where πt denotes the policy executed in episode t. Under this objective, an RL algorithm is de-
scribed by a sequence of random policies (πt)t∈N, with each πt depending on the history up to
episode t−1, as in regret minimization. An algorithm is called (ε, δ)-PAC-MDP if, with prob-
ability at least 1− δ, the number of ε-suboptimal episodes satisfies Nε ⩽ poly(1/ε, log(1/δ)).
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CHAPTER 1. INTRODUCTION

The regret minimization framework is well suited for interactive learning scenarios where an
agent is continuously deployed, such as in recommendation systems (Li et al. 2010). The objective
is to minimize the cumulative regret over its entire operational period, which requires balancing
exploration and exploitation. The PAC-MDP framework also suits this scenario; however, it requires
specifying the accuracy ε beforehand, that is less likely to be known in advance, in contrast to a
deployment period T .

The best policy identification (BPI) framework formalizes a more traditional “learning” paradigm.
During training, the learner interacts with the environment, collects data, and improves its policy.
After training (that happens at a random stopping time t), the objective is to output a single policy
that is ε-optimal for the given MDP. This setting is also called a pure exploration problem (Kauf-
mann et al. 2021; Ménard et al. 2021). In contrast to the BPI setting, neither regret minimisation
nor PAC-MDP specifies which policy the practitioner should deploy. The last policy executed may
still be suboptimal, even after Nε episodes in the PAC-MDP setting.

On the connection between learning objectives. The three frameworks—regret minimiza-
tion, BPI, and PAC-MDP—are distinct but related. Their connections highlight the trade-offs
between online performance and final policy quality.

Regret Minimization and BPI. A regret minimization algorithm, which minimizes cumulative
regret online, can be converted into a BPI algorithm that outputs a single high-quality policy. A
common approach is to output a uniform mixture over all policies executed during training, that
we define as π̂ = Unif

{
(πt)t∈[T ]

}
and it is defined by the following trajectory sampling procedure:

1. Sample a timestep t from a uniform distribution over [T ].
2. Follow a policy πt till the end of the episode.

The performance of this mixture policy is tied to the average regret, since V ⋆
1 (s1) − V π̂

1 (s1) =
R(T )/T . However, this requires storing all past policies and results in a history-dependent final
policy. Another method involves using a data-dependent early stopping rule (Ménard et al. 2021),
though this is not a black-box conversion. In the opposite direction, the BPI criterion does not
imply low regret; deploying an ε-optimal policy from the start would lead to a linear regret of εT .

BPI and PAC-MDP. The BPI framework’s goal of identifying an ε-optimal policy is stronger
than the PAC-MDP guarantee. A BPI algorithm can be trivially converted into a PAC-MDP one:
after the stopping time, one can repeatedly deploy the ε-optimal policy, ensuring all subsequent
episodes are not ε-suboptimal. However, a PAC-MDP algorithm does not necessarily solve the BPI
problem, as it only guarantees that few episodes are highly suboptimal but does not specify which
policy should be used to guarantee ε-optimality.

Regret Minimization and PAC-MDP. Both frameworks are suited for interactive learning, but
they are not equivalent. As shown by Dann et al. (2017), a regret-minimizing algorithm can be
suboptimal in the PAC sense, and a PAC algorithm may not achieve low regret. The key difference
lies in their objectives: regret minimization focuses on the cumulative loss over a known period T ,
while the PAC objective requires achieving ε-optimality over a bounded number of episodes.

Lower bounds. After defining our objectives, we now address a fundamental question: What
is the worst-case regret or sample complexity that any algorithm must suffer? This question is
answered by minimax lower bounds, which establish the performance limits for any algorithm
interacting with a worst-case MDP.

For the finite-horizon setting, Domingues et al. (2021a) provided tight lower bounds, building
on the sketch by Jin et al. (2018). The minimax lower bound for regret is

min
algorithm (πt)t∈[T ]

max
MDP M

RM(T ) ⩾ Ω
(√

H3SAT
)
, (1.8)
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1.1. REINFORCEMENT LEARNING PROBLEM

where RM(T ) is the regret suggered in an MDPM with horizon H, S states, and A actions. The
minimum is taken over all possible regret-minimization algorithms (πt)t∈[T ] (that is, sequences of
non-stationary policies), and the maximum is taken over all MDPs with the specified parameters.
This lower bound characterizes the worst-case scaling of regret with respect to all parameters of
interest.

The corresponding lower bound for the sample complexity for best policy identification is given
by

min
algorithm ((πt)t∈N,t,π̂)

max
MDP M

EM[t] ⩾ Ω
(
H3SA

ε2 log
(1
δ

))
, (1.9)

where t represents the sample complexity, defined as the number of episodes required by the algo-
rithm to output a policy π̂ that is ε-optimal with probability at least 1 − δ in the MDP M with
horizon H, S states, and A actions. The minimum, as in the case of regret minimization, is taken
over all possible BPI algorithms, each specified by a triple ((πt)t∈N, t, π̂), and the maximum is taken
over all MDPs with the given parameters.

Both bounds are derived using a “needle-in-a-haystack” argument, where the hardness comes
from identifying a single rewarding state-action path among many suboptimal ones. These bounds
are known to be tight, and in the next section, we will describe an algorithm that matches them.

The remainder of the thesis focuses on regret minimisation and BPI; PAC-MDP is not considered
further.

1.1.4 Upper Confidence Bound Value Iteration (UCBVI)
To introduce algorithms for reinforcement learning, we first focus on the regret minimization ob-
jective. A key challenge in this setting is balancing exploration and exploitation. One of the most
well-studied principles to address this is optimism in the face of uncertainty. The idea is to act as
if the environment is as favorable as plausibly possible given the current knowledge. In practice,
this is often implemented by adding exploration bonuses to the rewards and performing optimistic
planning with these modified rewards.

One of the first algorithms to achieve minimax regret bounds up to poly-logarithmic factors and
a second-order term in T is UCBVI (Azar et al. 2017). It is a model-based optimistic algorithm
that builds an empirical estimate of the transition probabilities and solves the Bellman optimality
equations using these estimates, augmented with exploration bonuses. This approach has inspired
numerous extensions (Dann et al. 2017; Zanette and Brunskill 2019; Zhang et al. 2021b; Zhang et al.
2024). However, UCBVI did not achieve a minimax optimality over all possible values of parameters
S,A,H because of large second-order term in the regret bound. This gap was a motivation for a line
of further research (Menard et al. 2021; Li et al. 2024; Zhang et al. 2024). In particular, a recent
extension of UCBVI, Monotonic Value Propagation (Zhang et al. 2024), achieves the minimax regret
bound for all problem parameter values, fully closing the gap between upper and lower minimax
regret bounds (up to poly-logarithmic factors).

We briefly describe the UCBVI algorithm below, as it provides a foundation for methods developed
later in this thesis.

Algorithm description. We introduce the following empirical counts, for all episodes t ∈ [T ],
stages h ∈ [H − 1], state-action pairs (s, a) ∈ S ×A, and states s′ ∈ S:

nth(s, a, s′) ≜
t∑

t′=1
1
{

(St′h , At
′

h , S
t′

h+1) = (s, a, s′)
}
, nth(s, a) ≜

∑
s′∈S

nt,h(s, a, s′) , (1.10)

where (St′1 , A
t′
1 , S

t′
2 , A

t′
2 , . . . , S

t′
H , A

t′
H) is the trajectory generated by the algorithm in the episode t′.
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We can now define the estimated transition kernels P̂ t: for all (s, a) ∈ S × A and s′ ∈ S, first
for all h ∈ [H − 1],

P̂ t
h(s′ | s, a) ≜


1/S if nt,h(s, a) = 0 ,
nt,h(s, a, s′)
nt,h(s, a) if nt,h(s, a) ⩾ 1 .

(1.11)

With this definition in hand, we define the optimistic planning for UCBVI as follows for all h ∈ [H]

Q̂t
h(s, a) ≜ rh(s, a) + P̂ t

hV̂
t
h+1(s, a) + bth(s, a) ,

V̂ t
h(s) ≜ min

{
max
a∈A

Q̂t
h(s, a), H − h+ 1

}
,

πt+1
h (s) ≜ arg max

a∈A
Q̂t
h(s, a) ,

(1.12)

where Q̂t
H+1(s, a) ≡ V̂ t

H+1(s) ≡ 0 for all (s, a) ∈ S × A, and bth(s, a) is an exploration bonus
that is added to the reward function to ensure the optimism condition with high probability:
Q̂t
h(s, a) ⩾ Q⋆

h(s, a) for any (h, s, a) ∈ [H] × S × A. Ties in arg max are resolved arbitrarily; that
is, πt+1

h (s) can be any element of arg maxa∈A Q̂
t
h(s, a) without further specification.

Analysis. For a proper choice of exploration bonuses, the UCBVI algorithm achieves the following
regret bound:

R(T ) = Õ
(√

H3SAT +H3S2A
)
. (1.13)

The main idea of the proof is to couple the part that corresponds to the optimal value and the part
that corresponds to the value of the current policy. There are two main ingredients:

• Optimistic planning: V̂ t−1
h (s) ⩾ V ⋆

h (s) for any (h, s) ∈ [H]× S.

• The policy is greedy with respect to the optimistic value: πth(s) = arg maxa∈A Q̂
t−1
h (s, a).

With these ingredients, we can proceed with the following bound on one-step simple regret:

V ⋆
h (Sth)− V πt

h (Sth)
(1)
⩽ V̂ t−1

h (Sth)− V πt

h (Sth)︸ ︷︷ ︸
simple optimistic regret for a step h

(2)
⩽ Q̂t−1

h (Sth, Ath)−Qπt

h (Sth, Ath)

(3)= P̂ t−1
h V̂ t−1

h+1(Sth, Ath)− PhV πt

h+1(Sth, Ath) + bt−1
h (Sth, Ath)

(4)= V̂ t−1
h+1(Sth+1)− V πt

h+1(Sth+1)︸ ︷︷ ︸
simple optimistic regret for a step h+ 1

+
[
P̂ t−1
h − Ph

]
V̂ t−1
h+1(Sth, Ath)︸ ︷︷ ︸

transition estimation error

+ PhV̂
t−1
h+1(Sth, Ath)− V̂ t−1

h+1(Sth+1)︸ ︷︷ ︸
martingale noise ξt

h

+ bt−1
h (St+1

h , At+1
h )︸ ︷︷ ︸

exploration bonus

,

where (1) follows from optimistic planning, which ensures V̂ t
h(s) ⩾ V ⋆

h (s) for any (h, s) ∈ [H]× S;
(2) follows because the policy πt is greedy with respect to the previous Q-value estimate Q̂t−1

h ;
(3) follows from optimistic planning and the Bellman equations. The reward function cancels out
automatically since both Q-values are evaluated at the same action. This cancellation is the reason
for calling this argument a “coupling”: rather than comparing the reward of the optimal action and
the chosen one, the analysis uses an auxiliary sequence that is naturally coupled with the sequence
of values V πt

h (s). The last step (4) results from rearranging the terms according to their role in the
analysis.
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1.1. REINFORCEMENT LEARNING PROBLEM

Overall, ξt+1
h forms a martingale difference sequence, and its sum over T and H can be controlled

easily using concentration of measure results such as the Azuma-Hoeffding inequality (Hoeffding
1963; Azuma 1967). The bonus terms are also straightforward to bound when summed over T and
H. Thus, only first two terms are needed to be contolled.

The main challenge in the analysis is in how to control the transition estimation error; a naive
approach with a bound on ℓ1 norm of the transition estimation error will automatically lead to a
suboptimal

√
H3S2AT regret. The idea behind the UCBVI analysis is to use the following relation:[

P̂ t−1
h − Ph

]
V̂ t−1
h+1(s, a) =

[
P̂ t−1
h − Ph

]
V ⋆
h+1(s, a)︸ ︷︷ ︸

V ⋆
h+1 is a fixed vector

+
[
P̂ t−1
h − Ph

]
[V̂ t−1
h+1 − V

⋆
h+1](s, a) ,

where for the first term we have that V ⋆
h+1 ∈ RS is a fixed vector and thus

[
P̂ t+1
h − Ph

]
V ⋆
h+1(s, a) is

easy to control using Bernstein’s inequality (Bernstein 1926), or, in a simplified versions, Hoeffding’s
inequality (Hoeffding 1963). The second term is more challenging; there are several approaches to
handle it and all of them are connected to achiving a uniform Bernstein-style inequality of the form

[
P̂ t−1
h − Ph

]
f(s, a) ⩽ 1

H
Phf(s, a) + Õ

(
H2S

nt−1(s, a)

)
,

where f : S×A → [0, H] is an arbitrary function. The original approach by Azar et al. (2017) consid-
ers using Bernstein inequality directly on estimated probabilities P̂ t−1

h (s′|s, a)−Ph(s′|s, a) and an ad-
ditional re-groupping argument. An alternative approach is to provide a uniform Bernstein-style in-
equality in terms of KL-divergence that follows from Donsker-Varadhan variation formula (Donsker
and Varadhan 1983) combined with Bernstein-style bound on exponential moments (Boucheron
et al. 2013), see Talebi and Maillard (2018):[

P̂ t−1
h − Ph

]
f(s, a) ⩽

√
2VarPh(s,a)[f ] ·KL(P̂ t−1

h (s, a)∥Ph(s, a)) + 2H
3 KL(P̂ t−1

h (s, a)∥Ph(s, a)) ,

where Ph(s, a) denotes Ph(·|s, a). The next step is to obtain a concentration bound for KL-
divergence between an empirical and , which is of order Õ( S

nt
h(s,a)). With this bound, Young’s

inequality can be used to separate the variance term into 1/HPhf(s, a) and a second-order term.
For a concrete example, see Tiapkin et al. (2022a). This approach seems to be related to PAC-
Bayesian theorems in statistical learning theory (McAllester 1999) because it uses the Donsker-
Varadhan variational formula in a similar context. Another, more direct, approach builds an ε-net
over all functions f : S × A → [0, H], applies Bernstein’s inequality to each point in the net, and
then adjusts for the ε-approximation.

Overall, this uniform bound after plugging-in f = V̂ t+1
h+1−V ⋆

h+1 results in the following inequality

[
P̂ t+1
h − Ph

]
[V̂ t+1
h+1 − V

⋆
h+1](s, a) ⩽ 1

H
Ph[V̂ t+1

h+1 − V
⋆
h+1](s, a) + Õ

(
H2S

nth(s, a)

)
,

where the second term results in a H3S2A second-order term in the final regret bound, but does
not affect the main (first-order) term. The additional 1/H factor to an optimistic regret does
not harm the first-order term since it accumulates over no more than H steps, resulting only in
(1 + 1/H)H ⩽ e additional factor for the first-order term.

On the second-order term. The standard UCBVI analysis yields a suboptimal second-order
term of order H3S2A. Recently, the open problem of achieving an optimal second-order term was
resolved in the work of Zhang et al. (2024). This result was notable because the prevailing belief
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was that such improvements would come from refining variance-reduced versions (Zhang et al. 2020;
Li et al. 2024; Menard et al. 2021) of Q-learning (Watkins and Dayan 1992; Jin et al. 2018), rather
than from a model-based approach.

The main idea of the approach in Zhang et al. (2024) is a more careful analysis of the transition
estimation error. Rather than bounding the error against any possible value function difference
V̂ t+1
h+1 −V ⋆

h+1, their analysis leverages the fact that the optimistic value function V̂ t+1
h+1 is constructed

by the algorithm itself and, if the number of samples for all state-action pair is fixed, is independent
from P̂ t+1

h . By applying a doubling trick, analyzing the structure of V̂ t+1
h+1 more precisely, and using

a very careful union bound over possible algorithm “profiles” (that encode the number of visits for
all state-action pairs and the same time) they derive a tighter bound that avoids the suboptimal
H3S2A term.

Crucially for this thesis, their refined analysis avoids an additional recursive term that appears
in the standard UCBVI proof. This property is extremely important, as this recursive term would
be difficult to control in the adversarial reward setting (Chapter 4).

Best policy identification. In the case of the best-policy identification problem, it is possible
to adapt UCBVI to provide BPI guarantees, as shown by Ménard et al. (2021). The core idea
is to define a stopping rule based on a high-probability upper bound on the suboptimality gap,
Gt

1(s1) ⩾ V ⋆
1 (s1) − V πt

1 (s1). The stopping time t is then defined as the first episode t where this
gap estimate is smaller than the target precision ε:

t ≜ min{t ∈ N : Gt
1(s1) ⩽ ε} .

By definition, for any episode t < t, we have Gt
1(s1) > ε. Summing over the episodes before stopping

yields ∑t−1
t=1 G

t
1(s1) > (t− 1)ε. This inequality connects the sample complexity t to the cumulative

sum of the gap estimates. The structure of these gap estimates is such that they are almost the
same as optimistic regret, and this allows us to derive an upper bound on the stopping time t with
high probability, which corresponds to the sample complexity for BPI.

1.1.5 Beyond Standard Objectives
The classical RL objective of maximizing expected cumulative reward is already addressed by
minimax-optimal algorithms described above, but it does not cover several important scenarios
in modern applications. Reinforcement learning is often used in contexts where additional objec-
tives, constraints, or dynamic environments are central. This motivates the study of alternative or
extended RL objectives, such as:

• Explore without rewards. Rather than focusing solely on reward maximization, the agent
may be tasked with exploring the environment as broadly as possible. For example, maximiz-
ing the entropy of the induced state-action or trajectory distribution is particularly relevant
for pretraining policies in complex domains, where comprehensive coverage is crucial for sub-
sequent downstream tasks (Seo et al. 2021; Zhang et al. 2021a; Mutti et al. 2022). This setting
is studied in Chapter 2.

• Leverage expert demonstrations. In domains like robotics (Atkeson and Schaal 1997) or
language model alignment (Ouyang et al. 2022), access to large datasets of expert demonstra-
tions is common. Integrating these demonstrations into the reinforcement-learning pipeline
can accelerate training and improve sample efficiency; we examine this question in Chapter 3.

• Adapt to adversarial rewards. In many real-world settings, the reward function may evolve
over time due to inherent non-stationarity or adversarial changes. The questions of adaptivity
of RL algorithms to these changes is studied in Chapter 4.
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These extensions lie outside the standard RL paradigm and raise new algorithmic and theoretical
challenges. The next sections examine each direction in turn, state the key problems, and highlight
this thesis’s main contributions.

1.2 Maximum Entropy Exploration (Summary of Chapter 2)

This section and Chapter 2 are based on: D. Tiapkin, D. Belomestny, D. Calandriello, É. Moulines,
R. Munos, A. Naumov, P. Perrault, Y. Tang, M. Valko, and P. Ménard, “Fast Rates for Maxi-
mum Entropy Exploration”, Proceedings of the 40th International Conference on Machine Learning
(ICML 2023) (Tiapkin et al. 2023a).

The central question addressed in this section is: How can an agent learn a policy that explores an
MDP effectively in the absence of any reward signal? At first glance, this may seem at contradiction
with the reinforcement learning foundational — namely, that “reward is enough” (Silver et al. 2021).
However, reward-free exploration may be important for RL pipelines, particularly for pretraining
agents in environments where the reward function is either unknown, task-specific, or not yet
defined (Seo et al. 2021; Zhang et al. 2021a; Mutti et al. 2022). In such settings, the agent’s
objective shifts from maximizing cumulative reward to achieving broad and informative coverage of
the state-action or trajectory space, thereby facilitating efficient adaptation to downstream tasks
once a reward signal becomes available.

1.2.1 Problem Definition

In this section, we consider interaction with a reward-free MDP M = (S,A,P , H, s1), which is
defined identically to a standard MDP but without a reward function: that is, during interaction
with the environment, the agent does not observe any reward signal.

Next, our goal is to learn a policy that provides broad coverage of the MDP. Several approaches
address this challenge. One line of work adds intrinsic-motivation rewards to encourage explo-
ration (Meyer and Wilson 1991; Oudeyer et al. 2007; Bellemare et al. 2016). Another, called
goal-conditioned exploration, trains the agent to reach a diverse set of goals (Lim and Auer 2012;
Tarbouriech et al. 2020b; Ecoffet et al. 2021).

In this section and in Chapter 2, we consider a different strategy: directly maximising an entropy
criterion. Two natural notions of entropy arise:

• Visitation entropy: This objective seeks to maximize the entropy of the occupancy measures
(visitation distributions) across all steps:

max
π∈Π
Hvisit(dπ) ≜

H∑
h=1
H(dπ

h ) , (1.14)

wher dπ is defined in (1.2). Maximizing visitation entropy encourages the agent to visit as
diverse a set of state-action pairs as possible throughout the episode. This promotes broad
coverage of state and actions of the environment, which is crucial to open unexplored parts of
the MDP.

• Trajectory entropy: The goal is to maximize the entropy of the trajectory distribution
induced by the policy.

max
π∈Π
Htraj(qπ) ≜ H(qπ) =

∑
τ∈T

qπ(τ) log 1
qπ(τ) , (1.15)
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where qπ is defined in (1.1). This approach incentivizes the agent to generate a diverse set
of entire trajectories. This objective focuses on covering the whole trajectory space instead of
just state-action pairs.

When collecting data for subsequent RL training, the choice of exploration objective often de-
pends on the downstream algorithm. For example, Path Consistency Learning (Nachum et al. 2017)
benefits from gathering diverse trajectories, while Deep Q-Networks (Mnih et al. 2015) typically
prioritize coverage of a wide range of state-action pairs.

In the following, we discuss both objectives and the ways to optimize them.

1.2.2 Maximum Trajectory Entropy Exploration (MTEE)
We start from maximizing a trajectory-wise objective since its analysis contains very useful insights
on the optimization of the visitation entropy.

The main property of the trajectory entropy is the following decomposability:

Htraj(qπ) = Eτ∼qπ [− log qπ(τ)] = Eπ,P

[
H−1∑
h=1
− logPh(Sh+1 | Sh, Ah) +

H∑
h=1
− log πh(Ah | Sh)

]

=
H∑
h=1

Eπ,P [− logPh(Sh+1 | Sh, Ah)1{h < H}] + Eπ,P [− log πh(Ah|Sh)]

= Eπ,P

[
H∑
h=1
H(Ph(· | Sh, Ah))1{h < H}+H(πh(Sh))

]
,

where H(p) is a Shannon entropy function, and the last equality follows from the properties of
conditional expectation. In particular, it implies that the trajectory entropy is a value function
in a usual MDP with rewards rh(s, a) = H(Ph(· | s, a))1{h < H} and an additional entropy
regularization.

Regularized MDPs. A regularized MDP augments the standard RL objective by adding a reg-
ularization term to the reward, which can promote exploration, encode prior knowledge, or enforce
constraints (Neu et al. 2017; Geist et al. 2019). Specifically, let Ωh : S ×∆(A)→ R be a Legendre-
type2 convex function (in the second argument) that may depend on the state at each step h. For
a Markovian3 policy π = (πh)Hh=1, the regularized value function at step h and state s is defined as

V π,Ω
h (s) ≜ Eπ,P

[
H∑

h′=h
(rh′(Sh′ , Ah′) + Ωh′(Sh′ , πh′(Sh′)))

∣∣∣∣∣Sh = s

]
, (1.16)

and the corresponding Q-value function is

Qπ,Ω
h (s, a) ≜ Eπ,P

rh(s, a) +
H∑

h′=h+1
(rh′(Sh′ , Ah′) + Ωh′(Sh′ , πh′(Sh′)))

∣∣∣∣∣Sh = s, Ah = a

 . (1.17)

Note that the regularization term Ωh(s, πh(s)) is included in the value function but not in the Q-
value at the current step, reflecting the fact that regularization is applied after the action is chosen.
This leads to the following regularized Bellman equations:

Qπ,Ω
h (s, a) = rh(s, a) + PhV

π,Ω
h+1 (s, a) ,

V π,Ω
h (s) = πhQ

π,Ω
h (s) + Ωh(s, πh(s)) .

(1.18)

2We refer to Rockafellar (1997, Section 26) for the definition of Legendre-type convex functions.
3While regularized value functions can be defined for history-dependent policies, we focus on Markovian policies for

clarity.
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When Ωh(s, π) = λ ·H(π) is the Shannon entropy and λ > 0 is a regularization coefficient, this gives
the standard entropy-regularized RL objective, which is the basis for maximum trajectory entropy
exploration and algorithms such as Soft Q-Learning (Fox et al. 2016; Haarnoja et al. 2017; Schulman
et al. 2018) and Soft Actor-Critic (Haarnoja et al. 2018). Our general formulation of the regularizer
Ωh also covers other important cases, such as KL-regularization Ωh(s, π) = λ · KL(π∥π̃h(s)) for a
reference policy π̃ and λ > 0, which will be particularly relevant in the context of learning from
demonstrations (see Chapter 3).

In this setting, the optimal value and Q-value functions are defined as suprema over all policies,
and satisfy the regularized Bellman optimality equations:

Q⋆,Ω
h (s, a) = rh(s, a) + PhV

⋆,Ω
h+1(s, a) ,

V ⋆,Ω
h (s) = max

π∈∆(A)

{
EA∼π[Q⋆,Ω

h (s, A)] + Ωh(s, π)
}
,

(1.19)

and the optimal policy π⋆,Ω, i.e., a policy such that V π⋆,Ω,Ω
h (s) = V ⋆,Ω

h (s), is given by

π⋆,Ωh (s) = arg max
π∈∆(A)

{
EA∼π[Q⋆,Ω

h (s, A)] + Ωh(s, π)
}
. (1.20)

To simplify notation, we denote Qπ,λ
h (s, a) and V π,λ

h (s) for the entropy-regularized case with coef-
ficient λ > 0, instead of Qπ,Ω

h (s, a) and V π,Ω
h (s).

For certain choices of the regularizer Ωh, the optimal policy admits a closed-form solution. In
particular, if Ωh(s, π) = λH(π) is the Shannon entropy regularizer with λ > 0, the optimal policy
at each step h and state s is the Boltzmann (softmax) distribution:

π⋆,λh (a | s) =
exp

(
λ−1Q⋆,λ

h (s, a)
)

∑
a′∈A exp

(
λ−1 ·Q⋆,λ

h (s, a′)
) . (1.21)

Substituting this policy back into the regularized Bellman optimality equation for the value func-
tion (1.19) yields a closed-form expression for the optimal value, often referred to as the soft-max
or log-sum-exp operator:

V ⋆,λ
h (s) = λ log

∑
a′∈A

exp
(
λ−1Q⋆,λ

h (s, a′)
) . (1.22)

Properties of the regularized Bellman operator. To facilitate the analysis of regularized
MDPs, we now introduce an operator that maps a Q-function to its corresponding regularized
value. Let us define the following function for any Qh ∈ RS×A:

Fh,Ω(Qh)(s) ≜ max
π∈∆(A)

{EA∼π[Qh(s, A)] + Ωh(s, π)} . (1.23)

With this notation, the optimal value function can be expressed as V ⋆,Ω
h (s) = Fh,Ω(Q⋆,Ω

h )(s). This
operator has several important properties derived from convex duality, which we summarize below.

Since the function Ωh(s, ·) is of Legendre-type, the function Fh,Ω(Qh)(s) is the convex conjugate
of −Ωh(s, ·) evaluated at Qh(s, ·), i.e., Fh,Ω(Qh)(s) = (−Ωh(s, ·))∗(Qh(s, ·)). This duality has two
key consequences:

• Smoothness. If −Ωh(s, ·) is λ-strongly convex with respect to the ℓ1-norm, then its conjugate
Fh,Ω(Qh)(s) is 1/λ-smooth with respect to the ℓ∞-norm (Kakade et al. 2009). Formally, for
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any Qh, Q
′
h ∈ RS×A:
Fh,Ω(Qh)(s) ⩽ Fh,Ω(Q′

h)(s) + ⟨∇Q′
h(s,·)Fh,Ω(Q′

h)(s), Qh(s, ·)−Q′
h(s, ·)⟩

+ 1
2λ∥Qh(s, ·)−Q′

h(s, ·)∥2
∞ .

This property holds for both entropy and KL-divergence regularizers.

• Greedy Policy as Gradient. The policy that attains the maximum in (1.23), which we call
the regularized greedy policy with respect to Qh, can be obtained as the gradient of Fh,Ω with
respect to Qh(s, ·):

πQh,Ω
h (s) = arg max

π∈∆(A)
{EA∼π[Qh(s, A)] + Ωh(s, π)} = ∇Qh(s,·)Fh,Ω(Qh)(s) .

Consequently, the optimal policy is given by π⋆,Ωh (s) = ∇Q⋆,Ω
h (s,·)Fh,Ω(Q⋆,Ω

h )(s).

Solving regularized MDPs. Solving entropy-regularized MDPs has been extensively studied in
the policy gradient literature because regularization enhances the smoothness of the value function.
For example, Agarwal et al. (2020b) proved that the softmax policy gradient method achieves
polynomial convergence rates. Later, Mei et al. (2020) and Cen et al. (2022) established that the
convergence is actually linear and global.

However, these guarantees are purely algorithmic: they presuppose that the transition dynamics
are known and depend on potentially large constants that depend on the initial parameters of the
policy gradient algorithm. Neither assumption is realistic in more applied cases: we rarely know
the transition dynamics beforehand, and the hidden constants can be extremly large. Therefore,
in this thesis, we ask a complementary question: how efficiently can we solve entropy-regularized
MDPs when the kernel must be learned from data? Chapter 2 answers this question and provides
the first sample-complexity guarantees for the task. In the following, we outline the approach and
all main techniques.

A naive approach would be to adapt an algorithm like UCBVI by replacing standard optimistic
planning with its regularized counterpart. However, this method, which we call UCBVI-Ent, achieves
a sample complexity of Õ(poly(H,S,A)/ε2) for best-policy identification, which turns out to be
suboptimal for this problem in contrast to the unregularized counterpart.

To achieve a better sample complexity, we must look deeper into the problem’s structure. The
key insight lies in the relationship between the accuracy of the estimated Q-function and the
suboptimality of the resulting policy. Let Q̂ be an estimate of the optimal Q-function Q⋆,λ, and
let π̂ be the regularized greedy policy with respect to Q̂ (as defined in (1.20) with Q⋆,λ replaced
by Q̂). From the properties of the function Fh,Ω (defined in (1.23)), one can derive the following
bound on the suboptimality gap:

V ⋆,λ
1 (s1)− V π̂,λ

1 (s1) ≤ 1
2λEπ̂,P

[
H∑
h=1
∥Q⋆,λ

h (Sh, ·)− Q̂h(Sh, ·)∥2
∞

]
. (1.24)

This inequality shows that the suboptimality of π̂ is controlled by the squared ℓ∞-error of the
Q-function estimate, weighted by the visitation distribution of π̂. If we can guarantee that ∥Q⋆,λ

h −
Q̂h∥∞ ≤ δQ for all h, the total error is bounded by H

2λδ
2
Q. Thus, to achieve an ε-optimal policy, we

need an estimate Q̂ with accuracy δQ ≈
√

2λε/H.
In a generative model setting4, results from Azar et al. (2013) suggest that achieving such ac-

curacy requires Õ(poly(H,S,A)/δ2
Q) = Õ(poly(H,S,A)/(λε)) samples per state-action pair. How-

ever, in the standard online RL setting, we do not have a generative model. A simple approach
4When there is a sampling oracle for each state-action pair.
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is to use a reward-free exploration algorithm (Jin et al. 2020c) to collect a dataset that effectively
simulates a generative model.

In our work, which we discuss in detail in Chapter 2, we implemented this approach and named
the resulting algorithm RL-Explore-Ent. We show that RL-Explore-Ent achieves a sample com-
plexity of order Õ(poly(H,S,A)/λε) for best-policy identification in entropy-regularized MDPs.
When considering maximum trajectory entropy exploration, which corresponds to the case λ = 1,
the sample complexity becomes of order Õ(poly(H,S,A)/ε). This result improves the dependence
on ε compared to the more naive UCBVI-Ent approach, which requires Õ(poly(H,S,A)/ε2) samples.
However, the sample complexity’s dependence on H, S, and A onder poly increases, leaving some
room for additional improvements.

Discussion. The problem of maximum trajectory entropy exploration was an initial goal of this
subsection. However, eventually, the analysis for this objective led to general methods that achieve
a sample complexity of order Õ

(
poly(H,S,A)/(λε)

)
for a broader class of entropy-regularized RL

problems. These techniques play a crucial role in improving convergence results for maximum
visitation entropy exploration, as discussed in the next subsection, and they serve as a foundation
for the learning-from-demonstrations analysis in Chapter 3. One limitation of the current results is
the high dependence of the sample complexity upper bound on H, S, and A for the final algorithm
RL-Explore-Ent. The next section (Section 1.3) introduces refinements that address this issue.

1.2.3 Maximum Visitation Entropy Exploration (MVEE)

We now turn to the maximum visitation entropy exploration (MVEE) problem. The objective is
to find a policy that maximizes the sum of entropies of its state-action visitation distributions:

max
π∈Π
Hvisit(dπ) =

H∑
h=1
H(dπ

h ) ,

where dπ
h is the visitation distribution at step h (see Equation (1.2)). This objective encourages the

agent to visit a diverse set of state-action pairs at each step of the episode, which is beneficial for
building a comprehensive model of the environment.

Unlike a trajectory entropy, which can be decomposed into a sum of local rewards, the visitation
entropy objective does not admit such a simple reformulation. Furthermore, the mapping from
the policy π to the visitation distributions dπ is complex, and the objective function Hvisit(dπ) is
non-concave with respect to the policy parameters and does not admit a dynamic-programming
structure, like a trajectory entropy. This makes direct optimization challenging.

To overcome this difficulty, we shift our perspective from the space of policies to the space of
occupancy measures (or visitation distributions). The set of all achievable visitation distributions
for Markovian policies forms a convex polytope, which we denote by KP :

KP ≜
{

d = (dh)h∈[H] : dh(s, a) ⩾ 0, ∀(h, s, a) ∈ [H]× S ×A ,∑
a∈A

d1(s, a) = 1{s = s1} ∀s ∈ S

∑
a∈A

dh+1(s, a) =
∑

(s′,a′)∈S×A
Ph(s|s′, a′)dh(s′, a′) ∀s ∈ S, ∀h ∈ [H − 1]

}
.

This formulation is standard in the literature on a linear-programming perspective on MDPs
(e.g., Altman 2021). Since the entropy function is concave, the MVEE problem can be recast
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as a concave maximization problem over this convex set:

max
d∈KP

H∑
h=1
H(dh) .

This convex reformulation is the starting point for developing efficient algorithms. For the subse-
quent analysis, it is also convenient to defineK as the larger set of all valid sequences of distributions,
without the dynamic constraints imposed by the MDP:

K ≜
{

d = (dh)h∈[H] : dh(s, a) ⩾ 0, ∀(h, s, a) ∈ [H]× S ×A ,
∑

(s,a)∈S×A
dh(s, a) = 1, ∀h ∈ [H]

}
.

Solving MVEE via Frank-Wolfe algorithm. A common approach to solving the MVEE prob-
lem relies on its convex formulation. The set of valid occupancy measures KP is a convex polytope,
and the entropy objective is concave. A key property of this polytope is that linear optimization
over it is equivalent to solving a standard RL problem:

max
d∈KP

⟨d, r⟩ = max
π∈Π

Eπ,P

[
H∑
h=1

rh(Sh, Ah)
]
.

This structure makes the problem well-suited for the Frank-Wolfe algorithm (Hazan et al. 2019),
which iteratively finds an optimal policy for a linear objective (the gradient of the entropy) and
takes a step in that direction. A sketch of the algorithm is as follows:

• Initialize d0 ∈ KP .
• For t = 1, 2, . . . , T :

– Compute the reward vector rt = ∇Hvisit(dt−1).
– Find the vertex d̃t = arg maxd∈KP

⟨d, rt⟩ by solving an RL problem.
– Update the solution: dt = (1− αt)dt−1 + αtd̃

t for a step-size αt.

However, a naive application of this method in the online RL setting faces several challenges:

• Non-smoothness: The entropy objective is not smooth, which complicates the analysis;
• Expensive updates: Each Frank-Wolfe iteration requires solving a complete RL problem to

find the optimal policy for the current gradient, which can be computationally prohibitive;
• Occupancy Measure Computation: The algorithm operates on occupancy measures d,

but an RL oracle returns a policy π. Computing the occupancy measure of a policy requires
knowing the transition model P , which is typically unknown and must be learned.

Prior work has addressed these issues with varying degrees of success. The non-smoothness can be
handled by smoothing the objective by adding a small regularization term under the logarithm, as
proposed by Hazan et al. (2019) and later refined by Cheung (2019). To avoid solving a full RL
problem at each step, Zahavy et al. (2021) employed a game-theoretic interpretation of the Frank-
Wolfe algorithm (Abernethy and Wang 2017) and replaced the complete solution of RL problem
with only one step of regret minimization algorithm. However, their analysis assumes access to an
oracle that can efficiently compute the occupancy measure of any given policy, sidestepping the
statistical challenge of estimating these quantities from data in an unknown MDP, resulting in an
additional Õ(1/ε3) factor in the sample complexity.

Solving MVEE via EntGame algorithm. Next, we describe our approach to solve the MVEE
problem, desrcibed further in Chapter 2 of this thesis. The main idea takes inspiration from a similar
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idea as in Zahavy et al. (2021), but we use a different game to solve the problem (as proposed by
Grünwald and Dawid (2002)). The game is defined as follows:

max
d∈Kp

Hvisit(d) = max
d∈Kp

min
d̄∈K

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

= min
d̄∈K

max
d∈KP

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

,

This minimax game is equivalent to an online learning problem with two interacting players.
The first player, the forecaster, aims to predict the state-action visitation distribution of the second
player. The second player, the sampler, is rewarded for visiting state-action pairs that the forecaster
assigned low probability, effectively encouraging exploration of less predictable parts of the state-
action space.

The interaction proceeds in episodes. At each episode t, the forecaster forms a prediction d̄t

based on the history of visits. It uses a standard strategy for online prediction with logarithmic loss
known as a mixture forecaster (Cesa-Bianchi and Lugosi 2006). Specifically, after t− 1 episodes, it
has observed counts nt−1

h (s, a) for each state-action pair (s, a) at step h. The forecaster’s prediction
for episode t is a smoothed empirical distribution:

d̄th(s, a) = nt−1
h (s, a) + n0

t− 1 + SAn0
,

where n0 > 0 is a prior count (e.g., n0 = 1). This is equivalent to the posterior mean of a
Dirichlet-multinomial model. The sampler then acts in the environment by executing a policy that
maximizes the rewards rh(s, a) = log(1/d̄th(s, a)). This policy is computed using an optimistic
planning algorithm, similar to UCBVI, based on the currently estimated transition model. After
T episodes, the algorithm EntGame returns a policy π̂ that is a uniform mixture of the policies
returned by the sampler-player.

Analysis. To analyze the performance of EntGame, we start with an error decomposition. We first
define the regret of each player, obtained by playing the game T times. For the forecaster-player,
for any d̄ ∈ K, we define

RT
Fore(d̄) ≜

T∑
t=1

∑
h,s,a

d̃th(s, a)
(

log 1
d̄th(s, a)

− log 1
d̄h(s, a)

)

where d̃th(s, a) ≜ 1
{

(sth, ath) = (s, a)
}

is a sample from dπ
t

h (s, a). Similarly, for the sampler-player,
for any d ∈ KP , we define

RT
Samp(d) ≜

T∑
t=1

∑
h,s,a

(
dh(s, a)− dπt

h (s, a)
)

log 1
d̄th(s, a)

.

Recall that the policy returned by EntGame is a uniform mixture of the policies played by
the sampler. Thus, the corresponding visitation distribution is the average of the sampler’s vis-
itation distributions: dπ̂

h (s, a) = d̂Th (s, a) ≜ (1/T )∑T
t=1 d

πt

h (s, a). We also denote by d̊Th (s, a) ≜
(1/T )∑T

t=1 d̃
t(s, a) the average of the empirical visitation distributions. Also recall that d̄t is a

prediction by a forecaster-player.
We now relate the difference between the optimal visitation entropy and the visitation entropy of

the output policy π̂ with the regrets of the two players. Indeed, using H(p) = ∑
i∈[n] pi log(1/qi)−
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KL(p, q) ⩽ ∑
i∈[n] pi log(1/qi) for all (p, q) ∈ (∆([n]))2, we obtain

Hvisit(dπ⋆)−Hvisit(dπ̂) ⩽ 1
T
RT

Samp(dπ⋆) + 1
T
RT

Fore(d̊T ) +Hvisit(d̊T )−Hvisit(d̂T )︸ ︷︷ ︸
Bias term

+ 1
T

T∑
t=1

∑
h,s,a

(
dπt

h (s, a)− d̃th(s, a)
)

log 1
d̄th(s, a)︸ ︷︷ ︸

Noise term

.
(1.25)

Standard game-theoretic analysis bounds the objective by the sum of the regrets of the max and
min players. In our case, we have also extracted noise and bias terms, which are easy to bound:

Noise term = Õ
(√

H/T

)
, Bias term = Õ

(√
H2SA/T

)
.

The main part of the analysis is to bound the regret of the sampler and the forecaster, which can
be done using standard techniques. We achieve

RT
Samp(dπ⋆) = Õ(

√
H4S2AT ) , RT

Fore(d̊T ) = Õ(HSA) .

In particular, the high regret of the sampler-player follows from the fact that the new reward
functions are dependent on the previously generated samples, and thus the standard UCBVI-like
analysis is not applicable, since V ⋆ also becomes random. We will discuss this phenomenon more
in the section devoted to adversarial reinforcement learning (see also Chapter 4).

Overall, the analysis above shows that EntGame achieves a sample complexity of Õ(H4S2A
ε2 ) for

best-policy identification in MVEE, which improves upon the previously known Õ(1/ε3) dependence
on the desired accuracy. However, this analysis is not tight and can be improved further.

Faster algorithm for MVEE. To improve the sample complexity of EntGame further, we replace
the sampler’s problem with a regularized one. It is possible since the bound (1.25) still holds if we
replace the definition of the sampler’s regret with the following:

RT
Samp(d) ≜

T∑
t=1

∑
h,s,a

[
dh(s, a)− dπt

h (s, a)
]

log 1
d̄th(s)

−
∑
h,s

[
dh(s)H(πh(s))− dπt

h (s)H(πth(s))
] ,

where π = (πh)h∈[H] is the policy that corresponds to d, i.e., πh(a|s) = dh(s, a)/dh(s), and we define
dh(s) ≜

∑
a∈A dh(s, a). This leads to an entropy-regularized problem with time-varying rewards,

which can be solved by the RL-Explore-Ent algorithm (see Section 1.2.2), using a warm-up phase
to estimate the transition model.

Overall, the resulting algorithm is called RegEntGame and it achieves a regret of RT
Samp(dπ⋆) =

O(ε · T ) after Õ(H8S4A/ε) episodes. This reduces both average regret terms of sampler and
forecaster players to second-order terms with respect to the desired accuracy ε, resulting in Õ(H2SA

ε2 )
sample complexity for the maximum visitation entropy exploration problem.

Discussion. The main contribution of this section (and the corresponding part of Chapter 2) is
a game-theoretic approach that achieves a Õ(1/ε2) sample complexity for the maximum visitation
entropy exploration problem, which was an open question in the literature. We also show that
visitation entropy maximization is statistically simpler than reward-free exploration: the former can
be solved with a sample complexity of Õ(H2SA/ε2), while the latter requires at least Ω(H3S2A/ε2)
samples. This raises the question of whether a more formal connection can be established between
these two problems. Both are related to exploration without a reward signal, yet their sample
complexities differ.
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1.2.4 Perspectives
The results presented in this section open several avenues for future research, which we outline
below.

Connection with Mean-Field Games. It has been established that concave-utility RL, of
which MVEE is a special case, is equivalent to potential mean-field games (Geist et al. 2022).
While our techniques are readily applicable to a broader class of concave-utility RL problems,
particularly those that are strongly convex with respect to the trajectory entropy, a compelling
open question remains: can this framework be extended to solve more general types of mean-field
games, such as strongly monotone games (Yardim et al. 2025)?

Connection with Reward-Free Exploration. A significant gap remains in our understanding
of the relationship between different exploration paradigms. Specifically, it is still unclear how to
formally connect the solution to the MVEE problem with the solution to the standard reward-free
exploration problem (Jin et al. 2020c; Kaufmann et al. 2021; Ménard et al. 2021). Clarifying this
connection would provide deeper insights into the trade-offs between different exploration objectives.

Optimality of the Achieved Sample Complexity. Another critical direction is to determine
whether the sample complexity of our algorithm is optimal. We conjecture that the current bounds
for both MVEE and MTEE are not tight. It may be possible to achieve a sample complexity of
Õ(poly(H,S,A)/ε) for the MVEE problem and Õ(H3SA/ε) for the MTEE problem. Proving this,
however, would require developing new lower-bound techniques. The classic “needle-in-a-haystack”
construction from Domingues et al. (2021a) is difficult to apply here, as the entropy objective
fundamentally alters the problem structure.

State-wise versus State-Action-wise Entropy. Our analysis highlights that the acceleration
for MVEE actively uses the entropy of actions. This raises a fundamental question: is there a
statistical or computational separation between maximizing state-wise entropy and state-action-
wise entropy? The latter might be inherently easier to optimize because it directly regularizes the
policy, but a formal understanding of this distinction is still lacking.

1.3 Learning from Demonstrations (Summary of Chapter 3)

This section and Chapter 3 are based on: D. Tiapkin, D. Belomestny, D. Calandriello, É. Moulines,
A. Naumov, P. Perrault, M. Valko, and P. Ménard, “Demonstration-Regularized RL”, The Twelfth
International Conference on Learning Representations (ICLR 2024) (Tiapkin et al. 2024a).

In this section, we address how to leverage expert demonstrations to accelerate reinforcement
learning. While standard RL focuses on learning from scalar rewards, many modern applications
provide this richer source of information. We use the post-training of large language models (LLMs)
as a central motivating example, as it represents a high-impact domain where learning from demon-
strations is critical.

A standard pipeline for LLM post-training (Stiennon et al. 2020; Ouyang et al. 2022) consists
of three stages:

1. Supervised Fine-Tuning (SFT): A base model is fine-tuned on a high-quality dataset of
expert demonstrations to learn an initial policy, πSFT.

2. Reward Modeling: The SFT policy generates pairs of responses, which humans then label
by preference. A reward model, rRM, is trained on this preference data to predict which
responses are better.
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3. Reinforcement Learning from Human Feedback (RLHF): The policy is further refined
using reinforcement learning. The learned reward model rRM provides the reward signal, and
a KL-divergence penalty is added to keep the policy πRL close to the SFT policy πSFT.

The use of KL-divergence in the final RLHF stage is a crucial heuristic. Practitioners introduced
it primarily to combat reward hacking, where the model learns to exploit inaccuracies in the reward
model to achieve high rewards without genuinely improving its capabilities.

Recent theoretical studies on RLHF confirm that some form of regularization is necessary to
prevent reward hacking (Zhu et al. 2023). However, they often analyze the RLHF stage in isolation
and overlook the preceding SFT stage. This stage is responsible for producing the very policy πSFT
that serves as the anchor for the KL penalty. This omission leaves a critical question unanswered:
Is KL-regularization merely a defensive mechanism against a flawed reward model, or does it play
a more constructive role? Specifically, does it help to integrate knowledge from the initial demon-
strations throughout the entire learning process? This section analyzes the full pipeline to provide
a more complete theoretical understanding of demonstration-regularized reinforcement learning.

1.3.1 Problem Formulation
To isolate the role of demonstration data from the complexities of reward modeling, we analyze a
simplified yet foundational problem: best-policy identification (BPI) with demonstrations. In this
setting, we assume direct access to the true reward function r, bypassing the reward modeling stage.
The learning agent is provided with a static dataset of expert demonstrations and can interact with
the environment to collect additional data.

Formally, the agent has access to:
• A dataset DE of NE trajectories sampled from an expert policy πE. We assume the expert

policy is near-optimal with respect to the true reward function.
• An interactive learning environment where it can execute policies and observe outcomes.
The central research question is: How can an agent leverage the offline expert data in DE to

accelerate the online learning process? Specifically, our goal is to design an algorithm that integrates
information from the expert demonstrations to find an ε-optimal policy with significantly lower
sample complexity than standard RL algorithms that learn from scratch.

The learning protocol combines offline and online phases. First, the agent can process the
demonstration dataset DE. Then, it enters an online interaction loop, which follows the standard
BPI protocol:

• At each episode t = 1, 2, . . ., the agent selects a policy πt based on all information gathered
so far, including DE and the history of online interactions.

• It executes πt for one episode, collecting a new trajectory.
• The agent decides whether to continue exploring or to stop.

Upon stopping at episode t, the agent outputs a final policy πRL. The objective is to ensure that
this policy is ε-optimal with high probability, while minimizing the number of online interactions t.

We formalize this goal using the PAC framework. An algorithm, defined by the sequence of
exploration policies (πt)t∈N, a stopping time t, and an output policy πRL, is said to solve the BPI
with demonstrations problem with sample complexity C(ε,NE, δ) if for any given precision ε > 0
and confidence 1− δ:

P
[
V ⋆

1 (s1)− V πRL

1 (s1) ⩽ ε and t ⩽ C(ε,NE, δ)
]
⩾ 1− δ.

The sample complexity C(ε,NE, δ) measures the number of online episodes required to find a
near-optimal policy. We expect this complexity to decrease as the number of demonstrations NE

increases.
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Also, we define the following notion of distance between two policies:

KLtraj(π,π′) ≜ Eπ,P

[
H∑
h=1

KL(πh(Sh), π′
h(Sh))

]
.

This KL-divergence is closely related to trajectory entropy (see (1.15)), as it serves as the Bregman
divergence induced by trajectory entropy as a Bregman generator (Neu et al. 2017). We also
introduce the following notation for the KL-regularized value function:

V π
1,λ,π̃(s1) ≜ V π

1 (s1)− λKLtraj(π, π̃) ,

which corresponds to the definition of the regularized value function (1.16) with Ωh(s, πh) =
−λKL(πh(s), π̃h(s)).

1.3.2 Demonstration-regularized RL
To tackle BPI with demonstrations, we focus on a natural and simple approach that mirrors the
LLM post-training pipeline. The analysis of this approach is one of the main contributions of this
thesis, presented in Chapter 3.

First, we use the expert dataset DE to train a policy πBC via behavior cloning.5 We assume that
this policy imitates an εE-optimal expert policy πE up to a certain error εKL in terms of trajectory
KL-divergence: KLtraj(πE,πBC) ⩽ ε2

KL. Second, we use πBC as a reference policy to regularize the
BPI problem. Specifically, we solve the following regularized BPI problem up to an error εRL:

V ⋆
1,λ,πBC(s1)− V πRL

1,λ,πBC(s1) ⩽ εRL ,

where λ > 0 is a regularization parameter and πRL is the resulting policy. This policy is then re-
turned as the solution to the original BPI problem. We call this approach demonstration-regularized
RL.

The performance of the final policy πRL can be bounded through a straightforward analysis.
The suboptimality gap decomposes as follows:

V ⋆
1 (s1)− V πRL

1 (s1) ⩽ εE + V πE

1 (s1)− V πRL

1 (s1)
= εE +

(
V πE

1,λ,πBC(s1)− V πRL

1,λ,πBC(s1)
)

+ λ
(
KLtraj(πE,πBC)−KLtraj(πRL,πBC)

)
⩽ εE +

(
V ⋆

1,λ,πBC(s1)− V πRL

1,λ,πBC(s1)
)

+ λKLtraj(πE,πBC)
⩽ εE + εRL + λε2

KL .

The first inequality uses the suboptimality of the expert, since by assumption, πE is εE-suboptimal.
The second line follows by definition of the regularized value function. The third line uses the
optimality of V ⋆

1,λ,πBC and the non-negativity of KL-divergence. The final bound combines the
assumptions on the behavior cloning and regularized RL steps.

This decomposition highlights how the final error accumulates from the three sources: the
expert’s suboptimality (εE), the behavior cloning error (ε2

KL), and the RL training error (εRL).
While regularization introduces the term λε2

KL, it makes the RL problem easier to solve. As
established in the previous section, an εRL-optimal policy for a λ-regularized MDP can be found
with a sample complexity of Õ(poly(S,A,H)/(εRL · λ)), for instance, with the RL-Explore-Ent
algorithm. This is a significant improvement over the Õ(1/ε2

RL) dependency for standard BPI for
large values of λ.

5We left a formal definition of behavior cloning for the next part of this subsection, it is not important for the current
discussion.
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To fully specify the sample complexity of demonstration-regularized RL, two key components
require further analysis:

• Behavior Cloning: We need to establish statistical guarantees for the behavior cloning
procedure to bound εKL as a function of the number of demonstrations NE.

• Regularized BPI: The analysis of the regularized BPI problem might be refined to improve
the dependence on S,A and H.

Behavior cloning. The most direct way to leverage expert demonstrations into a single policy
is through behavior cloning (BC). This approach reframes imitation learning as a supervised learn-
ing problem, where the goal is to train a policy πBC that mimics the expert’s actions from the
demonstration dataset DE. Formally, the policy is learned by minimizing the regularized negative
log-likelihood of the expert’s state-action pairs:

πBC ∈ arg min
π∈F

H∑
h=1

(
NE∑
i=1

log 1
πh(Aih|Sih) +Rh(πh)

)
,

where (τi = (Si1, Ai1, . . . , SiH , AiH))NE
i=1 are the expert trajectories in DE, Rh is a regularizer, and F

is a suitable class of policies.
For this procedure, it is possible to derive sharp statistical guarantees. Specifically, for finite

and linear MDPs, we show that the learned policy πBC provably converges to the expert policy πE

with the following rate on the trajectory KL-divergence:

KLtraj(πE,πBC) = Õ
(
SAH

NE

)
.

This rate is minimax optimal up to logarithmic factors, which we show by proving a matching min-
imax lower bound. The proof uses a reduction from the expert policy estimation in KL-divergence
to a hypothesis testing problem with finitely many hypotheses, following the approach of Tsybakov
(2008, Chapter 2).

Our upper bound holds under a mild regularity assumption: the action probabilities under any
policy in the class F must be bounded away from zero. The proof builds on standard techniques
from statistical learning theory, with two key ingredients. The first is a careful management of
the dependence on the minimal action probability, a term known to be unavoidable (Zhang 2006).
Since this minimal probability can be as small as 1/NE in our setting, tight bounds are required.
The second ingredient is the verification of the Bernstein’s condition (Bartlett and Mendelson 2006)
for KL-divergence, which allows for faster, 1/NE-type convergence rates.

Regularized BPI problem. Next, we need to improve the sample complexity for the regularized
BPI problem. Let Q and Q be optimistic and pessimistic estimates of the optimal Q-function Q⋆,λ,
and let π̄ be the regularized greedy policy with respect to Q. The bound on suboptimality (1.24)
of π̄ can be upper bounded as:

V ⋆
1,λ,π̃(s1)− V π̄

1,λ,π̃(s1) ⩽ 1
2λEπ̄,P

[
H∑
h=1

(
max
a∈A

(
Qh(Sh, a)−Q

h
(Sh, a)

))2
]
.

This bound highlights a critical challenge: the term inside the expectation involves a maximum
over all actions, seeking out the most uncertain action where the gap Qh−Qh

is largest. However,
the expectation is taken over trajectories generated by π̄, a policy that aims to converge to π⋆

and is unlikely to sample these highly uncertain but potentially very suboptimal actions. A naive

22



1.3. LEARNING FROM DEMONSTRATIONS (SUMMARY OF CHAPTER 3)

approach of bounding the uncertainty Qh−Qh
uniformly over all reachable state-action pairs leads

to a sample complexity of Õ(H8S4A2/(ελ)), which is highly suboptimal in the problem parameters
despite the improved dependence on ε.

To overcome this issue, we must design an exploration policy that explicitly targets these uncer-
tain actions. Instead of using π̄ for exploration, we construct a policy π̂ that mixes π̄ with targeted
exploration. Specifically, π̂ is a uniform mixture of H policies (π̂(h′))h′∈[H], where each π̂(h′) follows
π̄ at all steps except h′, at which it deterministically selects the most uncertain action:

π̂
(h′)
h (a|s) =

π̄h(a|s) if h ̸= h′

1{a = arg maxa′∈A

(
Qh(s, a′)−Q

h
(s, a′)

)
} if h = h′ ,

where ties in arg max-operation are resolved arbitrarily. This allows us to bound the suboptimality
of π̄ in terms of the uncertainty of the visited state-action pairs:

V ⋆
1,λ,π̃(s1)− V π̄

1,λ,π̃(s1) ⩽ 1
2λEπ̂,P

[
H∑
h=1

(
Qh(Sh, Ah)−Q

h
(Sh, Ah)

)2
]
.

This new bound is easier to analyze, as each visit of state-action pair (Sh, Ah) reduced the uncer-
tainty that is represented exactly by the term (Qh(Sh, Ah) − Q

h
(Sh, Ah))2. While we use π̂ for

exploration, we return π̄ as the final policy for the BPI task.
This approach, which results in an algorithm referred to as UCBVI-Ent+, improves the sample

complexity of the regularized BPI problem to Õ(H5S2A/(ελ)). The S2 dependence arises for
reasons similar to the second-order term in the regret bound of UCBVI, which dominates what
would otherwise be a first-order term. A similar effect has been observed in RL in metric spaces
(Domingues et al. 2021b; Sinclair et al. 2023; Tiapkin et al. 2023b). We conjecture that the
dependence on S could be improved to Õ(S) by using a more refined analysis inspired by Zhang
et al. (2024) or by employing a Q-learning-style algorithm (Jin et al. 2018; Zhang et al. 2020; Li
et al. 2024). However, improving the dependence on the horizon H is less straightforward, as our
bound accumulates an additional factor of H that is not present in standard analyses.

Final sample complexity. Combining the results from the preceding analyses of behavior cloning
and regularized BPI yields the overall online sample complexity for our demonstration-regularized
RL framework. By optimally selecting a value of the regularization parameter λ that balances the
error from the behavior cloning stage with the error from the regularized BPI stage, we arrive at
the following bound:

E(ε,NE, δ) = Õ
(
H6S3A2

ε2 ·NE

)
.

The 1/NE term shows that the required number of online interactions decreases as more expert
demonstrations are provided. This provides a principled theoretical justification for leveraging
offline data to accelerate online learning.

However, this benefit is counterbalanced by a worse dependency on the problem parameters
(H, S, and A) compared to the standard BPI sample complexity of Õ(H3SA/ε2). Our approach
becomes more sample-efficient only when a substantial number of demonstrations are available,
specifically when NE > Õ(H3S2A). This highlights that while demonstrations are helpful, a large
amount of high-quality data is needed to overcome the analytical overhead of the pipeline.

1.3.3 Demonstration-regularized RLHF
Next, we extend the demonstration-regularized RL framework to the full post-training setup, where
the true reward function is unknown and must be learned from human feedback. This setting, known
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as Reinforcement Learning from Human Feedback (RLHF), is central to aligning large language
models. Instead of observing rewards, the agent queries a preference oracle (e.g., a human labeler)
that, given two trajectories, indicates a preference for one over the other.

This approach, that we call demonstration-regularized RLHF, integrates expert demonstrations
into a three-stage pipeline that closely mirrors the standard practice for LLM alignment:

1. Behavior Cloning (SFT): First, we perform behavior cloning on the expert demonstration
dataset DE to obtain an initial policy πBC. This stage is analogous to supervised fine-tuning
(SFT) in the LLM literature.

2. Reward Modeling: Second, we use the policy πBC to generate dataset of trajectories. These
are presented to the preference oracle to build a preference dataset DRM = {(τk0 , τk1 , ok)}N

RM

k=1 ,
where τk0 , τk1 are trajectories sampled with the policy πBC and ok is the preference for τk1 over
τk0 that follows a so-called Bradley-Terry model (Bradley and Terry 1952) widely used in the
literature (Wirth et al. 2017; Saha et al. 2023):

P[ok = 1|τk0 , τk1 ] = σ(r⋆(τk1 )− r⋆(τk0 )) ,

where σ is a sigmoid function, and r⋆ is the true reward function. A reward model r̂ is then
trained on this dataset via maximum likelihood estimation (MLE) to capture the underlying
preferences.

3. Demonstration-Regularized RL: Finally, we perform reinforcement learning using the
learned reward model r̂ as the objective. Crucially, we apply the same KL-regularization as
in the previous section, penalizing the KL-divergence to the behavior-cloned policy πBC. The
final policy, πRLHF, is the solution to this regularized BPI problem.

Now, essentially, we are going to study how regularization helps to avoid reward hacking; without
regularization it is known that the final RLHF-policy trained on reward-proxy πRLHF can be highly
suboptimal (Zhu et al. 2023). Before proceeding, we need to derive an analysis for reward modeling.

Reward modeling. Given the preference dataset DRM = {(τk0 , τk1 , ok)}N
RM

k=1 , we learn a reward
model r̂ by maximizing the log-likelihood of the observed preferences. This is a standard maximum
likelihood estimation (MLE) problem over a function class G for the trajectory reward functions:

r̂ ≜ arg max
r∈G

NRM∑
k=1

ok log
(
σ
(
r(τk1 )− r(τk0 )

))
+ (1− ok) log

(
1− σ

(
r(τk1 )− r(τk0 )

))
.

The statistical properties of this estimator can be analyzed using techniques from M-estimation
theory (Geer 2000) and PAC-Bayes analysis (Zhang 2006; Agarwal et al. 2020a). These tools allow
us to derive the following high-probability bound on the variance of the estimation error:

VarqπBC [r⋆(τ1)− r̂(τ1)] ⩽ ζ2dG log(RG/N
RM) + ζ2 log(e2/δ)
NRM ,

where d G is the bracketing dimension of the function class G (equals to SAH for finite MDPs), RG is
a related range factor, and ζ = 1/(infx∈[−H,H] σ

′(x)) captures the non-linearity of the link function
σ. For the sigmoid function, ζ scales as exp{Θ(H)}. This exponential dependence on the horizon
is known to be unavoidable even in simpler linear settings (Hazan et al. 2014). Finally, expressing
the bound in terms of variance correctly implies that the estimation is invariant under constant
shifts in the reward function, as such shifts do not affect preferences nor the MLE procedure.
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Final analysis. The analysis of the demonstration-regularized RLHF pipeline is more complex,
as it must account for the uncertainty in the learned reward model r̂. Our goal is to bound
the suboptimality of the final policy, πRLHF, with respect to the true reward function r⋆. This
bound aggregates the distinct sources of error from the behavior cloning, reward modeling, and
reinforcement learning stages.

We assume the following conditions:

1. An expert policy πE that is εE-suboptimal with respect to the true reward r⋆: V ⋆
1 (s1; r⋆) −

V πE
1 (s1; r⋆) ⩽ εE.

2. A behavior-cloned policy πBC that approximates the expert policy with a trajectory KL-
divergence error of at most ε2

KL: KLtraj(πE,πBC) ⩽ ε2
KL.

3. An estimated reward function r̂ whose error is bounded by εRM in terms of standard deviation,
evaluated over trajectories from πBC:

√
VarqπBC [r⋆(τ)− r̂(τ)] ⩽ εRM.

The final policy, πRLHF, is obtained by solving the regularized BPI problem with the estimated
reward r̂ and the reference policy πBC, achieving an εRL error:

V ⋆
1,λ,πBC(s1; r̂)− V πRLHF

1,λ,πBC(s1; r̂) ⩽ εRL .

Under these conditions, for a large enough regularization parameter λ ⩾ H, the suboptimality of
the final policy πRLHF in the true environment is bounded as follows:

V ⋆
1 (s1; r⋆)− V πRLHF

1 (s1; r⋆) ⩽ 3(εE + εRL) + 9
λ
ε2

RM + (λ+ 4H)ε2
KL .

This result shows how each error source contributes to the final performance. The regularization,
controlled by λ, helps mitigating the impact of reward model uncertainty (ε2

RM) at the cost of
introducing an additional dependence on the behavior cloning error (ε2

KL).
A key tool in our proof is an inequality that connects the difference in expected values under

two distributions to their KL-divergence. This inequality, which is a consequence of the Donsker-
Varadhan variational formula and a Bernstein-style bound on exponential moments (see, e.g.,
Boucheron et al. (2013) and Talebi and Maillard (2018)), states that for any two distributions
p and q and a random variable X with range b:

Ep[X]− Eq[X] ⩽
√

2Varq[X] ·KL(p∥q) + 2
3bKL(p∥q) . (1.26)

This analysis results in the sample complexity for the demonstration-regularized RLHF pipeline.
For finite MDPs, provided the number of preference labels satisfies NRM ⩾ Õ(ζSA/ε) and the
number of expert demonstrations is at least NE ⩾ Õ(H2SA/ε), our framework finds an ε-optimal
policy with an online sample complexity of

C(ε,NE, δ) = Õ
(
H6S3A2

NEε2

)
.

In summary, our approach matches the sample complexity of the standard BPI with demonstrations
problem discussed in (1.3.2). However, achieving this guarantee requires sufficiently large datasets
for both reward modeling and expert demonstrations to effectively address the reward hacking issue.

Discussion. Our analysis provides the first theoretical demonstration that the standard RLHF
pipeline can mitigate reward hacking, provided that the supervised fine-tuning and reward modeling
stages are supported by sufficiently large datasets. However, it is not clear whether our final bound
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is tight or not: it is only known that the bound for behaviour cloning is tight since we have a
corresponding lower bound.

Additionally, we want to underline that the condition on the expert dataset sizeNE ⩾ Õ(H2SA/ε)
does not make our result redundant: the convergence in KL divergence does not transfer to the RL
performance so easily (however, it is true in the case of deterministic expert policy, as we discuss
in the complement to Chapter 3).

1.3.4 Perspectives

Overall, the results described above are first steps towards the understanding of the RLHF pipeline.
However, there are still many open questions:

• Regularized Best-Policy Identification: We believe that there is some room for improve-
ment for the upper bound for the regularized best-policy identification problem. Indeed, the
current dependence on the number of states is suboptimal and can be improved by using Q-
learning-type algorithms (Jin et al. 2018; Zhang et al. 2020; Li et al. 2024) or the improved
analysis for the model-based approaches by Zhang et al. (2024). Additionally, there is no lower
bound for this problem, which is a natural question to ask.

• Better utilization of the expert demonstrations: WWe wonder whether we do not use
our expert demonstrations in a suboptimal way. Indeed, we only use the actions of the expert
policy, while the transitions (Sh, Ah, Sh+1) are not used at all. Therefore, a natural question to
ask is: can we use the transitions to improve the behavior cloning phase? However, the main
challenge is an additional dependence between regularization and an estimate of the transition
kernel.

• χ2 regularization: Recently, Huang et al. (2025) proposed to use a χ2 regularization instead
of KL-regularization in the RL stage since it provides much stronger regularization signal.
Indeed, compared to (1.26), the consideration of the χ2-divergence is useful to derive an
inequality between moments without a second-order term:

Ep[X]− Eq[X] ⩽
√

2Varq[X] · χ2(p∥q) .

This is important as the absence of a second-order would allow us to achieve a much better
bound on the final performance and avoid the need of a large number of expert demonstrations.
Thus, this approach is very natural to combine with our theoretical framework; however, it is
less clear how to establish convergence of the behavior cloning phase in χ2 divergence since it
is a much stronger notion of convergence.

1.4 Reinforcement Learning with Adversarial Rewards (Summary
of Chapter 4)

This section and Chapter 4 are based on: D. Tiapkin, E. Chzhen, and G. Stoltz, “Narrowing the
Gap between Adversarial and Stochastic MDPs via Policy Optimization”, Proceedings of the 28th
International Conference on Artificial Intelligence and Statistics (AISTATS 2025) (Tiapkin et al.
2025a).

Finally, we address the question of how to adapt reinforcement learning to the adversarial set-
ting, where the reward function is chosen by an adversary. This setting is very natural given two
applications:
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• Maximum Visitation Entropy Exploration: We have already discussed the algorithm
EntGame, where we need to design an algorithm that minimizes the regret given the adversarily
chosen rewards;

• Training the destruction process for sampling: In the applications of RL to (diffusion)
sampling, we have an additional degree of freedom: we can choose not only the way how
to partially generate the next object, but also how to partially destroy some of the current
objects. It was shown (Gritsaev et al. 2025a; Gritsaev et al. 2025b) that this additional degree
of freedom can improve the final quality, and thus, we need to understand how to adapt RL
algorithms to this setting.

1.4.1 Problem Formulation
The main difference between the standard RL setting and the adversarial setting is that the reward
function can be changed at each step. We consider the setting of oblivious adversarial MDPs, where
the adversary chooses the sequence of reward functions (rt)t⩾1 in advance.

Then, the interaction protocol is as follows:
1. Reset state St1 = s1;
2. Start new episode — for each stage h = 1, . . . , H:

• Pick a policy πt,h and sample an action Ath ∼ πt,h( · | Sth);
• If h ⩽ H − 1, move to the next state Sth+1 ∼ Ph( · | Sth, Ath);

3. Observe the reward function rt = (rt,h)h∈[H].
We compare the performance of the policies πt = (πt,h)h∈[H] picked to the one achieved by

resorting to a static policy π = (πh)h∈[H] in each episode, in terms of value functions given the
current reward rt. To underline this notation, we modify the notation for the value function:

V π,rt,P
h (s) ≜ Eπ,P

 H∑
j=h

rt,j(Stj , Atj)
∣∣∣∣∣ Sth = s

;

we recall the environment (reward functions, transition kernels) in the notation for value functions
and expectations, as environments will vary in the algorithm and analysis.

The regret of the learner is defined as the difference between the accumulated value of the best
static policy in hindsight and the gained value of the learner, that is,

R(T ) ≜ max
π

T∑
t=1

(
V π,rt,P

1 (s1)− V πt,rt,P
1 (s1)

)
.

The goal of the learner is to design policies (πt)t∈[T ] minimizing the above-defined regret. Our goal
is to improve the existing upper bound on the regret bound by Rosenberg and Mansour (2019a)
that is of order Õ(

√
poly(H)S2AT ) to a bound of order Õ(

√
poly(H)SAT ), which is the same as

the upper bound for the stochastic case, i.e., the case when there is only one reward function.

Other regret definitions. Also, we can consider other regret definitions, such as dynamic regret,
where the regret is defined as the difference between the accumulated value of the best static policy
in hindsight and the gained value of the learner, that is,

Rdyn(T ) ≜
T∑
t=1

(
max

π
V π,rt,P

1 (s1)− V πt,rt,P
1 (s1)

)
.

From the online learning literature, it is known that this type of regret is controllable only if the
accumulated differences between rt and rt+1 are small (Zhang et al. 2018); this is exactly the case
for sampling problems (Gritsaev et al. 2025b).
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1.4.2 Algorithm and Main Result
Next, we describe our algorithm and the main result, which will be presented in more detail in
Chapter 4.

Preliminaries: Online Linear Optimization. As a preliminary to the study of online learning
in MDPs, we introduce a basic concepts of online linear optimization.

At each round t ⩾ 1 and based on the past, a learning strategy φ = (φt)t⩾1 picks a convex
combination wt = (wt,1, . . . , wt,K) ∈ ∆

(
[K]

)
while an opponent player picks, possibly at random, a

vector gt = (gt,1, . . . , gt,K) of signed rewards. Both wt and gt are revealed at the end of the round.
By “based on the past”, we mean, for the learning strategy, that wt = φt

(
(gτ )τ⩽t−1

)
. The initial

vector w1 is constant.
Then, we say that a learning strategy φ controls the regret in the adversarial setting with rewards

bounded by M > 0 if there exists a sequence (BT,K)T⩾1 with BT,K/T → 0 such that, against all
opponent players sequentially picking reward vectors gt in [−M,M ]K , for all T ⩾ 1,

max
k∈[K]

T∑
t=1

gt,k −
T∑
t=1

∑
j∈[K]

wt,j gt,j ⩽ 2M BT,K .

The optimal orders of magnitude of BT,K are
√
T ln(K). We assume that the strategy may know

M and rely on its value. Also, the strategy should work for any optimization horizon T (see the
final “for all T ⩾ 1” in the definition above), the reason will be revealed later.

There exist several strategies meeting the requirements of the definition above. One prominent
example is the multiplicative weights algorithm (Littlestone and Warmuth 1994), also known as
Hedge (Freund and Schapire 1997) or Online Mirror Descent (Kivinen and Warmuth 1997). In
particular, its version with a decaying learning rate (Auer et al. 2002) is designed to achieve a
regret bound that holds uniformly for all T ⩾ 1. The algorithm updates the weights as follows:

wt,k ∝ exp

ηt
t−1∑
τ=1

gτ,k −
t−1∑
τ=1

∑
j∈[K]

wτ,jgτ,j

 , ηt = 1
M

√
log(K)

t
.

This strategy achieves a regret bound of order BT,K =
√
T log(K). Adaptive versions of this

strategy, such as AdaHedge, have also been developed (Erven et al. 2011; Rooij et al. 2014; Orabona
and Pál 2015). For another example, see Chapter 4.

Known transition kernel: Adv2. As a warm-up, we consider the case when the transition
kernel is known. In this case, there exist multiple approaches (e.g., REPS by Zimin and Neu (2013)),
but we will focus on the black-box approach Adv2 of Jonckheere et al. (2025) that generalizes an
observations first made by Shani et al. (2020).

The main idea of Adv2 is to consider online learning in MDP as a set independent problems for
each state and step (s, h) ∈ S × [H], with an adversarial cost given by the advantage function:

Aπt,rt,P
h (s, a) ≜ Qπt,rt,P

h (s, a)− V πt,rt,P
h (s) .

Then, after each round, we re-compute the advantage function for a newly observed reward function
and use it to update the policy by an online linear optimization [OLO] strategy φ = (φt)t⩾1:

πth( · | s) = φt

((
Aπτ ,rτ ,P
h (s, · )

)
τ∈[t−1]

)
.
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In particular, one can use φ that corresponds to multiplicative weights update and get the following
form

πth(a | s) ∝ exp
(
ηt

t−1∑
τ=1

Aπτ ,rτ ,P
h (s, a)

)
for an appropriate choice of the learning rate ηt. This update rule is interesting since it can be related
to natural policy gradient method under softmax policy parameterization (Kakade 2001; Agarwal
et al. 2021), which uses the following form of updates: πth(a|s) ∝ πt−1

h (a|s) · exp(ηtAπτ ,rτ ,P
h (s, a)).

Given this strategy, we can achieve the following regret bound:

R(T ) = Õ
(
H2
√
T logA

)
.

Unknown transition kernel: APO-MVP. Next, we study how to adapt the Adv2 algorithm to the
case when the transition kernel is unknown. This is one of the main contributions of the current
thesis and will be presented in more detail in Chapter 4.

When the transition kernel is unknown, we face two primary challenges:

• Exploration: The agent must efficiently explore the environment to learn the transition
dynamics. We address this by incorporating exploration bonuses into the reward signal, a
standard technique used in algorithms like UCBVI (Azar et al. 2017).

• A non-stationary model: The analysis of Adv2 relies on a fixed, known transition kernel. In
our setting, the estimated kernel P̂ is continuously updated as more data is collected. These
updates create a non-stationary model, which makes the analysis of Jonckheere et al. (2025)
non-applicable.

To address the second challenge, we employ a doubling trick. Instead of updating the transition
model after every episode, we group episodes into epochs. The model estimate is held fixed within
an epoch and is only recomputed at the start of a new one. An epoch ends when the number of
visits to any state-action pair doubles. This technique also was used in the analysis of Monotonic
Value Propagation (MVP) by Zhang et al. (2024).

We now formalize the idea. The algorithm proceeds in a series of random epochs, Ee ⊆ [T ]. At
the beginning of each epoch e, we compute an estimate of the transition kernel, P̂ (e), and a set of
exploration bonuses, b(e). Both are held constant for the duration of the epoch.

Within each epoch, the algorithm proceeds as follows. At each episode t, the agent selects a
policy πt. At the end of the episode, after the reward function rt is revealed, we construct optimistic
estimates of the Q-value and value functions. For h ∈ [H], with Q̂t

H+1 ≡ 0 and V̂ t
H+1 ≡ 0:

Q̂t
h(s, a) ≜ rt,h(s, a) + b

(et)
h (s, a) + P̂

(et)
h V̂ t

h+1(s, a) , V̂ t
h(s) ≜ πthQ̂

t
h(s) ,

where V̂ t
h is the value of the current policy πt under the optimistic Q-function Q̂t

h. The estimated
advantage function is then Âth(s, a) ≜ Q̂t

h(s, a)− V̂ t
h(s).

Finally, the policy for the next episode is updated. We maintain S ×H independent instances
of an Online Linear Optimization (OLO) strategy φ. For each state-space pair (s, h), the policy is
updated based on the sequence of advantage functions observed within the current epoch:

πt+1
h ( · | s) = φt′

((
Âτh(s, · )

)
τ∈Eet ∩[t]

)
, t′ = |Eet ∩ [t]| ,

where t′ is the number of episodes passed in the current epoch et. Note that this update only uses
information available at the beginning of episode t+ 1.
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Analysis Overview. Our analysis hinges on a regret decomposition that separates the problem
into adversarial and stochastic components. This allows us to apply the most suitable and powerful
tools to each part. Following standard techniques in optimistic algorithms (Auer et al. 2008; Azar
et al. 2017), we let π⋆ be the best fixed policy in hindsight and decompose the total regret as
R(T ) = (A) + (B) + (C) + (D), where:

(A) ≜
T∑
t=1

(
V π⋆,rt,P

1 (s1)− V π⋆,rt+bt,P̂t

1 (s1)
)

(Optimism Gap)

(B) ≜
T∑
t=1

(
V π⋆,rt+bt,P̂t

1 (s1)− V πt,rt+bt,P̂t

1 (s1)
)

(Adversarial Regret)

(C) ≜
T∑
t=1

(
V πt,rt+bt,P̂t

1 (s1)− V πt,rt+bt,P
1 (s1)

)
(Model Error)

(D) ≜
T∑
t=1

V πt,bt,P
1 (s1) (Exploration Cost)

Here, P̂t and bt refer to the model estimate and exploration bonuses used during the epoch
containing episode t.

The novelty of our work does not lie in the control of any single term, but in this decomposition
between adversarial and stochastic parts. It allows us to overcome the challenges that have led
prior analyses of adversarial MDPs to suboptimal regret bounds with an extra

√
S factor.

(B) is the core adversarial component. It measures the regret of our OLO strategies within
a fixed, optimistic version of the MDP. Because the transition model P̂t is held constant within
each epoch, this term can be bounded using standard black-box guarantees for any suitable OLO
algorithm, following Jonckheere et al. (2025), such as one based on exponential weights. Here the
use of the doubling trick is crucial to ensure that the transition model is held constant within each
epoch.

(C) is the core stochastic component and the most technically involved. It quantifies the error
incurred by our agent’s policies due to inaccuracies in the estimated transition model. To bound
this term, we adapt the powerful machinery developed by Zhang et al. (2024). Our use of the
doubling trick is critical, as it aligns our algorithm’s structure with the analytical requirements of
their method. A crucial feature of the analysis from Zhang et al. (2024) is that it allows us to bound
the model error term, (C), directly, without it recursively depending on other error terms. This
is a critical difference from the standard analysis of UCBVI (Azar et al. 2017). In that framework,
the proof relies on the policy being greedy with respect to the optimistic value estimates. Since
our policy πt is chosen by an OLO strategy and is not necessarily optimistic with respect to the
current Q-function, a standard analysis would fail, making the model error term uncontrollable.

Finally, (A) and (D) are controlled with more standard arguments. By construction, the explo-
ration bonuses ensure that our optimistic value functions are an upper bound on the true optimal
values. This makes (A) non-positive with high probability. The total exploration cost, (D), is
bounded by a straightforward calculation.

All this analysis results in the following regret bound:

R(T ) = Õ
(√

H7SAT
)
.

Why obliviousness is important. The assumption of an oblivious adversary is critical, and its
importance is concentrated entirely in the analysis of the optimism gap, (A). While the analysis of
terms (B), (C), and (D) is agnostic to the adversary’s nature, ensuring optimism for (A) requires
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that the following concentration inequality holds with high probability:

[P̂ t
h − Ph]V π,rt,P

h+1 (s, a) + bth(s, a) ⩾ 0 .

For an oblivious adversary, the value function V π,rt,P
h+1 is a deterministic vector, allowing this bound

to hold with small exploration bonuses. Specifically, our choice of bonuses bth(s, a) ≈
√
H/nth(s, a)

is sufficient, and ensures that the exploration cost (D) scales as
√
S · T in the number of states and

episodes.
However, in the case of an adaptive adversary, the reward function rt can depend on the his-

tory, including the estimated model P̂ t
h. This makes V π,rt,P

h+1 a random variable correlated with
our model estimate, breaking standard concentration arguments. Consequently, controlling this
term individually becomes impossible without introducing an additional

√
S factor into the regret.

We conjecture that this is a fundamental limitation and that a matching lower bound could be
established by extending the constructions from reward-free exploration (Jin et al. 2020c) to the
adaptive adversarial setting.

On dynamic regret. Our analytical framework also extends naturally to the stronger notion of
dynamic regret, where the learner competes against a different optimal policy in each round. This
adaptability comes from our regret decomposition, which isolates the stochastic model-learning
components from the adversarial online-learning problem. The analysis of the stochastic terms
((A), (C), and (D)) remains largely unchanged, as they depend on the accuracy of the model
estimation, not the competitor. The only structural change occurs in the adversarial regret term,
(B). However, our approach already handles this by reducing the problem to a series of independent
online learning tasks within each epoch:

(B) =
m(T )∑
e=1

regret({rt + bt}t∈Ee | fixed P̂ (e)) ,

where the internal regret are controled by the regret of adversarial MDP algorithm for a fixed
transition kernel, such as Adv2 (Jonckheere et al. 2025). This modularity gives us a strong belief
that our techniques can be readily extended to the dynamic regret setting.

1.4.3 Perspectives
This work opens several interesting directions for future research:

• Closing the gap between adversarial and stochastic MDPs: We narrow the gap be-
tween the standard RL problem and its counterpart with oblivious adversarial rewards by
showing that a Õ(

√
poly(H)SAT ) regret bound is achievable for the adversarial MDP prob-

lem. However, our dependence on H is highly suboptimal and far from the
√
H3 dependence

in the lower bound for the stochastic setting. There are several sources for this suboptimality:

– Lack of clipping: Typically, RL methods for a fixed reward function apply an additional
clipping step to the value function to ensure that the range of the optimistic value matches
that of the true optimal value. However, the analysis of Adv2 does not accommodate a clip-
ping procedure for advantages because it heavily relies on performance-difference lemma
simply does not hold for clipped values due to lack of linearity. A possible alternative is
to study the contraction argument by Cassel and Rosenberg (2024).

– Suboptimal exploration bonuses: We used simple Hoeffding-type exploration bonuses to
simplify the arguments. Applying Bernstein-style bonuses should improve the regret
bound by a factor of

√
H.
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– Inherited suboptimality from Adv2 analysis: The analysis inherits a suboptimal depen-
dence on H from the analysis of Adv2. Even with known transition kernels, the existing
analysis yields an H2√T logA bound, which is known to be suboptimal. Adapting other
algorithms for online learning in known MDPs, such as REPS (Zimin and Neu 2013), which
achieves an H

√
T log(SA) regret bound, could lead to improvements.

• Bandit feedback: Another important question is how to adapt our approach to the case of
bandit feedback from the reward model. This question is non-trivial even for known transition
kernels when using an Adv2-type procedure.

• Adaptive adversary: Finally, it would be interesting to derive a lower bound of order√
H3S2AT for the adaptive adversary setup, possibly by reusing the lower-bound techniques

for reward-free exploration from Jin et al. (2020c).

1.5 Other Contributions (not covered in the thesis)
In addition to the works presented in this thesis, I have contributed to a range of topics in re-
inforcement learning throughout and prior to my PhD studies. For completeness, these related
publications are listed below, grouped by topic; note that they are not included as part of the main
thesis.

1.5.1 Posterior Sampling for Reinforcement Learning
The following group of work are related to the randomized exploration via posterior sampling.

In (Tiapkin et al. 2022a), we proposed a new approach to optimistic exploration in RL that
generalizes the work of Kaufmann et al. (2012) to the reinforcement learning setting. The main
technical tool is an anti-concentration inequality for the Dirichlet distribution with parameter α =
(α0, . . . , αd) and a vector f ∈ Rd+, which bounds from below the probability of the event∑d

i=1 wifi ⩾
µ. This bound exploits properties of the Dirichlet distribution, its connection to the Gamma
distribution, and techniques from complex analysis such as the saddle-point method. In (Tiapkin
et al. 2022b), we sharpened this approach to show that the optimistic posterior sampling algorithm
achieves minimax-optimal regret guarantees even with a logarithmic number of samples from the
posterior distribution, thus solving the open problem of Agrawal and Jia (2017). In (Tiapkin et
al. 2023b), we proposed a model-free version of the optimistic posterior sampling algorithm that
uses learning rate randomization. In (Belomestny et al. 2023), we provided sharp upper and lower
bounds for the Dirichlet distribution and applied them to the analysis of multinomial Thompson
sampling.

• Daniil Tiapkin, Denis Belomestny, Éric Moulines, Alexey Naumov, Sergey Samsonov, Yunhao
Tang, Michal Valko, Pierre Ménard. ”From Dirichlet to Rubin: Optimistic Exploration in RL
without Bonuses”. Proceedings of the 39th International Conference on Machine Learning (ICML
2022).

• Daniil Tiapkin, Denis Belomestny, Daniele Calandriello, Éric Moulines, Rémi Munos, Alexey
Naumov, Mark Rowland, Michal Valko, Pierre Ménard. ”Optimistic Posterior Sampling for Re-
inforcement Learning with Few Samples and Tight Guarantees”. Advances in Neural Information
Processing Systems (NeurIPS 2022).

• Daniil Tiapkin, Denis Belomestny, Daniele Calandriello, Éric Moulines, Rémi Munos, Alexey
Naumov, Pierre Perrault, Michal Valko, Pierre Ménard. ”Model-free Posterior Sampling via
Learning Rate Randomization”. Advances in Neural Information Processing Systems (NeurIPS
2023).
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• Denis Belomestny, Pierre Ménard, Alexey Naumov, Daniil Tiapkin, Michal Valko. ”Sharp
Deviations Bounds for Dirichlet Weighted Sums with Application to Analysis of Bayesian Algo-
rithms”. arXiv preprint arXiv:2304.03056 (2023), authors are listed alphabetically.

1.5.2 Reinforcement Learning and Sampling

This line of work is directly related to the work in Chapter 2, in particular to the regularized RL
problem. Bengio et al. (2021) introduced generative flow networks (GFlowNets) to learn approxi-
mate samplers for distributions over complex combinatorial objects, such as molecules. GFlowNets
construct these objects incrementally by adding components, reducing the task to sampling terminal
states in a deterministic acyclic MDP. The goal is to match the forward distribution of trajectories,
generated by the construction policy, with the backward distribution, obtained by sampling from
the target distribution and applying a destruction process.

The GFlowNet community initially viewed the sampling problem as fundamentally different
from RL, believing that RL techniques required significant adaptation. In (Tiapkin et al. 2024b),
we demonstrated that GFlowNets with a fixed destruction process can be formulated as entropy-
regularized RL with a specific reward function based on the destruction process. This insight
enabled direct application of RL algorithms, such as Monte-Carlo Tree Search (MCTS, Silver et
al. 2018) (Morozov et al. 2024), to GFlowNets. Further research addressed learning the destruc-
tion process, which differentiates GFlowNets from standard entropy-regularized RL (Gritsaev et
al. 2025b; Gritsaev et al. 2025a), and relaxing the acyclicity assumption of the underlying MDP
(Morozov et al. 2025).

• Daniil Tiapkin∗, Nikita Morozov∗, Alexey Naumov, Dmitry P Vetrov. “Generative Flow Net-
works as Entropy-Regularized RL”. Proceedings of The 27th International Conference on Artifi-
cial Intelligence and Statistics (AISTATS 2024)
∗ indicates equal contribution between the first two authors. The main idea was proposed by
myself; both of us contributed equally to the implementation and experiments.

• Nikita Morozov, Daniil Tiapkin, Sergey Samsonov, Alexey Naumov, Dmitry Vetrov. “Improv-
ing GFlowNets with Monte Carlo Tree Search”. ICML 2024 Workshop on Structured Probabilis-
tic Inference & Generative Modeling (SPIGM 2024).
I proposed the use of MENTS as the base algorithm for the Monte Carlo Tree Search procedure.

• Timofei Gritsaev, Nikita Morozov, Sergey Samsonov, Daniil Tiapkin. “Optimizing Backward
Policies in GFlowNets via Trajectory Likelihood Maximization”. The Thirteenth International
Conference on Learning Representations (ICLR 2025).
I served as the main senior author and mentor for Timofei, guiding the development of the main
ideas and contributing to the writing.

• Nikita Morozov, Ian Maksimov, Daniil Tiapkin, Sergey Samsonov. “Revisiting Non-Acyclic
GFlowNets in Discrete Environments”. Forty-second International Conference on Machine Learn-
ing (ICML 2025).
I contributed to the development of the proofs and the writing.

• Timofei Gritsaev, Nikita Morozov, Kirill Tamogashev, Daniil Tiapkin, Sergey Samsonov,
Alexey Naumov, Dmitry Vetrov, Nikolay Malkin. “Adaptive Destruction Processes for Diffu-
sion Samplers”. arXiv preprint arXiv:2506.01541 (2025), under review.
I contributed to the development of stabilization methods and provided help in the low-dimensional
experiments.
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1.5.3 Federated Reinforcement Learning
This line of work examines the key distinctions between federated RL and standard RL. We iden-
tified several important structural differences that highlight why the low heterogeneity assumption
is crucial for federated RL. This requirement stands in contrast to the typical assumptions in feder-
ated learning. Our research addressed these differences from the perspective of exploration (Labbi
et al. 2025a) and policy gradient methods (Labbi et al. 2025b).

• Safwan Labbi, Daniil Tiapkin, Lorenzo Mancini, Paul Mangold, Éric Moulines. “Federated
UCBVI: Communication-Efficient Federated Regret Minimization with Heterogeneous Agents”.
Proceedings of The 28th International Conference on Artificial Intelligence and Statistics (AIS-
TATS 2025).
I contributed to the development of the main ideas, writing, and proofs.

• Safwan Labbi, Paul Mangold, Daniil Tiapkin, Éric Moulines. “On Global Convergence Rates for
Federated Policy Gradient under Heterogeneous Environment”. arXiv preprint arXiv:2505.23459
(2025), under review.
I contributed to the development of the main ideas, writing, and proofs.

1.5.4 Other relevant works
I have also contributed to the following works, which are broadly related to reinforcement learning.
Three of these (Scheid et al. 2024; Ocello et al. 2025; Tiapkin et al. 2025b) focus on game theory
and the study of different equilibrium concepts: Stackelberg equilibrium in the principal-agent
framework, mean-field Nash equilibrium in mean-field RL, and standard Nash equilibrium in the
context of large language models. The work (Tiapkin et al. 2025b) is connected to demonstration-
regularized RL (Chapter 3) through the shared RLHF framework. The fourth work (Samsonov et al.
2024) investigates temporal difference learning with linear function approximation, using methods
from linear stochastic approximation.

• Antoine Scheid, Daniil Tiapkin, Etienne Boursier, Ayméric Capitaine, Éric Moulines, Michael
Jordan, El-Mahdi El-Mhamdi, Alain Oliviero Durmus. “Incentivized Learning in Principal-Agent
Bandit Games”. Proceedings of the 41st International Conference on Machine Learning (ICML
2024).
I contributed to the writing and the development of the proofs.

• Antonio Ocello, Daniil Tiapkin, Lorenzo Mancini, Mathieu Lauriere, Éric Moulines. “Finite-
Sample Convergence Bounds for Trust Region Policy Optimization in Mean Field Games”. Forty-
second International Conference on Machine Learning (ICML 2025).
I contributed to the theoretical analysis and writing.

• Daniil Tiapkin, Daniele Calandriello, Denis Belomestny, Éric Moulines, Alexey Naumov,
Kashif Rasul, Michal Valko, Pierre Ménard. ”Accelerating Nash Learning from Human Feed-
back via Mirror Prox”. arXiv preprint arXiv:2505.19731 (2025), under review.
I developed the main ideas, proofs, and implementation.

• Sergey Samsonov, Daniil Tiapkin, Alexey Naumov, Éric Moulines. “Improved High-Probability
Bounds for the Temporal Difference Learning Algorithm via Exponential Stability”. Proceedings
of Thirty Seventh Conference on Learning Theory (COLT 2024).
I contributed to the reinforcement learning aspects of the proofs and the writing.
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Chapter 2

Fast Rates for Maximum Entropy Ex-
ploration
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We address the challenge of exploration in reinforcement learning (RL) when the agent operates
in an unknown environment with sparse or no rewards. In this chapter, we study the maximum
entropy exploration problem of two different types. The first type is visitation entropy maximization
previously considered by Hazan et al. (2019) in the discounted setting. For this type of exploration,
we propose a game-theoretic algorithm that has Õ(H3S2A/ε2) sample complexity thus improving
the ε-dependence upon existing results, where S is a number of states, A is a number of actions, H is
an episode length, and ε is a desired accuracy. The second type of entropy we study is the trajectory
entropy. This objective function is closely related to the entropy-regularized MDPs, and we propose
a simple algorithm that has a sample complexity of order Õ(poly(S,A,H)/ε). Interestingly, it
is the first theoretical result in RL literature that establishes the potential statistical advantage
of regularized MDPs for exploration. Finally, we apply developed regularization techniques to
reduce sample complexity of visitation entropy maximization to Õ(H2SA/ε2), yielding a statistical
separation between maximum entropy exploration and reward-free exploration.

2.1 Introduction

In reinforcement learning (RL), an agent interacts with an environment aiming to maximize the
sum of rewards returned by the environment. When the reward signal is very sparse or completely
absent, the agent may experience long periods without any feedback. In these periods exploration
is the main challenge.

This work studies the problem of efficient exploration in the absence of rewards. Approaches to
solve this problem can be roughly cast into three main groups: The bonus-based exploration where
the agent maximizes self-defined bonuses or intrinsic rewards collected along trajectory (Meyer and
Wilson 1991; Oudeyer et al. 2007; Bellemare et al. 2016). Typically these bonuses are related to
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the variances of error-signals from some auxiliary tasks, such as learning the transition probability
distributions (Meyer and Wilson 1991; Chentanez et al. 2004; Pathak et al. 2017; Savas et al.
2020), learning the optimal value function for all the possible rewards (Jin et al. 2020c; Kaufmann
et al. 2021; Ménard et al. 2021), learning random generated features (Burda et al. 2019). A second
approach is the goal-conditioned exploration where the agent learns to navigate to self-assigned
states (or goals). A common goal-selection rule for this class of algorithms is to select as goals the
states at the frontier of the visited states (Lim and Auer 2012; Tarbouriech et al. 2020b; Ecoffet et al.
2021). Other selection-goal rules include reaching each state a fixed number of times (Tarbouriech
et al. 2021) or going to states where the estimation error for the transition probabilities is large
(Tarbouriech et al. 2020a). The third approach, which has received relatively less attention thus
far, is the maximum entropy exploration (Hazan et al. 2019; Lee et al. 2020; Mutti and Restelli
2020; Mutti et al. 2021). This approach involves learning a policy that aims to achieve a visitation
distribution over state-action pairs that is as uniform as possible. One specific application of this
approach is in unsupervised pretraining, where it helps to obtain a better initial policy (Seo et
al. 2021; Zhang et al. 2021a; Mutti et al. 2022). To achieve this goal, the approach focuses on
maximizing entropy-like functionals, which is the main focus of our study.

In this chapter, we focus on environments modeled by an episodic, finite, reward-free Markov
Decision Process (MDP) with S states, A actions, horizon H and step-dependent transitions. We
consider two types of entropy: the visitation entropy and the trajectory entropy. The visitation
entropy of a policy is defined as the sum of the entropies of the visitation distributions induced
by the given policy at each step. The trajectory entropy of a policy is given by the entropy
of a trajectory, generated when one follows the given policy and seen as one random variable
on the corresponding path space. We study maximum entropy exploration under the (ε, δ)-PAC
framework, that is, we want to learn, with probability 1−δ, a policy leading to ε-optimal maximum
visitation or trajectory entropy and using as few as possible interactions with the environment.

Visitation entropy. Hazan et al. (2019) study maximum visitation entropy1 exploration (MVEE)
in the more general framework of convex MDPs where the agent wants to maximize a convex
function of the visitation distribution. The authors in Hazan et al. (2019) propose to apply the
Frank-Wolfe algorithm (Frank and Wolfe 1956) to a smoothed version of the visitation entropy.
Their algorithm, MaxEnt2, has a sample complexity of order3 Õ(H4S2A/ε3+S3/ε6), that is, it needs
to sample that number of trajectories in order to find an ε-optimal policy for MVEE. Later, Cheung
(2019) obtains a better rate of order Õ(H4S2A/ε2 +H3S/ε3) for the Toc-UCRL2 algorithm. Then,
building on the ideas introduced by Abernethy and Wang (2017), Zahavy et al. (2021) reinterpret
the MaxEnt algorithm as a method to compute the equilibrium of a particular game induced by the
Legendre-Fenchel transform of the smoothed entropy. Using this new point of view, they propose
the MetaEnt algorithm4 with a sample complexity of order Õ(H4S2A/(δ2ε2) + H3S/ε3). In this
chapter, building on the ideas by Grünwald and Dawid (2002), we draw a connection between MVEE
and another game. In this game, a forecaster-player tries to predict the state-action pairs visited by
a sampler-player who aims at surprising the forecaster-player by visiting not well predicted state-
action pairs. We propose the EntGame algorithm that tackles MVEE by solving this prediction
game. We prove that EntGame has a sample complexity of order Õ(H4S2A/ε2 + HSA/ε), thus

1Note that Hazan et al. (2019) consider a slightly different entropy; see Remark 2.3.
2In this chapter we refer to MaxEnt as the algorithm by Hazan et al. (2019) applied to the visitation entropy and not

to the reverse entropy as initially proposed by the authors.
3We adapt rates from the γ-discounted setting by replacing 1/(1 − γ) with H. To take into account step-dependent

transitions we multiply the first order term by H2.
4We call MetaEnt the specialization of their general Meta-algorithm to the special case of MVEE. Note that MaxEnt,

Toc-UCRL2, MetaEnt could be seen as variations of the same algorithm. We use different names to distinguish, at least,
the associated sample complexity.
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improving over the previous rate in terms of its dependence of ε, see Table 2.1. The key technical
point leading to this improvement is that, contrary to the previous algorithms, EntGame does
not need to estimate accurately the visitation distribution of a policy at each iteration but only
needs one trajectory generated by following this policy. Moreover, we propose RegEntGame, the
regularized version of EntGame, that achieves sample complexity of order Õ(H2SA/ε2), additionally
improving the previous rates in S. The main technique behind this improvement is exploiting a
strong connection between visitation entropy and regularization in MDPs. As a result, we have
shown that MVEE is statistically strictly simpler than reward-free exploration (Jin et al. 2020c).

Trajectory entropy. The second problem we consider is maximum trajectory entropy explo-
ration (MTEE). The entropy of paths of a (Markovian) stochastic process was first introduced in
Ekroot and Cover (1993). Intuitively maximizing the trajectory entropy of an MDP minimizes the
predictability of paths. Also there is a close connection between MTEE and regularized RL, a very
popular approach in practical applications of RL.

Contrary to MVEE, the optimal policy for MTEE can easily be obtained by solving entropy-
regularized Bellman equations with entropy of the transition probabilities as rewards. Leveraging
this observation, one can proceed in a similar way as for the best policy identification5 (BPI,
Fiechter 1994). Precisely, we propose two algorithms. The first one, UCBVI-Ent is the simplest one
and computes a policy by solving optimistic version of the aforementioned Bellman equations and
using it to interact with the environment. The algorithm stops when an upper confidence bound on
the difference between the maximum trajectory entropy and the trajectory entropy of the current
policy is small enough. The second algorithm, RL-Explore-Ent, is an adaptation of the reward-free
exploration by Jin et al. (2020c) to our setting. This algorithm has two phases. In the first phase,
we compute a preliminary exploration policy which is then used to generate independent trajectories
(data). In the second phase, a nearly optimal MTEE policy is obtained by solving the empirical
Bellman equations with transitions estimated from the data collected in the first phase.

Interestingly, we prove that RL-Explore-Ent enjoys a sample complexity of order Õ
(

poly(S,A,H)
ε

)
.

The key technical ingredients to obtain such fast rate are exploitation of the smoothness introduced
by the regularization and the use of the explicit form of the optimal policy.

Regularized MDP. Notably we can adapt6 our algorithms for MTEE to best policy identification
in regularized MDPs (Neu et al. 2017; Geist et al. 2019). Especially, we consider the same entropy-
regularized MDPs and associated Bellman equations as in Soft Q-learning (Fox et al. 2016;
Schulman et al. 2018; Haarnoja et al. 2017) or SAC (Haarnoja et al. 2018), see Remark 2.6. We
show that a variation of RL-Explore-Ent has a sample complexity of order Õ(poly(S,A,H)/(ελ))
for BPI and reward-free exploration in regularized MDPs, where λ is the regularization parameter.
In particular, it exhibits a statistical separation between BPI in regularized MDP and BPI in the
original MDP since in this case the optimal sample complexity is of order Õ(H3SA/ε2) (Ménard
et al. 2021; Domingues et al. 2021a). Thus, our analysis shows that regularization is an effective way
to trade-off bias for sample complexity. Additionally, we show how to use entropy regularization to
obtain a theoretically faster version of EntGame algorithm.

We highlight our main contributions:

• We propose the EntGame algorithm for MVEE with a sample complexity of order Õ(H4S2A/ε2)
thus significantly improving the existing complexity bounds for MVEE.

• We introduce the new MTEE setting for exploration and provide two algorithm: the UCBVI-Ent
algorithm for MTEE with a sample complexity of order Õ(H3SA/ε2), and RL-Explore-Ent with

5Where in this problem the goal is to identify the optimal policy of a given MDP (equipped with a reward function).
6That is replace the entropy of the transition probability by an arbitrary reward function.
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Algorithm Setting Sample complexity

MaxEnt (Hazan et al. 2019)

MVEE

Õ(H4S2A/ε3+S3/ε6)
Toc-UCRL2 (Cheung 2019) Õ(H4S2A/ε2+H3S/ε3)
MetaEnt (Zahavy et al. 2021) Õ(H4S2A/(δ2ε2)+H3S/ε3)
EntGame (this chapter) Õ(H4S2A/ε2+HSA/ε)
RegEntGame (this chapter) Õ(H2SA/ε2+H8S4A/ε)
UCBVI-Ent (this chapter) MTEE Õ(H3SA/ε2 +H3S2A/ε)
RL-Explore-Ent (this chapter) Õ(H8S4A/ε)

Table 2.1: Sample complexities for MVEE and MTEE. We convert rates from the γ-discounted
setting by replacing 1/(1−γ) with H or from the infinite horizon setting by replacing the diameter
with H. To take into account step-dependent transitions we multiply the first order term by H2.
(For MetaEnt since they do not precisely specify the cost for estimating a visitation distribution we
use the same 1/ε3 term as for Toc-UCRL2.)

a sample complexity of order Õ(poly(S,A,H)/ε). Up to our knowledge, this is the first time that
a fast rate (in 1/ε) is obtained thanks to regularization.

• We adapt UCBVI-Ent and RL-Explore-Ent to solve the entropy-regularized MDPs with a sam-
ple complexity of order Õ(H3SA/ε2) and Õ(poly(S,A,H)/(λε)) correspondingly, where λ is the
regularization parameter.

• We combine EntGame algorithm with regularization techniques, resulting in a new algorithm
RegEntGame. This algorithm improves a sample complexity of EntGame to Õ(H2SA/ε2) and
shows statistical separation of MVEE from reward-free exploration.

2.2 Setting

We consider a finite episodic reward-free MDPM =
(
S,A, H, {ph}h∈[H], s1

)
, where S is the set of

states of size S, A is the set of actions of size A, H is the number of steps in one episode, ph(s′|s, a)
is the probability transition from state s to state s′ by performing action a in step h. And s1 is the
fixed initial state.

Policy & value functions. A general policy π = (ψh)h∈[H] is a collection of function ψh :
(S × A × [0, 1])h−1 × S × [0, 1] → A that maps an history Ih = (s1, a1, u1, . . . , sh−1, ah−1, uh−1)
where uh are i.i.d. uniformly distributed on the unit interval, a state sh and an auxiliary independent
uniformly distributed random variable uh to an action ah = ψh(Ih, sh, uh). A policy is Markovian if
the action depends only on the previous state and the auxiliary noise ah = ψh(sh, uh). In this case
the policy can be represented as π = (πh)h∈[H] a collection of mappings from states to probability
distributions over actions πh : S → ∆A for all h ∈ [H] where ah = ψh(sh, uh) ∼ πh(sh). A
stochastic policy π = (πh)h∈[H] is a collection of mappings from states to probability distributions
over actions πh : S → ∆A for all h ∈ [H], where each πh maps each state to a distribution over
actions. Furthermore, phf(s, a) ≜ Es′∼ph(·|s,a)[f(s′)] denotes the expectation operator with respect
to the transition probabilities ph and (πhg)(s) ≜ πhg(s) ≜ Ea∼πh(s)[g(s, a)] denotes the composition
with policy π at step h. Also, for any distribution over actions π ∈ ∆A define πg(s) ≜ Ea∼π[g(s, a)].
The value functions of π, denoted by V π

h , as well as the optimal value functions, denoted by V ⋆
h are
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given by the Bellman respectively optimal Bellman equations

Qπ
h(s, a) = rh(s, a) + phV

π
h+1(s, a) V π

h (s) = πhQ
π
h(s)

Q⋆
h(s, a) = rh(s, a) + phV

⋆
h+1(s, a) V ⋆

h (s) = max
a

Q⋆
h(s, a)

where by definition, V ⋆
H+1 ≜ V π

H+1 ≜ 0.

Visitation distribution. The state-action visitation distribution of policy π at step h is denoted
by dπh, where dπh(s, a) is the probability of reaching the state-action pair (s, a) at step h after policy
π.

Visitation polytopes. All the admissible collection of visitation distributions belong to the fol-
lowing polytope

Kp ≜
{
d = (dh)h∈[H] :

∑
a∈A

d1(s, a) = 1{s = s1} ∀s ∈ S

∑
a∈A

dh+1(s, a) =
∑

(s′,a′)∈S×A
ph(s|s′, a′)dh(s′, a′) ∀s ∈ S,∀h ⩾ 1

}
.

We also denote by K the set of collections of probability distributions over state-action pairs without
the constraint to be a valid visitation distribution, that is

K ≜
{
d = (dh)h∈[H] : dh(s, a) ⩾ 0, ∀(h, s, a) ∈ [H]× S ×A

∑
(s,a)∈S×A

dh(s, a) = 1, ∀h ∈ [H]
}
.

Trajectory distribution. We denote by T ≜ (S × A)H =
{

(s1, a1, . . . , sH , aH) : (sh, ah) ∈
S × A, ∀h ∈ [H]

}
the set of all possible trajectories. The probability to generate the trajectory

m = (s1, a1, . . . , sH , aH) with he policy π is qπ(m) ≜ π(a1|s1)∏H
h=2 ph−1(sh|sh−1, ah−1)πh(ah|sh).

Note that the visitation distribution at step h of policy π is a marginal of the trajectory distribution
dπh(s, a) = E(s1,a1,...,sH ,aH)∼qπ [1{(s, a) = (sh, ah)}].

Counts and empirical transition probability. the number of times the state action-pair (s, a)
was visited in step h in the first t episodes are nth(s, a) ≜

∑t
i=1 1

{
(sih, aih) = (s, a)

}
. Next, we

define nth(s′|s, a) ≜ ∑t
i=1 1

{
(sih, aih, sih+1) = (s, a, s′)

}
the number of transitions from s to s′ at step

h. The empirical distribution is defined as p̂ th(s′|s, a) = n th(s′|s, a)/n th(s, a) if nth(s, a) > 0 and
p̂ th(s′|s, a) ≜ 1/A for all s′ ∈ S else.

2.3 Visitation Entropy
In this section we focus on maximizing the visitation entropy defined below.

Visitation entropy. We define the visitation entropy of a policy π denoted by Hvisit(dπ) as the
sum of the visitation distribution entropies at each steps

Hvisit(dπ) ≜
H∑
h=1
H(dπh) ·

We denote by π⋆,VE ∈ arg maxπHvisit(dπ) a policy that maximizes the visitation entropy.
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Maximum visitation entropy exploration. In MVEE the agent interacts with the reward-free
MDP M as follows. At the beginning of episode t, the agent picks a policy πt based only on the
transitions collected up to episode t − 1. Then a new reward-free trajectory is sampled following
the policy πt and observed by the agent. At the end of each episode the agent can decide to
stop collecting new data, according to a random stopping time t, the stopping rule, and outputs a
(general) policy π̂ based on the observed transitions. An agent for MVEE is therefore made of a
triplet ((πt)t∈N, t, π̂).

Definition 2.1. (PAC algorithm for MVEE) An algorithm ((πt)t∈N, t, π̂) is (ε, δ)-PAC for MVEE
if

P
(
Hvisit

(
dπ

⋆,VE)−Hvisit(dπ̂) ⩽ ε

)
⩾ 1− δ.

Our goal is to design an algorithm that is (ε, δ)-PAC for MVEE with as sample complexity t as
small as possible.

2.3.1 MVEE by Solving Game
Following the general framework of Hazan et al. (2019) and Zahavy et al. (2021), it is possible
to solve MVEE by applying the Frank-Wolfe algorithm to a smoothed version of the visitation
entropy. Interestingly, Abernethy and Wang (2017) showed that this procedure is equivalent to
computing the Nash equilibrium of a particular game induced by the Legendre-Fenchel transform
of the smoothed entropy. In fact, as noted by Grünwald and Dawid (2002), there exists another
game naturally linked to MVEE, stated next.

Prediction game. Maximum visitation entropy is the value of the following prediction game

max
d∈Kp

Hvisit(d) = max
d∈Kp

min
d̄∈K

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

= min
d̄∈K

max
d∈Kp

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

,

see Lemma D.1 in Appendix D for a proof. This game can be interpreted as follows. On the one
hand, the min player, or forecaster player, tries to predict which state-action pairs the max player
will visit to minimize KL(dh, d̄h). On the other hand, the max player, or sampler player, is rewarded
for visiting state-action pairs that the forecaster player did not predict correctly.

We now describe the algorithm EntGame for MVEE. In this algorithm, we let a forecaster player
and a sampler player compete for T episodes long. Let us first define the two players.

Forecaster-player. As forecaster-player we use the Mixture-Forecaster for a logarithmic loss, see
Section 9 in (Cesa-Bianchi and Lugosi 2006). Fix a prior count n0 and their sum t0 = SAn0. The
forecaster-player predicts at episode t the distributions d̄t ∈ K with d̄th(s, a) = n̄t−1

h (s, a)/(t + t0)
where the pseudo counts are n̄th(s, a) = nth(s, a) + n0 and nth(s, a) the counts of state-action pairs
visited by the sampler-player. Note that d̄th can be seen as the posterior mean under a Dirichlet
distribution prior Dir({n0}(s,a)∈S×A) on S ×A.

Sampler-player. As sampler-player we choose the optimistic best-response. Define the optimistic
Bellman equations

Q
t
h(s, a) = log 1

d̄t+1
h (s, a)

+ p̂ thV
t
h+1(s, a) + bth(s, a),

V
t
h(s) = clip

(
max
a∈A

Q
t
h(s, a), 0, log(t/n0 + SA)H

)
,

(2.1)
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2.3. VISITATION ENTROPY

where V t
H+1 = 0 and bth are some Hoeffding-like bonuses defined in (A.1) of Appendix A.2. The

sampler player then plays dπt+1 where πt+1 is greedy with respect to the optimistic Q-values, that
is, πt+1

h (s) ∈ arg maxπ∈∆A
πQ

t
h(s).

Sampling rule. At each episode t the policy πt of the sampler-player is used as a sampling rule
to generate a new trajectory.

Decision rule. After T episodes we output a non-Markovian policy π̂ defined as the mixture of
the policies {πt}t∈[T ], that is, to obtain a trajectory from π̂ we first sample uniformly at random
t ∈ [T ] and then follow the policy πt. Note that the visitation distribution of π̂ is exactly the
average dπ̂ = (1/T )∑t∈[T ] d

πt .
Remark that the stopping rule of EntGame is deterministic and equals to t = T . The complete

procedure is detailed in Algorithm 1.

Algorithm 1 EntGame
1: Input: Number of episodes T , prior counts n0.
2: for t ∈ [T ] do
3: # Forecaster-player
4: Update pseudo counts n̄t−1

h (s, a) and predict d̄th(s, a).
5: # Sampler-player
6: Compute πt by optimistic planning (2.1) with rewards log

(
1/d̄th(s, a)

)
.

7: # Sampling
8: for h ∈ [H] do
9: Play ath ∼ πth(sth)

10: Observe sth+1 ∼ ph(sth, ath)
11: end for
12: Update counts and transition estimates.
13: end for
14: Output π̂ the uniform mixture of {πt}t∈[T ].

Theorem 2.2. Fix ε > 0, δ ∈ (0, 1) and n0 = 1. Then under the choice

T = Õ
(
H4S2A

ε2 + HSA

ε

)

the algorithm EntGame is (ε, δ)-PAC. See Theorem A.7 in Appendix A.2 for a precise bound.

Thus the sample complexity of EntGame is of order Õ(H4S2A/ε2). In particular, this result
significantly improves over the previous rate for MTEE, see Table 2.1. Note that, by using Bernstein-
like bonuses (Azar et al. 2017) instead of Hoeffding-like ones for the sampler-player would give a
sample complexity of order Õ(H3S2A/ε2) saving one factor H. However, in the Section 2.5 we
present a way to use regularization techniques to achieve a sample complexity of order Õ(H2SA/ε2).

Space and time complexity. Since EntGame relies on a model-based algorithm for the sampler-
player, its space complexity is of order O(HS2A). Because of the value iteration performed by the
sampler-player, the time-complexity of one iteration of EntGame is of order O(HS2A).
Remark 2.3. Note that our definition of the visitation entropy slightly differs from the one considered
by Hazan et al. (2019). Indeed, their definition, translated to the episodic setting, is the entropy of
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the average of the visitation distributions which is an upper bound on the average of the entropies
by concavity of the entropy

H
(

1
H

H∑
h=1

dπh

)
⩾

1
H
Hvisit(dπ) .

Even if both definitions make sense in the episodic setting, we think ours is slightly more appropri-
ate in the case of step-dependent transition probabilities. Indeed, in this case we want visitation
distributions to be close to the uniform distribution over state-action pairs for all steps. Neverthe-
less, EntGame can be adapted to optimize the visitation entropy used in Hazan et al. (2019) simply
by predicting d̄th(s, a) = ∑H

h′=1 n̄
t−1
h′ (s, a)/(H(t + t0)) for the forecaster-player. We conjecture that

the sample complexity of this adaptation of EntGame for the alternative entropy is again of order
Õ(HS2A/ε2).

Comparison with MaxEnt and MetaEnt. All three algorithms, EntGame, MetaEnt (Zahavy et al.
2021), MaxEnt (Hazan et al. 2019) rely on the same principle of computing, implicitly or explicitly,
the equilibrium of a well chosen game and deduce from it an optimal policy for MVEE. One first
difference between EntGame and its competitors lies in the choice of the game. While MetaEnt,
MaxEnt consider the game induced by the Legendre-Fenchel conjugate of a smoothed visitation
entropy (Zahavy et al. 2021), EntGame leverages the prediction game which looks more natural
for MVEE. One advantage of using this game, is that it allows to avoid the need to smooth the
visitation entropy because it is done implicitly by the forecaster-agent with the pseudo-counts. More
importantly, MaxEnt and MetaEnt both needs to accurately estimate at each episode the visitation
distributions of the sampler-player dπt

h , leading to an extra 1/ε3 term in the sample complexity.
Whereas EntGame needs one trajectory from πt since it only involves the estimation of the averages
1/T ∑T

t=1 d
πt

h .

2.4 Trajectory Entropy
In this section we focus on another type of entropy, the trajectory entropy, that can be efficiently
maximized. The entropy of paths of a (Markovian) stochastic process is introduced by Ekroot and
Cover (1993). It quantifies the randomness of realizations with fixed initial and final states. Later
it was extended (Savas et al. 2020) to realizations that reach a certain set of states, rather than
a fixed final state. This type of entropy is also closely related to the so-called entropy rate of a
stochastic process.

Trajectory entropy. We define the trajectory entropy of a policy π as the entropy of a trajectory
generated with the policy π

Htraj(qπ) ≜ H(qπ) =
∑
m∈T

qπ(m) log 1
qπ(m) .

We denote by π⋆,TE ∈ arg maxπHtraj(qπ) a policy that maximizes the trajectory entropy.

Maximum trajectory entropy exploration. MTEE differs from MVEE only in the choice
of entropy. In particular an algorithm ((πt)t∈N+ , t, π̂) for MTEE is also a combination of a time
dependent policy (πt)t∈N+ , a stopping rule t, and a decision rule π̂.

Definition 2.4. (PAC algortihm for MTEE) An algorithm ((πt)t∈N, t, π̂) is (ε, δ)-PAC for MTEE
if

P
(
Htraj

(
qπ

⋆,TE)−Htraj(qπ̂) ⩽ ε
)
⩽ 1− δ .
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As noted by Eysenbach and Levine (2019), MTEE can also be connected to a prediction game.
In this game, the forecaster-player aims to predict the whole trajectory that the sampler-player
will generate. Remark that predicting the trajectory implies to predict, in particular, the visited
state-action pairs but the reverse is not true in general 7. We could then apply the same strategy
as in Section 2.3 to solve MTEE. Nevertheless, for trajectory entropy, there is a more direct way to
proceed.

Entropy regularized Bellman equations. One big difference between MVEE and MTEE is
that the optimal policy can be obtained by solving regularized Bellman equations. Indeed, thanks
to the chain rule for the entropy, the trajectory entropy of a policy π is Htraj(dπ) = V π

1 (s1) and
the maximum trajectory entropy is Htraj

(
dπ

⋆,TE
)

= V ⋆
1 (s1) where the value functions V π and V ⋆

satisfy

Qπ
h(s, a) = H

(
ph(s, a)

)
+ phV

π
h+1(s, a) ,

V π
h (s) = πhQ

π
h(s) +H

(
πh(s)

)
,

Q⋆
h(s, a) = H

(
ph(s, a)

)
+ phV

⋆
h+1(s, a) ,

V ⋆
h (s) = max

π∈∆A

{πQ⋆
h(s) +H(π)} ,

where by definition, V ⋆
H+1 ≜ V π

H+1 ≜ 0. In particular, the maximum trajectory entropy policy is
given by π⋆,TE

h (s) = arg maxπ∈∆A
(πQ⋆(s) +H(π)). It can be computed explicitly via π⋆,TE

h (a|s) =
exp

(
Q⋆
h(s, a)− V ⋆

h (s)
)

as well as the optimal value function V ⋆
h (s) = log

(∑
a∈A eQ⋆

h(s,a)
)
. We refer

to Appendix A.3 for a complete derivation.
We now describe our algorithm RL-Explore-Ent, the description of UCBVI-Ent is postponed

to Appendix A.4. The idea of the algorithm is rather simple: since we need to solve regularized
Bellman equations to obtain a maximum trajectory entropy policy, we can 1) find a preliminary
exploration policy πmix allowing one to construct estimates of the transition probabilities which are
uniformly good when computing expectations of arbitrary bounded functions over all policies (see
Lemma D.20), and 2) solve the regularized Bellman equations based on the estimated model. A
similar approach is used in reward-free exploration (Jin et al. 2020c; Kaufmann et al. 2021; Ménard
et al. 2021), and, in particular, our algorithm is close to RF-RL-Explore by Jin et al. (2020c).
However, the key difference is that in the presence of regularization a much smaller number of
transitions (trajectories) needs to be collected in order to obtain a high quality policy.

Exploration phase. This phase is devoted to learn a simple (non-Markovian) preliminary ex-
ploration policy πmix that could be used to construct a accurate enough estimates of transition
probabilities. This policy is obtained, as in RF-RL-Explore, by learning for each state s and step
h, a policy that reliably reaches state s at step h. This can be done by running for N0 iterations
any regret minimization algorithm, e.g. EULER (Zanette and Brunskill 2019), for the sparse reward
function putting reward one at state s at step h and zero otherwise. The policy πmix is defined as
the uniform mixture of the aforementioned policies. Then the policy πmix is used to collect N fresh
independent trajectories from the MDP.

Planning phase. For the planning phase, the agent builds a transition model

p̂h(s′|s, a) =


nh(s′|s,a)
nh(s,a) nh(s, a) > 0

1
S nh(s, a) = 0

, (2.2)

7Indeed dπ
h are only the marginals of qπ.

43



CHAPTER 2. FAST RATES FOR MAXIMUM ENTROPY EXPLORATION

where nh(s, a) is the number of visits of the state-action pair (s, a) at step h for these N sampled
trajectories. The final policy is a solution to the empirical regularized Bellman equations

Q̂⋆
h(s, a) = H

(
p̂h(s, a)

)
+ p̂hV̂

⋆
h+1(s, a) ,

V̂ ⋆
h (s) = max

π∈∆A

{
πQ̂⋆

h(s) +H(π)
}
,

π̂h(s) = arg max
π∈∆A

{
πQ̂⋆

h(s) +H(π)
}
.

(2.3)

The complete procedure is described in Algorithm 2. We now prove that, for the well-calibrated
choice of N and N0 of order Õ(poly(S,A,H)/ε), the RL-Explore-Ent algorithm is (ε, δ)-PAC
for MTEE and provide an upper bound on its sample complexity. For the proof we refer to
Appendix A.5.

Theorem 2.5. The algorithm RL-Explore-Ent with parameters N0 = Ω
(
H7S3A·L3

ε

)
and N =

Ω
(
H6S3AL5

ε

)
is (ε, δ)-PAC for the MTEE problem, where L = log(SAH/(εδ)). Its total sample

complexity SHN0 +N is bounded by

Õ
(
H8S4A

ε

)
.

Algorithm 2 RL-Explore-Ent
1: Input: Target precision ε, target probability δ, number of episodes for simple exploration policy
N0, number of sampled trajectories N .

2: for (s′, h′) ∈ S × [H] do
3: Form rewards rh(s, a) = 1{s = s′, h = h′}.
4: Run EULER (Zanette and Brunskill 2019) with rewards rh over N0 episodes and collect all

policies Πs′,h′ .
5: Modify π ∈ Πs′,h′ : πh′(a|s′) = 1/A for all a ∈ A.
6: end for
7: Construct a uniform mixture policy πmix over all {π ∈ Πs,h : (s, h) ∈ S × [H]}.
8: Sample N independent trajectories (zn)n∈[N ] following πmix in the original MDP.
9: Construct from (zn)n∈[N ] an empirical model p̂h as in (2.2).

10: Output policy π̂ as a solution to (2.3).

Remark 2.6. (On solving regularized MDPs) Interestingly, our approach for MTEE can be adapted
to solve entropy-regularized MDPs. For a reward functions (rh)h∈[H] and regularization parameter
λ > 0, consider the regularized Bellman equations

Qπ
λ,h(s, a) = rh(s, a) + phV

π
λ,h+1(s, a) ,

V π
λ,h(s) = πhQ

π
λ,h(s) + λH

(
πh(s)

)
,

Q⋆
λ,h(s, a) = rh(s, a) + phV

⋆
λ,h+1(s, a) ,

V ⋆
λ,h(s) = max

π∈∆A

πQ⋆
λ,h(s) + λH(π),

where V π
λ,H+1 = V ⋆

λ,H+1 = 0. Note that these are the Bellman equations used by Soft Q-learning
(Fox et al. 2016; Schulman et al. 2018; Haarnoja et al. 2017) and SAC (Haarnoja et al. 2018)
algorithms. We are interested in the best policy identification for this regularized MDP. That is
finding an algorithm that will output an ε-optimal policy π̂ such that with probability 1 − δ, it
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holds V ⋆
λ,1(s1) − V π̂

λ,1(s1) ⩽ ε after a minimal number t of trajectories sampled from the MDP
Mr = (S,A, H, (ph)h∈[H], (rh)h∈[H], s1). By using similar exploration and planning phases as in
RL-Explore-Ent, we get an algorithm for BPI in the entropy-regularized MDP that also enjoys the
fast rate of order Õ

(
H8S4A/(ελ)

)
. Moreover, this algorithm could be used for more general types

of regularization and even in reward-free setting with the same order of the sample complexity.
Refer to Appendix A.4-A.5 for precise statements and proofs.

We observe that the sample complexity for solving the regularized MDP is strictly smaller8

than the sample complexity for solving the original MDP. Indeed, one needs at least Õ(H3SA/ε2)
trajectory (Domingues et al. 2021a) to learn a policy π which value in the (unregularized) MDP
is ε-close to the optimal value. Nevertheless, regularizing the MDP introduces a bias in the value
function. Precisely we have for all π, 0 ⩽ V π

λ,1(s1) − V π
1 (s1) ⩽ Õ(λH) where V π

1 (s1) is the value
function of π at the initial state and MDP Mr. Thus, to solve BPI in Mr through BPI in the
regularized MDP, one needs to take λ = Õ(1/(Hε)), leading to a sample complexity of order
Õ(H9S4A/ε2). In particular, our fast rate for BPI in regularized MDP does not contradict the
lower bound for BPI in the original MDP. However, our analysis shows that regularization is an
effective way to trade-off bias for sample complexity.

Visitation entropy vs trajectory entropy. We can compare the visitation entropy and the
trajectory entropy with

Htraj(qπ) ⩽ KL(qπ,⊗Hh=1d
π
h) +Htraj(qπ)︸ ︷︷ ︸

Hvisit(dπ)

⩽ HHtraj(qπ) ,

where ⊗Hh=1d
π
h is a product measure, see Lemma D.3 in Appendix D for a proof. Note also that

in general the visitation distributions of an optimal policy for maximum trajectory entropy will
be less ’spread’ than the one of an optimal policy for MTEE, see Section 2.6 for an example. In
particular one can prove that the optimal policy for MTEE is the uniform policy if the transitions
are deterministic, see Lemma D.4 of Appendix D.

2.4.1 Proof Sketch
In this section we sketch the proof of Theorem A.21.

Properties of entropy. We start from analysing several properties of the entropy function. First,
we notice that the well-known log-sum-exp function is a convex conjugate to the negative entropy
defined only on the probability simplex (Boyd and Vandenberghe 2004)

F (x) ≜ log

∑
a∈A

exa

 = max
π∈∆A

⟨π, x⟩+H(π)

and extend its action to Q-functions

F (Q)(s) ≜ max
π∈∆A

πQ(s) +H(π).

This definition is useful because we can rewrite the optimal value function for MTEE in real and
empirical model as follows

V ⋆
h (s) = F (Q⋆

h)(s), V̂ π̂
h (s) = F (Q̂π̂

h)(s). (2.4)
8For small enough ε.

45



CHAPTER 2. FAST RATES FOR MAXIMUM ENTROPY EXPLORATION

Additionally, we notice that the gradient of F is equal to the soft-max policy that maximizes the
expressions above

π⋆h(s) = ∇F (Q⋆
h)(s), π̂h(s) = ∇F (Q̂π̂

h)(s),
and, moreover, since the negative entropy −H(π) is 1-strongly convex with respect to ℓ1 norm,
gradients of F is 1-Lipschitz with respect to ℓ∞ norm by the properties of the convex conjugate
(Kakade et al. 2009). Combining the gradient properties with the smoothness definition to Q⋆ and
Q̂π̂ we obtain

F (Q⋆
h)(s) ⩽ F (Q̂π̂

h)(s) + π̂h
(
Q⋆
h − Q̂π̂

h

)
(s) + 1

2∥Q
⋆
h − Q̂π̂

h∥2
∞(s), (2.5)

where ∥Q⋆
h − Q̂π̂

h∥∞(s) = maxa∈A |Q⋆
h(s, a)− Q̂π̂

h(s, a)|.

Bound on the policy error. Next we apply the key inequality (2.5) to analyze the error between
the optimal policy and policy π̂. Using (2.4) yields

V ⋆
h (s)− V π̂

h (s) ⩽ V̂ π̂
h (s)− V π̂

h (s) + π̂h
(
Q⋆
h − Q̂π̂

h

)
(s) + 1

2 max
a∈A

(
Q̂π̂
h(s, a)−Q⋆

h(s, a)
)2
.

Next, by definition of π̂ we have V̂ π̂
h (s) = H(π̂h(s)) + π̂hQ̂

π̂
h(s), therefore by the regularized

Bellman equations

V ⋆
h (s)− V π̂

h (s) ⩽ π̂hph
(
V ⋆
h+1 − V π̂

h+1

)
(s) + 1

2 max
a∈A

(
Q̂π̂
h(s, a)−Q⋆

h(s, a)
)2
.

Finally, rolling out this expression we have

V ⋆
1 (s1)− V π̂

1 (s1) ⩽ 1
2Eπ̂

[
H∑
h=1

max
a∈A

(
Q̂π̂
h −Q⋆

h

)2
(sh, a)

]
.

Next we may notice that in the generative model setting9 there is available results that tells us that
Õ(1/ε) samples are enough to obtain ∥Q̂π̂

h−Q⋆
h∥∞ ≲

√
ε (Azar et al. 2013), and we can conclude the

statement. However, in the online setup the situation is more complicated, and we apply reward-free
techniques developed by Jin et al. (2020c) to obtain a "surrogate" of the generative model.

2.5 Faster Rates for Visitation Entropy
In this section, we show how to combine the regularization techniques developed in Section 2.4 with
EntGame algorithm presented in Section 2.3.1.

The new algorithm RegEntGame is based on exactly the same game-theoretical framework as
EntGame, but uses a regularized sampler player instead of the usual one.

Regularized sampler-player. For the sampler player, we shall take advantage of strong con-
vexity of the visitation entropy. Beforehand, we construct an estimate of the model {p̂h}h∈[H] by
reward-free exploration, using HSN0 samples to compute a policy πmix and N samples to estimate
transitions. Next, define the empirical regularized Bellman equations

Q̂t
h(s, a) = log

(
1

d̄t+1
h (s)

)
+ p̂hV̂

t
h+1(s, a) , V̂ t

h(s) = max
π∈∆A

{πQ̂t
h(s) +H(π)} ,

where V̂ t
H+1 ≡ 0. The sampler player then follows the distribution dπ

t+1 where πt+1 is greedy with
respect to the regularized empirical Q-values, that is, πt+1

h (s) ∈ arg maxπ∈∆A
{πQ̂t

h(s) +H(π)}.
9When there is a sampling oracle for each state-action pair.
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Figure 2.1: Number of state visits for N = 100000 samples in Double Chain MDP with S = 31
states, A = 2 actions, a horizon H = 20 and a 0.1 probability of moving to the opposite direction.

Theorem 2.7. Fix ε > 0 and δ ∈ (0, 1). For n0 = 1,

N0 = Ω
(
H7S3A · L3

ε

)
, T = Ω

(
H3SAL3

ε2 + H2S2A2L2

ε

)
.

with L = log(SAH/δε) the algorithm RegEntGame is (ε, δ)-PAC. The total sample complexity is
equal to SH ·N0 +N + T, that is,

t = Õ
(
H2SA

ε2 + H8S4A

ε

)
.

Thus, the sample complexity of RegEntGame is of order Õ(H2SA/ε2) for ε large enough. In
particular, this result significantly improves over the previous rates for MVEE, see Table 2.1.
Moreover, this result shows a rate separation between reward-free exploration (Jin et al. 2020c),
where the established lower bound on sample complexity Ω(H3S2A/ε2) scales with S2, and the
visitation entropy maximization problem.

Proof idea. The main proof idea is to exploit not just strong convexity of the visitation en-
tropy with respect to Euclidean distance but its strong convexity with respect to trajectory entropy
(Bauschke et al. 2017). It allows us to use entropy regularization as described in Section 2.4.1 for
the sampler player resulting in an averaged regret less than ε for only Õ(poly(S,A,H)/ε) samples.
Thus, the density estimation error becomes the leading term in the full error decomposition. For
more details refer to Appendix A.6.

2.6 Experiments
In this section we report experimental results on simple tabular MDP for presented algorithms and
show the difference between visitation and trajectory entropies. In particular, we compare EntGame
and UCBVI-Ent algorithms with (a) random agent that takes all actions uniformly at random, (b)
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an optimal MVEE policy computed by solving the convex program, and (c) an optimal MTEE
policy computed by solving the regularized Bellman equations. As an MDP, we choose a stochastic
environment called Double Chain as considered by Kaufmann et al. (2021).

Since the transition kernel for this environment is stage-homogeneous, for EntGame and UCBVI-Ent
algorithms we joint counters over the different steps h. In particular, it changes the objective of
the EntGame algorithm to the objective considered by Hazan et al. (2019) that makes more sense
in the stage-independent setting 10.

In Figure 2.1 we present the number of state visits for our algorithms and baselines during
N = 100000 interactions with the environment. For UCBVI-Ent algorithm the procedure was
separated on two stages: at first we learn MDP with N -sample budget and extract the final policy,
and then plot the number of visits for the final policy during another N samples.

In particular, we see that since this environment is almost deterministic the optimal MTEE
policy is almost coincides with a random policy. Notably, the policy induced by UCBVI-Ent is more
uniform over states because of 1/

√
nt(s, a) bonuses, that make our algorithm close to RF-UCRL

Kaufmann et al. 2021. Also we see that the optimal MVEE policy is the most uniform over
states, that makes it an appropriate target for the pure exploration problem. For more details and
additional experiments we refer to Appendix A.7.

2.7 Conclusion
In this chapter we studied MVEE for which we provided the EntGame algorithm with a sampling
complexity significantly smaller than the existing complexity rates. We also introduced the MTEE
problem where the optimal policy can be found using the dynamic programming. We proposed the
UCBVI-Ent and RL-Explore-Ent algorithms for MTEE that can be adapted to BPI in regularized
MDPs. We proved that, in both cases, RL-Explore-Ent and its variant enjoy a fast rate. In partic-
ular, we observed a statistical separation between BPI in regularized MDP and in the original MDP.
Moreover, we show that the regularized version of EntGame called RegEntGame enjoys Õ(H2SA/ε2)
rates, making dependence in S smaller than in the reward-free exploration problem Jin et al. 2020c.

This work opens the following interesting future research directions:

Optimal rates for MVEE and MTEE. We are still lacking lower bounds for MTEE and
MVEE problems enabling us to determine the optimal rates, especially what the number of states
S and the horizon H is concerned. Note that one cannot apply directly the usual lower-bounds
techniques for these two problems because of the entropy regularization in both cases. In particular,
we conjecture that the optimal rate for MVEE is also of order Õ(poly(H,S,A)/ε).

Optimal rate for entropy-regularized RL. It would be interesting to obtain the optimal rate
for BPI in a regularized MDP. In particular to recover the optimal rate for BPI in the original MDP
by tuning the regularization parameter λ. We conjecture that the optimal rate is Õ(H2SA/(λε))
for BPI in entropy-regularized MDP.

Other types of entropies. Our methodology can be applied to other types of entropies and even
to other regularization penalties. One interesting case would be the goal-conditioned trajectory
entropy (see Savas et al. 2020) where one considers only process realizations that reach a certain set
of states at time H. This entropy can be applied to goal-conditioned RL. Another type of problem
that could be of high interest is visitation entropy maximization under safety constraints (Yang
and Spaan 2023).

10See Remark 2.3.
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Incorporating expert demonstrations has empirically helped to improve the sample efficiency
of reinforcement learning (RL). This chapter quantifies theoretically to what extent this extra in-
formation reduces RL’s sample complexity. In particular, we study the demonstration-regularized
reinforcement learning that leverages the expert demonstrations by KL-regularization for a policy
learned by behavior cloning. Our findings reveal that using NE expert demonstrations enables the
identification of an optimal policy at a sample complexity of order Õ(Poly(S,A,H)/(ε2NE)) in finite
and Õ(Poly(d,H)/(ε2NE)) in linear Markov decision processes, where ε is the target precision, H the
horizon, A the number of action, S the number of states in the finite case and d the dimension of
the feature space in the linear case. As a by-product, we provide tight convergence guarantees for
the behavior cloning procedure under general assumptions on the policy classes. Additionally, we
establish that demonstration-regularized methods are provably efficient for reinforcement learning
from human feedback (RLHF). In this respect, we provide theoretical evidence showing the benefits
of KL-regularization for RLHF in tabular and linear MDPs. Interestingly, we avoid pessimism injec-
tion by employing computationally feasible regularization to handle reward estimation uncertainty,
thus setting our approach apart from the prior works.

3.1 Introduction

In reinforcement learning (RL, Sutton, Barto, et al. 1998), agents interact with an environment to
maximize the cumulative reward they collect. While RL has shown remarkable success in mastering
complex games (Mnih et al. 2015; Silver et al. 2018; OpenAI et al. 2019), controlling physical systems
(Degrave et al. 2022), and enhancing computer science algorithms (Mankowitz et al. 2023), it does
face several challenges. In particular, RL algorithms suffer from a large sample complexity, which
is a hindrance in scenarios where simulations are impractical and struggle in environments with
sparse rewards (Goecks et al. 2020).

A remedy found to handle these limitations is to incorporate information from a pre-collected
offline dataset in the learning process. Specifically, leveraging demonstrations from experts, which
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are trajectories without rewards, has proven highly effective in reducing sample complexity, espe-
cially in fields like robotics (Zhu et al. 2018; Nair et al. 2021) and guiding exploration (Nair et al.
2018; Aytar et al. 2018; Goecks et al. 2020).

However, from a theoretical perspective, little is known about the impact of this approach.
Previous research has often focused on either offline RL (Rashidinejad et al. 2021; Xie et al. 2021;
Yin et al. 2021; Shi et al. 2022) or online RL (Jaksch et al. 2010; Azar et al. 2017; Fruit et al. 2018;
Dann et al. 2017; Zanette and Brunskill 2019; Jin et al. 2018). In this study, we aim to quantify how
prior demonstrations from experts influence the sample complexity of various RL tasks, specifically
two scenarios: best policy identification (BPI, Domingues et al. 2021a; Al Marjani et al. 2021) and
reinforcement learning from human feedback (RLHF), within the context of finite or linear Markov
decision processes (Jin et al. 2020b).

Imitation learning The case where the agent only observes expert demonstrations without
further interaction with the environment corresponds to the well-known imitation learning prob-
lem. There are two primary approaches in this setting: inverse reinforcement learning (Ng and
Russell 2000; Abbeel and Ng 2004; Ho and Ermon 2016) where the agent first infers a reward from
demonstrations then finds an optimal policy for this reward; and behavior cloning (Pomerleau 1988;
Ross and Bagnell 2010; Ross et al. 2011; Rajeswaran et al. 2018), a simpler method that employs
supervised learning to imitate the expert. However collecting demonstration could be expansive
and, furthermore, imitation learning suffers from the compounding errors effect, where the agent
can diverge from the expert’s policy in unvisited states (Ross and Bagnell 2010; Rajaraman et al.
2020). Hence, imitation learning is often combined with an online learning phase where the agent
directly interacts with the environment.

BPI with demonstrations In BPI with demonstrations, the agent observes expert demonstra-
tions like in imitation learning but also has the opportunity to collect new trajectories, including
reward information, by directly interacting with the environment. There are three main method
categories1 for BPI with demonstration: one employs an off-policy algorithm augmented with a
supervised learning loss and a replay buffer pre-filled the demonstrations (Hosu and Rebedea 2016;
Lakshminarayanan et al. 2016; Vecerik et al. 2018; Hester et al. 2018); while a second uses reinforce-
ment learning with a modified reward supplemented by auxiliary rewards obtained by inverse rein-
forcement learning (Zhu et al. 2018; Kang et al. 2018). The third class, demonstration-regularized
RL, which is the one we study in this chapter, leverages behavior cloning to learn a policy that im-
itates the expert and then applies reinforcement learning with regularization toward this behavior
cloning policy (Rajeswaran et al. 2018; Nair et al. 2018; Goecks et al. 2020; Pertsch et al. 2021).

Demonstration-regularized RL We introduce a particular demonstration-regularized RL
method that consists of several steps. We start by learning with maximum likelihood estima-
tion from the demonstrations of a behavior policy. This transfers the prior information from the
demonstrations to a more practical representation: the behavior cloning policy. During the online
phase, we aim to solve a trajectory Kullback-Leibler divergence regularized MDP (Neu et al. 2017;
Vieillard et al. 2020; Tiapkin et al. 2023a), penalizing the policy for deviating too far from the be-
havior cloning policy. We use the solution of this regularized MDP as an estimate for the optimal
policy in the unregularized MDP, effectively reducing BPI with demonstrations to regularized BPI.

Consequently, we propose two new algorithms for BPI in regularized MDPs: The UCBVI-Ent+ al-
gorithm, a variant of the UCBVI-Ent algorithm by Tiapkin et al. (2023a) with improved sample com-
plexity, and the LSVI-UCB-Ent algorithm, its adaptation to the linear setting. When incorporated
into the demonstration-regularized RL method, these algorithms yield sample complexity rates for

1The boundary between the above families of methods is not strict, since for example, one can see the regularization
in the third family as a particular choice of auxiliary reward learned by inverse reinforcement learning that appears in
the second class of methods.
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BPI with NE demonstrations of order2 Õ(Poly(S,A,H)/(ε2NE)) in finite and Õ(Poly(d,H)/(ε2NE))
in linear MDPs, where ε is the target precision, H the horizon, A the number of action, S the
number of states in the finite case and d the dimension of the feature space in the linear case.
Notably, these rates show that leveraging demonstrations can significantly improve upon the rates
of BPI without demonstrations, which are of order Õ(Poly(S,A,H)/ε2) in finite MDPs (Kaufmann
et al. 2021; Ménard et al. 2021) and Õ(Poly(d,H)/ε2) in linear MDPs (Taupin et al. 2023). This
work, up to our knowledge, represents the first instance of sample complexity rates for BPI with
demonstrations, establishing the provable efficiency of demonstration-regularized RL.

Preference-based BPI with demonstration In RL with demonstrations, the assumption
typically entails the observation of rewards in the online learning phase. However, in reinforcement
learning from human feedback, such that recommendation system (Chaves et al. 2022), robotics
(Jain et al. 2013; Christiano et al. 2017), clinical trials (Zhao et al. 2011) or large language models
fine-tuning (Ziegler et al. 2020; Stiennon et al. 2020; Ouyang et al. 2022), the reward is implicitly
defined by human values. Our focus centers on preference-based RL (PbRL, Busa-Fekete et al.
2014; Wirth et al. 2017; Novoseller et al. 2020; Saha et al. 2023) where the observed preferences
between two trajectories are essentially noisy reflections of the value of a link function evaluated at
the difference between cumulative rewards for these trajectories.

Existing literature on PbRL focuses either on the offline setting where the agent observes a
pre-collected dataset of trajectories and preferences (Zhu et al. 2023; Zhan et al. 2023) or on the
online setting where the agent sequentially samples a pair of trajectories and observes the associated
preference (Saha et al. 2023; Xu et al. 2020; Wang et al. 2023).

In this chapter, we explore a hybrid setting that aligns more closely with what is done in practice
(Ouyang et al. 2022). In this framework, which we call preference-based BPI with demonstration,
the agent selects a sampling policy based on expert-provided demonstrations used to generate
trajectories and associated preferences. The offline collection of preference holds particular appeal
in RLHF due to the substantial cost and latency associated with obtaining preference feedback.
Finally, in our setting, the agent engages with the environment by sequentially collecting reward-free
trajectories and returns an estimate for the optimal policy.

Demonstration-regularized RLHF To address this novel setting, we follow a similar ap-
proach that was used in RL with demonstrations. We employ the dataset of preferences sampled
using the behavior cloning policy to estimate rewards. Then, we solve the MDP regularized towards
the behavior cloning policy, equipped with the estimated reward. Using the same regularized BPI
solvers, we establish a sample complexity for the demonstration-regularized RLHF method of order
Õ((Poly(S,A,H)/(ε2NE)) in finite MDPs and Õ((Poly(d,H)/(ε2NE)) in linear MDPs. Intriguingly,
these rates mirror those of RL with demonstrations, illustrating that RLHF with demonstrations
does not pose a greater challenge than RL with demonstrations. Notably, these findings expand
upon the similar observation made by Wang et al. (2023) in the absence of prior information.

We highlight our main contributions:

• We establish that demonstration-regularized RL is an efficient solution method for RL with
NE demonstrations, exhibiting a sample complexity of order Õ(Poly(S,A,H)/(ε2NE)) in finite
MDPs and Õ(Poly(d,H)/(ε2NE)) in linear MDPs.

• We provide evidence that demonstration-regularized methods can effectively address reinforce-
ment learning from human feedback (RLHF) by collecting preferences offline and eliminating
the necessity for pessimism (Zhan et al. 2023). Interestingly, they achieve sample complexities
similar to those in RL with demonstrations.

2In the Õ(·) notation we ignore terms poly-log in H, S, A, d, 1/δ, 1/ε and the notation Poly indicates polynomial
dependencies.
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• We prove performance guarantees for the behavior cloning procedure in terms of Kullback-
Leibler divergence from the expert policy. They are of order Õ(Poly(S,A,H)/NE) for finite
MDPs and Õ(Poly(d,H)/NE) for linear MDPs.

• We provide novel algorithms for regularized BPI in finite and linear MDPs with sample com-
plexities Õ(H5S2A/(λε)) and Õ(H5d2/(λε)), correspondingly, where λ is a regularization
parameter.

3.2 Setting
MDPs. We consider an episodic MDP M =

(
S, s1,A,H, {ph}h∈[H], {rh}h∈[H]

)
, where S is the set of

states with s1 the fixed initial state, A is the finite set of actions of size A, H is the number of steps
in one episode, ph(s′|s, a) is the probability transition from state s to state s′ by performing action
a in step h. And rh(s, a) ∈ [0, 1] is the reward obtained by taking action a in state s at step h.

We will consider two particular classes of MDPs.

Definition 3.1. (Finite MDP) An MDPM is finite if the state space S is finite with size denoted
byS.

Definition 3.2. (Linear MDP) An MDP M =
(
S, s1,A,H, {ph}h∈[H], {rh}h∈[H]

)
is linear if the state

space S is a measurable for a certain σ-algebra FS , and there exists known feature map ψ : S×A →
Rd, and unknown parameters θh ∈ Rd and an unknown family of signed measure µh,i, h ∈ [H], i ∈
[d] with its vector form µh : FS → Rd such that for all (h, s, a) ∈ [H] × S × A and for any
measurable set B ∈ FS , it holds rh(s, a) = ψ(s, a)Tθh, and ph(B|s, a) = ∑d

i=1 ψ(s, a)iµh,i(B) =
ψ(s, a)Tµh(B). Without loss of generality, we assume ∥ψ(s, a)∥2 ⩽ 1 for all (s, a) ∈ S × A and
max{∥µh(S)∥2, ∥θh∥2} ⩽

√
d for all h ∈ [H].

Policy & value functions. A policy π is a collection of functions πh : S → ∆A for all h ∈ [H],
where every πh maps each state to a probability over the action set. We denote by Π the set of
policies. The value functions of policy π at step h and state s is denoted by V π

h , and the optimal value
functions, denoted by V ⋆

h , are given by the Bellman and, respectively, optimal Bellman equations

Qπ
h(s, a) = rh(s, a) + phV

π
h+1(s, a) V π

h (s) = πhQ
π
h(s)

Q⋆
h(s, a) = rh(s, a) + phV

⋆
h+1(s, a) V ⋆

h (s) = max
a

Q⋆
h(s, a)

where by definition, V ⋆
H+1 ≜ 0. Furthermore, phf(s, a) ≜ Es′∼ph(·|s,a)[f(s′)] denotes the expectation

operator with respect to the transition probabilities ph and πhg(s) ≜ Ea∼πh(·|s)[g(s, a)] denotes the
composition with the policy π at step h.

Trajectory Kullback-Leibler divergence. We define the trajectory Kullback-Leibler diver-
gence between policy π and policy π′ as the average of the Kullback-Leibler divergence between
policies at each step along a trajectory sampled with π,

KLtraj(π∥π′) = Eπ
[
H∑
h=1

KL(πh(sh)∥π′
h(sh))

]
.

3.3 Behavior cloning
In this section, we analyze the complexity of behavior cloning for imitation learning in finite and
linear MDPs.
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Imitation learning. In imitation learning, a dataset DE ≜ {τ̊i = (si1, ai1, . . . , siH , aiH), i ∈ [NE]}
of NE independent reward-free trajectories sampled from a fixed unknown expert policy πE is
provided. The objective is to learn from these demonstrations a policy close to optimal. In order
to get useful demonstrations we assume that the expert policy is close to optimal, that is, V ⋆

1 (s1)−
V πE

1 (s1) ⩽ εE for some small εE > 0.

Behavior cloning. The simplest method for imitation learning is to directly learn to replicate
the expert policy in a supervised fashion. Precisely the behavior cloning policy πBC is obtained by
minimizing the negative-loglikelihood over a class of policies F = {π ∈ Π : πh ∈ Fh} with Fh being
a class of conditional distributions S → P(A) and where Rh is some regularizer,

πBC ∈ arg min
π∈F

H∑
h=1

(
NE∑
i=1

log 1
πh(aih|sih) +Rh(πh)

)
. (3.1)

In order to provide convergence guarantees for behavior cloning, we make the following assumptions.
First, we assume some regularity conditions on the class of policies defined in terms of covering
numbers of the class, see Appendix B.1 for a definition.

Assumption 1. For all h ∈ [H], there are two positive constants dF , RF > 0 such that

∀h ∈ [H], ∀ε ∈ (0, 1) : logN (ε,Fh, ∥·∥∞) ⩽ dF log(RF/ε) .

Moreover, there is a constant γ > 0 such that for any h ∈ [H], πh ∈ Fh it holds πh(a|s) ⩾ γ for
any (s, a) ∈ S ×A.

The Assumption 1 is a typical parametric assumption in density estimation, see, e.g., (Zhang
2002), with dF being a covering dimension of the underlying parameter space. The part of the
assumption on a minimal probability is needed to control KL-divergences (Zhang 2006).

Next, we assume that a smooth version of the expert policy belongs to the class of hypotheses.

Assumption 2. There is a constant κ ∈ (0, 1/2) such that a κ-greedy version of the expert policy
defined by πE,κ

h (a|s) = (1− κ)πE
h (a|s) + κ/A belongs to the hypothesis class of policies: πE,κ ∈ F .

Note that a deterministic expert policy verifies Assumption 2 provided that γ is small enough
and the policy class is rich enough. For κ = 0, this assumption is never satisfied for any γ > 0.

In the sequel, we provide examples of the policy class F and regularizers (Rh)h∈[H] for finite
or linear MDPs such that the above assumptions are satisfied. We are now ready to state general
performance guarantees for behavior cloning with KL regularization.

Theorem 3.3. Let Assumptions 1-2 be satisfied and let 0 ⩽ Rh(πh) ⩽ M for all h ∈ [H] and any
policy π ∈ Fh. Then with probability at least 1− δ, the behavior policy πBC satisfies

KLtraj(πE∥πBC) ⩽ 6dFH · (log(Ae3/(Aγ ∧ κ)) · log(2HNERF/(γδ))
NE + 2HM

NE + 18κ
1− κ .

This result shows that if the number of demonstrations NE is large enough and γ = 1/NE,
κ = A/NE then the behavior cloning policy πBC converges to the expert policy πE at a fast rate of
order Õ((dFH + A)/NE) where we measure the “distance" between two policies by the trajectory
Kullback-Leibler divergence. The proof of this theorem is postponed to Appendix B.2 and it heavily
relies on verifying the so-called Bernstein condition (Bartlett and Mendelson 2006).
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3.3.1 Finite MDPs
For finite MDPs, we chose a logarithmic regularizer Rh(πh) = ∑

s,a log(1/πh(a|s)) and the class of
policies F = {π ∈ Π : πh(a|s) ⩾ 1/(NE + A)}. One can check that Assumptions 1-2 hold and
0 ⩽ Rh(πh) ⩽ SA log(NE +A). We can apply Theorem 3.3 to obtain the following bound for finite
MDPs (see Appendix B.2.2 for additional details).
Corollary 3.4. For all NE ⩾ A, for function class F and regularizer (Rh)h∈[H] defined above,
it holds with probability at least 1− δ,

KLtraj(πE∥πBC) ⩽ 6SAH · log(2e4NE) · log(12H(NE)2/δ)
NE + 18AH

NE .

Note that imitation learning with a logarithmic regularizer is closely related to the statistical
problem of conditional density estimation with Kullback-Leibler divergence loss; see, for example,
Section 4.3 by Hoeven et al. 2023 and references therein. Additionally, we would like to emphasize
that the presented upper bound is optimal up to poly-logarithmic terms, see Appendix B.2.5 for a
corresponding lower bound.
Remark 3.5. In fact, the constraint added by the class of policies F is redundant with the effect of
regularization and one can directly optimize over the whole set of policies in (3.1). It is then easy
to obtain a closed formula for the behavior cloning policy πBC

h (a|s) = (NE
h (s, a) + 1)/(NE

h (s) +A),
where we define the counts by NE

h (s) = ∑
a∈A N

E
h (s, a) and NE

h (s, a) = ∑NE

i=1 1{(sih, aih) = (s, a)}.
Remark 3.6. Contrary to Ross and Bagnell (2010) and Rajaraman et al. (2020), our bound does
not feature the optimality gap of the behavior policy but measures how close it is to the expert
policy which is crucial to obtain the results of the next sections. Nevertheless, we can recover from
our bound some of the results of the aforementioned references, see Appendix B.2.6 for details.

3.3.2 Linear MDPs
For the linear setting, we need the expert policy to belong to some well-behaved class of parametric
policies. A first possibility would be to consider a greedy policy with respect to Q-value, linear in the
feature space πh(s) ∈ arg maxπ∈∆A(πψ)(s)Twh for some parameters wh as it is done in the existing
imitation learning literature (Rajaraman et al. 2021). However, under such a parametrization it
would be almost impossible to learn an expert policy with a high quality since a small perturbation
in the parameters wh could lead to a completely different policy. We emphasize that if we assume
that the expert policy is an optimal one, then Rajaraman et al. (2021) proposes a way to achieve
a ε-optimal policy but not how to reconstruct the expert policy itself. That is why we consider
another natural parametrization where the log probability of the expert policy is linear in the
feature space.
Assumption 3. For all h ∈ [H], there exists an unknown parameter wE

h ∈ Rd with ∥wE
h∥2 ⩽ R

for some known R ⩾ 0 such that πE
h (a|s) = exp(ψ(s, a)TwE

h )/(∑a′∈A exp(ψ(s, a′)TwE
h )).

For instance, this assumption is satisfied for optimal policy in entropy-regularized linear MDPs,
see Lemma B.3 in Appendix B.2.3. Under Assumption 3, a suitable choice of policy class is given
by F = {π ∈ Π : πh ∈ Fh} where

Fh =
{
πh(a|s) = κ

A
+ (1− κ) exp(ψ(s, a)Twh)∑

a′∈A exp(ψ(s, a′)Twh) : wh ∈ Rd, ∥wh∥2 ⩽ R

}
(3.2)

and κ = A/(NE + A). Furthermore, for the linear setting, we do not need regularization, that is,
Rh(π) = 0. Equipped with this class of policies we can prove a similar result as in the finite setting
with the number of states replaced by the dimension d of the feature space.
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Corollary 3.7. Under Assumption 3, function class F defined above and regularizer Rh = 0 for
all h ∈ [H], it holds for all NE ⩾ A with probability at least 1− δ,

KLtraj(πE∥πBC) ⩽ 8dH · (log(2e3ANE) · (log(48(NE)2R) + log(H/δ)))
NE + 18AH

NE .

Taking into account the fact that finite MDPs are a specific case within the broader category of
linear MDPs, the lower bound presented in Appendix B.2.5 also shows the optimality of this result.

3.4 Demonstration-regularized RL
In this section, we study reinforcement learning when demonstrations from an expert are also
available. First, we describe the regularized best policy identification framework that will be useful
later.

Regularized best policy identification (BPI). Given some reference policy π̃ and some reg-
ularization parameter λ > 0, we consider the trajectory Kullback-Leibler divergence regularized
value function V π

π̃,λ,1(s1) ≜ V π
1 (s1)− λKLtraj(π, π̃). In this value function, the policy π is penalized

for moving too far from the reference policy π̃. Interestingly, we can compute the value of policy π
with the regularized Bellman equations, (Neu et al. 2017; Vieillard et al. 2020)

Qπ
π̃,λ,h

(s, a) = rh(s, a) + phV
π
π̃,λ,h+1(s, a) , V π

π̃,λ,h
(s) = πhQ

π
π̃,λ,h

(s)− λKL(πh(s)∥π̃h(s)) ,
where V π

π̃,λ,H+1 = 0. Note that for the uniform policy π̃ we recover the entropy-regularized Bellman
equations (Fox et al. 2016; Schulman et al. 2018; Haarnoja et al. 2017; Haarnoja et al. 2018).

We are interested in the best policy identification for this regularized value. Precisely, in regu-
larized BPI, the agent interacts with MDP as follows: at the beginning of episode t, the agent picks
up a policy πt based only on the transitions collected up to episode t − 1. Then a new trajectory
(with rewards) is sampled following the policy πt and is observed by the agent. At the end of each
episode, the agent can decide to stop collecting new data, according to a random stopping time
t (t = t if the agent stops after the t-th episode), and output a policy π̂ based on the observed
transitions. An agent for regularized BPI is therefore made of a triplet ((πt)t∈N, t, π̂).
Definition 3.8. (PAC algorithm for regularized BPI) An algorithm ((πt)t∈N, t, π̂) is (ε, δ)-PAC for
BPI regularized with policy π̃ and parameter λ with sample complexity C(ε, λ, δ) if

P
(
V ⋆
π̃,λ,1(s1)− V π̂

π̃,λ,1(s1) ⩽ ε , t ⩽ C(ε, λ, δ)
)
⩾ 1− δ .

We can now describe the setting studied in this section.

BPI with demonstration. We assume, as in Section 3.3, that first the agent observes NE

independent trajectories DE sampled from an expert policy πE. Then the setting is the same as
in BPI. Precisely, the agent interacts with the MDP as follows: at episode t, the agent selects a
policy πt based on the collected transitions and the demonstrations. Then a new trajectory (with
rewards) is sampled following the policy πt and observed by the agent. At the end of each episode,
the agent stops according to a stopping rule t (t = t if the agent stops after the t-th episode), and
outputs a policy πRL.
Definition 3.9. (PAC algorithm for BPI with demonstration) An algorithm ((πt)t∈N, t, π

RL) is
(ε, δ)-PAC for BPI with demonstration with sample complexity C(ε,NE, δ) if

P
(
V ⋆

1 (s1)− V πRL

1 (s1) ⩽ ε, t ⩽ C(ε,NE, δ)
)
⩾ 1− δ .

To tackle BPI with demonstration we focus on the following natural and simple approach.
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Demonstration-regularized RL. The main idea behind this method is to reduce BPI with
demonstration to regularized BPI. Indeed, in demonstration-regularized RL, the agent starts by
learning through behavior cloning from the demonstration of a policy πBC that imitates the expert
policy, refer to Section 3.3 for details. Then the agent computes a policy πRL by performing
regularized BPI with policy πBC and some well-chosen parameter λ. The policy πRL is then returned
as the guess for an optimal policy. The whole procedure is described in Algorithm 3. Intuitively
the prior information contained in the demonstration is compressed into a handful representation
namely the policy πBC. Then this information is injected into the BPI procedure by encouraging
the agent to output a policy close to the behavior policy.

Algorithm 3 Demonstration-regularized RL
1: Input: Precision parameter εRL, probability parameter δRL, demonstrations DE, regularization

parameter λ.
2: Compute behavior cloning policy πBC = BehaviorCloning(DE).
3: Perform regularized BPI πRL = RegBPI(πBC, λ, εRL, δRL)
4: Output: policy πRL.

Using the previous results for regularized BPI, we next derive guarantees for demonstration-
regularized RL. We start from a general black-box result that shows how the final policy error
depends on the behavior cloning error, parameter λ, and the quality of regularized BPI.

Theorem 3.10. Assume that there are an expert policy πE such that V ⋆
1 (s1) − V πE

1 (s1) ⩽ εE and
a behavior cloning policy πBC satisfying

√
KLtraj(πE∥πBC) ⩽ εKL. Let πRL be εRL-optimal policy in

λ-regularized MDP with respect to πBC, that is, V ⋆
πBC,λ,1(s1)− V πRL

πBC,λ,1 ⩽ εRL. Then πRL fulfills

V ⋆
1 (s1)− V πRL

1 (s1) ⩽ εE + εRL + λε2
KL .

In particular, under the choice λ⋆ = εRL/ε
2
KL, the policy πRL is (2εRL + εE)-optimal in the original

(non-regularized) MDP.

Remark 3.11. We define an error in trajectory KL-divergence under the square root because the
KL-divergence behaves quadratically in terms of the total variation distance by Pinsker’s inequality.
Remark 3.12 (BPI with prior policy). We would like to underline that we exploit all the prior
information only through one fixed behavior cloning policy. However, as it is observable from the
bounds of Theorem 3.10, our guarantees are not restricted to such type of policies and potentially
could work with any prior policy close enough to a near-optimal one in trajectory Kullback-Leibler
divergence.

Proof. We start from the following observation that comes from the assumption on expert policy
and a definition of regularized value

V ⋆
1 (s1)− V πRL

1 (s1) ⩽ εE + V πE

1 (s1)− V πRL

1 (s1) ⩽ εE + V πE

πBC,λ,1(s1) + λKLtraj(πE∥πBC)
− V πRL

πBC,λ,1(s1)− λKLtraj(πRL∥πBC) ⩽ εE + εRL + λε2
KL ,

where in the last inequality we apply assumptions on πBC and πRL.

In Appendix B.4 we propose and analyze the UCBVI-Ent+ algorithm for regularized BPI. It is a
modification of the algorithm UCBVI-Ent by Tiapkin et al. (2023a), that achieves a better sample
complexity. The core idea leading to improvement of the sample complexity from Õ(ε−2) to Õ(ε−1)
is to use an additional randomization for an interaction policy. In particular, algorithm samples
uniformly from one of H + 1 policies πt,(h′), where each one-step policy π

t,(h′)
h is optimistic for all
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h ̸= h′ and greedy with respect to a width of a confidence interval on the optimal Q-value for h = h′.
This switching policy allows us to control the expected width of a confidence interval on the optimal
Q-value over trajectories and, as a result, exploit strong convexity of the regularizer in a way similar
to RL-Explore-Ent by Tiapkin et al. (2023a). In Appendix B.5, we also present the LSVI-UCB-Ent
algorithm, a direct adaptation of the UCBVI-Ent+ to the linear setting. To apply this result and
derive sample complexity for demonstration-regularized BPI, we present the UCBVI-Ent+ algorithm,
a modification of the algorithm UCBVI-Ent proposed by Tiapkin et al. 2023a, that achieves better
rates for regularized BPI in the finite setting. In Appendix B.5, we also present the LSVI-UCB-Ent
algorithm, a direct adaptation of the UCBVI-Ent+ to the linear setting.

Notably, the use of UCBVI-Ent by Tiapkin et al. (2023a) within the framework of demonstration-
regularized methods, fails to yield acceleration through expert data incorporation due to its Õ(1/ε2)
sample complexity. In contrast, the enhanced variant, UCBVI-Ent+, exhibits a more favorable com-
plexity of Õ(1/(ελ)), where λ = ε/ε2

KL ≫ ε under the conditions stipulated in Theorem 3.10, for a
εKL sufficiently small. It is noteworthy that an alternative approach employing the RL-Explore-Ent
algorithm, introduced by Tiapkin et al. (2023a), can also achieve such acceleration. However,
RL-Explore-Ent is associated with inferior rates in terms of S and H and is challenging to extend
beyond finite settings.

The UCBVI-Ent+ algorithm works by sampling trajectories according to an exploratory version
of an optimistic solution for the regularized MDP which is characterized by the following rules.

UCBVI-Ent+ sampling rule. To obtain the sampling rule at episode t, we first compute a policy
π̄t by optimistic planning in the regularized MDP,

Q
t
h(s, a) = clip

(
rh(s, a) + p̂ thV

t
h+1(s, a) + bp,th (s, a), 0, H

)
,

π̄t+1
h (s) = arg max

π∈∆A

{
πQ

t
h(s)− λKL(π∥π̃h(s))

}
,

V
t
h(s) = π̄t+1

h Q
t
h(s)− λKL(π̄t+1

h (s)∥π̃h(s)) .

with V
t
H+1 = 0 by convention, where π̃ is a reference policy, p̂t is an estimate of the transition

probabilities, and bt some bonus term taking into account estimation error for transition probabil-
ities. Then, we define a family of policies that aim to explore actions for which Q-value is not well
estimated at a particular step. That is, for h′ ∈ [0, H], the policy πt,(h′) first follows the optimistic
policy π̄t until step h where it selects an action leading to the largest width of a confidence interval
for the optimal Q-value,

π
t,(h′)
h (a|s) =

π̄
t
h(a|s) if h ̸= h′ ,

1
{
a = arg maxa′∈A(Q t

h(s, a′)−Q t
h
(s, a′))

}
if h = h′ ,

where Q t is a lower bound on the optimal regularized Q-value function, see Appendix B.4.4. In
particular, for h′ = 0 we have πt,(0) = π̄t. The sampling rule is obtained by picking uniformly
at random one policy among the family πt = πt,(h

′), h′ ∈ [0, H] in each episode. Note that it is
equivalent to sampling from a uniform mixture policy πmix,t over all h′ ∈ [0, H], see Appendix B.4
for more details. This algorithmic choice allows us to exploit strong convexity of the KL-divergence
and control the properties of a stopping rule, defined in Appendix B.4.4, that depends on the gap
(Q t

h(s, a)−Q t
h
(s, a))2.

Stopping rule and decision rule. To define the stopping rule, we first recursively build an
upper-bound on the difference between the value of the optimal policy and the value of the current
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optimistic policy π̄t,

W t
h(s, a) =

(
1 + 1

H

)
p̂thG

t
h+1(s) + bgap,t

h (s, a),

Gt
h(s) = clip

(
π̄t+1
h W t

h(s) + 1
2λ max

a∈A

(
Q
t
h(s, a)−Q t

h
(s, a)

)2
, 0, H

)
,

where bgap,t
h is a bonus defined in (B.10), Appendix B.4, V t is a lower-bound on the optimal

value function defined in Appendix B.4.4 and Gt
H+1 = 0 by convention. Then the stopping time

t = inf{t ∈ N : Gt
1(s1) ⩽ ε} corresponds to the first episode when this upper-bound is smaller than

ε. At this episode we return the policy π̂ = πτ .
The complete procedure is described in Algorithm 8 in Appendix B.4. We prove that for the

well-calibrated bonus functions bp,t and a stopping rule defined in Appendix B.4.4, the UCBVI-Ent+
algorithm is (ε, δ)-PAC for regularized BPI and provide a high-probability upper bound on its
sample complexity. Additionally, a similar result holds for LSVI-UCB-Ent algorithm. The next
result is proved in Appendix B.4.5 and Appendix B.5.5.

Theorem 3.13. For all ε > 0, δ ∈ (0, 1), the UCBVI-Ent+ / LSVI-UCB-Ent algorithms defined in
Appendix B.4.4 /Appendix B.5.4 are (ε, δ)-PAC for the regularized BPI with sample complexity

C(ε, δ) = Õ
(
H5S2A

λε

)
(finite) C(ε, δ) = Õ

(
H5d2

λε

)
(linear) .

Additionally, assume that the expert policy is εE = ε/2-optimal and satisfies Assumption 3 in
the linear case. Let πBC be the behavior cloning policy obtained using corresponding function sets
described in Section 3.3. Then demonstration-regularized RL based on UCBVI-Ent+ / LSVI-UCB-Ent
with parameters εRL = ε/4, δRL = δ/2 and λ = Õ

(
NEε/(SAH)

)
/ Õ

(
NEε/(dH)

)
is (ε, δ)-PAC for

BPI with demonstration in finite / linear MDPs and has sample complexity of order

C(ε,NE, δ) = Õ
(
H6S3A2

NEε2

)
(finite) C(ε,NE, δ) = Õ

(
H6d3

NEε2

)
(linear) .

In the finite setting, UCBVI-Ent+ improves the previous fast-rate sample complexity result of
order Õ(H8S4A/(λε)) by Tiapkin et al. (2023a). For the linear setting, we would like to acknowledge
that LSVI-UCB-Ent is the first algorithm that achieves fast rates for exploration in regularized linear
MDPs.

3.5 Demonstration-regularized RLHF
In this section, we consider the problem of reinforcement learning with human feedback. We assume
that the MDP is finite, i.e., |S| < +∞ to simplify the manipulations with the trajectory space.
However, the state space could be arbitrarily large. In this setting, we do not observe the true
reward function r⋆ but have access to an oracle that provides a preference feedback between two
trajectories. We assume that the preference is a random variable with parameters that depend on
the cumulative rewards of the trajectories as detailed in Assumption 4. Given a reward function
r = {rh}Hh=1, we define the reward of a trajectory τ ∈ (S × A)H as the sum of rewards collected
over this trajectory r(τ) ≜ ∑H

h=1 rh(sh, ah).

Assumption 4 (Preference-based model). Let τ0, τ1 be two trajectories. The preference for τ1
over τ0 is a Bernoulli random variable o with a parameter q⋆(τ0, τ1) = σ(r⋆(τ1)− r⋆(τ0)), where
σ : R→ [0, 1] is a monotone increasing link function that satisfies infx∈[−H,H] σ

′(x) = 1/ζ for ζ > 0.
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The main example of the link function is a sigmoid function σ(x) = 1/(1 + exp(−x)) that leads
to the Bradley-Terry-Luce (BTL) model (Bradley and Terry 1952) widely used in the literature
(Wirth et al. 2017; Saha et al. 2023). We now introduce the learning framework.

Preference-based BPI with demonstration. We assume, as in Section 3.3, that the agent
observes NE independent trajectories DE sampled from an expert policy πE. Then the learning is
divided in two phases:

1) Preference collection. Based on the observed expert trajectories DE, the agent selects a
sampling policy πS to generate a dataset of preferences DRM = {(τk0 , τk1 , ok)}N

RM

k=1 consisting of pairs
of trajectories and the sampled preferences. Specifically, both trajectories of the pair (τk0 , τk1 ) are
sampled with the policy πS and the associated preference ok is obtained according to the preference-
based model described in Assumption 4.

2) Reward-free interaction. Next, the agent interacts with the reward-free MDP as follows: at
episode t, the agent selects a policy πt based on the collected transitions up to time t, demonstrations
and preferences. Then a new trajectory (reward-free) is sampled following the policy πt and is
observed by the agent. At the end of each episode, the agent can decide to stop according to a
stopping rule t and outputs a policy πRLHF.

Definition 3.14 (PAC algorithm for preference-based BPI with demonstration). An algorithm
((πt)t∈N, π

S, t, πRLHF) is (ε, δ)-PAC for preference-based BPI with demonstrations and sample com-
plexity C(ε,NE, δ) if P

(
V ⋆

1 (s1) − V πRLHF
1 (s1) ⩽ ε, t ⩽ C(ε,NE, δ)

)
⩾ 1 − δ, where the unknown

true reward function r⋆ is used in the value-function V ⋆.

For the above setting, we provide a natural approach that combines demonstration-regularized
RL with the maximum likelihood estimation of the reward given preferences dataset.

Demonstration-regularized RLHF. During the preference collection phase, the agent gener-
ates a dataset comprising trajectories and observed preferences, denoted asDRM = {(τk0 , τk1 , ok)}N

RM

k=1
by executing the previously computed policy πBC. Using this dataset, the agent can infer the reward
via maximum likelihood estimation (MLE).

Algorithm 4 Demonstration-regularized RLHF
1: Input: Precision parameter εRLHF, probability parameter δRLHF, demonstrations DE, prefer-

ences budget NRM, regularization parameter λ.
2: Compute behavior cloning policy πBC = BehaviorCloning(DE);
3: Select sampling policy πS = πBC and collect preference dataset DRM;
4: Compute reward estimate r̂ = RewardMLE(Gr,DRM);
5: Perform regularized BPI using r̂ as reward: πRLHF = RegBPI(πBC, λ, εRLHF, δRLHF; r̂)
6: Output: policy πRLHF.

The core idea behind this approach is to simplify the problem by transforming it into a regular-
ized BPI problem. The agent starts with behavior cloning applied to the expert dataset, resulting
in the policy πBC. During the preference collection phase, the agent generates a dataset compris-
ing trajectories and observed preferences, denoted as DRM = {(τk0 , τk1 , ok)}N

RM

k=1 by executing the
previously computed policy πBC. Using this dataset, the agent can infer the reward via MLE:

r̂ ≜ arg max
r∈G

NRM∑
k=1

ok log
(
σ
(
r(τk1 )− r(τk0 )

))
+ (1− ok) log

(
1− σ

(
r(τk1 )− r(τk0 )

))
,
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where G is a function class for trajectory reward functions3. Finally, the agent computes πRL by
performing regularized BPI with policy πBC, a properly chosen regularization parameter λ and the
estimated reward r̂. The complete procedure is outlined in Algorithm 4.

For this algorithm, we use the behavior cloning policy πBC for two purposes. First, it allows
efficient offline collection of the preference dataset DRM, from which a high-quality estimate of
the reward can be derived. Second, a regularization towards the behavior cloning policy πBC

enables the injection of information obtained from the demonstrations, while also avoiding the
direct introduction of pessimism in the estimated reward as in the previous works that handle
offline datasets (Zhu et al. 2023; Zhan et al. 2023).
Remark 3.15. Zhan et al. (2024) propose a similar two-stage setting of preference collection and
reward-free interaction without prior demonstrations and propose an algorithm for this setup. How-
ever, as compared to their result, our pipeline is adapted to any parametric function approximation
of rewards and does not require solving any (non-convex) optimization problem during the prefer-
ence collection phase.
Remark 3.16. Our approach to solve BPI with demonstration within the preference-based model
framework draws inspiration from well-established methods for large language model RL fine-tuning
(Stiennon et al. 2020; Ouyang et al. 2022; Lee et al. 2024). Specifically, our algorithm’s policy
learning phase is similar to solving an RL problem with policy-dependent rewards

rRLHF
h (s, a) = r̂h(s, a)− λ log

(
πRLHF
h (a|s)/πBC

h (a|s)
)
.

This formulation, coupled with our prior stages of behavior cloning, akin to supervised fine-tuning
(SFT), and reward estimation through MLE based on trajectories generated by the SFT policy,
mirrors a simplified version of the three-phase RLHF pipeline.

The following sample complexity bounds for tabular and linear MDPs is a simple corollary of
Theorem B.39 and Theorem 3.13 and its proof is postponed to Appendix B.6.3.

Corollary 3.17 (Demonstration-regularized RLHF). Let Assumption 4 hold. For ε > 0 and δ ∈
(0, 1), assume that an expert policy εE is ε/15-optimal and satisfies Assumption 3 in the linear case.
Let πBC be the behavioral cloning policy obtained using function sets described in Section 3.3 and
let the set G be defined in Lemma B.33 for finite and in Lemma B.34 for linear setting, respectively.

If the following two conditions hold

(1)NRM ⩾ Ω̃
(
ζD̃/ε

)
; (2)NE ⩾ Ω̃

(
H2D̃/ε

)
for D̃ = SA/ d in finite / linear MDPs, then demonstration-regularized RLHF based on UCBVI-Ent+
/ LSVI-UCB-Ent with parameters εRL = ε/15, δRL = δ/3 and λ = λ⋆ = Õ

(
NEε/(SAH)

)
/

Õ
(
NEε/(dH)

)
is (ε, δ)-PAC for BPI with demonstration in finite / linear MDPs with sample com-

plexity

C(ε,NE, δ) = Õ
(
H6S3A2

NEε2

)
(finite) C(ε,NE, δ) = Õ

(
H6d3

NEε2

)
(linear), .

The conditions (1) and (2) control two different terms in the reward estimation error presented
in Theorem B.39. In particular, to avoid direct pessimism injection, one needs to simultaneously
keep both datasets (expert and reward modeling) large enough.

Additionally, one should notice that additional expert information and the bound on the minimal
size of the expert dataset allows to avoid the notion of concentrability coefficients by directly keeping

3For the theoretical guarantees on MLE estimate of rewards r̂ we refer to Appendix B.6.1.
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the RL policy very close to the data-generation policy. Thus, the lower bound in Theorem 3 by
Zhan et al. 2023 is non-applicable in our setting.

The presented bound is non-trivial in the sense that, under this assumption on the expert
dataset, imitation learning over a stochastic and suboptimal expert allows to obtain only a O(

√
ε)-

optimal policy (see Appendix B.2.6 and Lemma B.13). At the same time, Lemma B.12 shows that
in the case of a deterministic expert, this amount of demonstrations is enough to ensure that πBC is
O(ε)-optimal, so additional fine-tuning with reward modeling would not improve upon the behavior
cloning policy. The same situation holds under the assumption of an optimal expert (εE = 0) by
using the algorithm by Rajaraman et al. (2020) to perform imitation learning. However, in practical
situations, we cannot assume either the expert’s deterministic nature or its optimality.

3.6 Conclusion
In this study, we introduced the BPI with demonstration framework and showed that demonstration-
regularized RL, a widely employed technique, is not just practical but also theoretically efficient
for this problem. Additionally, we proposed a novel preference-based BPI with demonstration ap-
proach, where the agent gathers demonstrations offline. Notably, we proved that a demonstration-
regularized RL method can also solve this problem efficiently without explicit pessimism injection.
A compelling direction for future research could involve expanding the feedback mechanism in
the preference-based setting, transitioning from pairwise comparison to preference ranking (Zhu
et al. 2023). Additionally, it would be interesting to explore scenarios where the assumption of a
white-box preference-based model, as proposed by Wang et al. (2023), is relaxed.
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We consider learning in adversarial Markov decision processes [MDPs] with an oblivious ad-
versary in a full-information setting. The agent interacts with an environment during T episodes,
each of which consists of H stages; each episode is evaluated with respect to a reward function
revealed only at its end. We propose an algorithm, called APO-MVP, achieving a regret bound of
order Õ(poly(H)

√
SAT ), where S and A are sizes of the state and action spaces, respectively. This

result improves upon the best-known regret bound by a factor of
√
S, bridging the gap between ad-

versarial and stochastic MDPs, and matching the minimax lower bound Ω(
√
H3SAT ) as far as the

dependencies in S,A, T are concerned. The proposed algorithm and analysis avoid the typical tool
of occupancy measures, commonly used in adversarial tabular MDPs, and perform instead policy
optimization based only on dynamic programming and on a black-box online linear optimization
strategy run over estimated advantage functions, making it easy to implement. The analysis lever-
ages policy optimization based on online linear optimization strategies (Jonckheere et al. 2025) and
a refined martingale analysis of the impact on values of estimating transitions kernels by Zhang
et al. (2024).
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4.1 Introduction

We study adversarial Markov decision processes [MDPs], introduced by Even-Dar et al. (2009)
and Yu et al. (2009), in an episodic setup with full monitoring. Unlike the standard setup, the
reward function is not known to the learner beforehand and is revealed sequentially at the end of
each episode.

To deal with this problem, many earlier works relied on online linear optimization [OLO] strate-
gies (see the monograph by Cesa-Bianchi and Lugosi 2006 for a survey) in the space of so-called
occupancy measures (Zimin and Neu 2013). These occupancy measures concern the state-action
pairs within an episode induced by a given policy and transition kernel. This family of algorithms,
known as O-REPS, has been extended to handle unknown transition kernels and bandit feedback by
several studies (Rosenberg and Mansour 2019a; Rosenberg and Mansour 2019b; Jin et al. 2020a;
Jin et al. 2021), using an exploration mechanism similar to UCRL2 (Auer et al. 2008). However, this
type of exploration leads to an additional

√
S factor in the regret, where S is the number of states,

compared to the state of the art in the non-adversarial case (Azar et al. 2017; Dann et al. 2017;
Jin et al. 2018). Furthermore, O-REPS-based approaches require solving a high-dimensional convex
program at each episode, resulting in a non-explicit policy update.

Another line of research has focused on policy-optimization-based approaches for adversarial
MDPs, started by works of Cai et al. (2020) and Shani et al. (2020). These algorithms use a
more practical approach combining dynamic programming with optimization directly in the policy
space, instead of working with occupancy measures. Moreover, this approach is known to be highly
practical due to its connection to the well-known TRPO (Schulman et al. 2015) and PPO (Schulman et
al. 2017) algorithms. However, to the best of our knowledge, policy-optimization-based approaches
also suffer from an additional

√
S factor in the regret bound when specialized to finite MDP settings,

compared to the state-of-the-art in the stochastic case (Azar et al. 2017).
To date, the question of whether dependency on the number of states can be matched between

adversarial and stochastic cases remains open. We take the first step towards unifying these rates.
In this chapter, we use a black-box policy optimization approach, departing from the current

state-of-the-art algorithms based on occupancy measures. This approach of policy optimization
based on running online linear optimization strategies in a black-box way on estimated advantage
functions was recently introduced by Jonckheere et al. (2025). The dynamic programming counter-
part of our algorithm, as well as a part of the analysis, relies on the Monotonic Value Propagation
[MVP] algorithm of Zhang et al. (2021b) and Zhang et al. (2024), which allowed to achieve opti-
mal regret bounds up to second-order terms. However, since we do not yet target the lower-order
terms, we significantly simplify their approach and provide an arguably more transparent exposition
thereof. All in all, our policy-optimization-based algorithm achieves a Õ(poly(H)

√
SAT ) regret,

where A is the number of actions and T is the number of episodes, and where we recall that H is
the length of an episode and S is the number of states. This result improves on the previous regret
bound of Rosenberg and Mansour (2019a) by a factor of

√
S, although it introduces an additional

poly(H) factor. It also matches the minimax lower bound derived for the stochastic case (Jin et al.
2018; Domingues et al. 2021a) in all parameters except H.

Therefore, we demonstrate that while policy optimization is already known to be practical, it is
also more sample-efficient in large state spaces compared to existing O-REPS-based methods.

Contributions. This chapter puts forward the following contributions, in the setting of adver-
sarial episodic MDPs with full information: i) we introduce a algorithm called Adversarial Policy
Optimization based on Monotonic Value Propagation (APO-MVP) that relies on a black-box online
linear optimization solver and on dynamic programming, making it easier to implement in prac-
tice; ii) we demonstrate that the proposed algorithm is able to achieve a Õ(poly(H)

√
TSA) regret,

improving on the previously best-known dependency on the number of states S and achieving the

64



4.2. PROBLEM FORMULATION

minimax lower bound Ω(
√
H3SAT ) in all parameters, except H; iii) our analysis is modular and

rather general, providing high flexibility and providing new tools for the study of adversarial MDPs
with policy optimization.

More details on the reasons for the success in shaving off the
√
S factor present in earlier analysis

in this context may be found at the beginning of Section 4.4.
Notation. For any positive integer N , we denote by [N ] ≜ {1, . . . , N} and [N ]∗ ≜ {0}∪ [N ] the

sets of the first positive and non-negative integers not greater than N , respectively. For a, b ∈ R,
we denote by a ∨ b and a ∧ b the maximum and the minimum between a and b, respectively. For
a finite set E , we denote by ∆(E) the set of probability distributions over E . We refer to natural
logarithms by ln and to logarithms in base 2 by log2. When we write Õ( · ), we hide all absolute
constants and polylog multiplicative terms. We also adopt an agreement that max{∅} = 0.

4.1.1 Related work
Adversarial MDPs. The concept of adversarial (or online) MDPs was introduced by seminal
works of Even-Dar et al. (2009) and Yu et al. (2009). In the case of MDPs with known transition
kernel, Neu et al. (2010) and Zimin and Neu (2013) provided solutions, but dealing with the case
of unknown transition kernels remained open till the work of Rosenberg and Mansour (2019a),
who extended the algorithm of Zimin and Neu (2013) to this setting. Subsequent developments
considered the extension to bandit feedback (Jin et al. 2020a), linear mixture MDPs (Cai et al.
2020; He et al. 2022), delayed feedback (Lancewicki et al. 2022), and linear MDPs (Luo et al. 2021).
Despite these results, the setting of unknown transition kernel in finite MDPs with full-information
feedback was not yet fully understood. Specifically, the upper bound established by Rosenberg
and Mansour (2019a) does not match the best-known lower bound, leaving a gap in the theoretical
understanding of this problem.

Policy optimization in adversarial MDPs. Policy optimization methods for adversarial
MDPs with unknown transitions were first studied by Cai et al. (2020) and Shani et al. (2020). The
first work focused on the case of linear mixture MDPs with full-information feedback, later improved
by He et al. (2022), while the second one considered the case of tabular MDPs with bandit feedback,
with Luo et al. (2021) refining the approach to achieve a state-of-the-art regret bound. More recent
work has primarily addressed policy optimization under function approximation settings, including
linear mixture MDPs (He et al. 2022) and linear MDPs (Sherman et al. 2023; Liu et al. 2024; Cassel
and Rosenberg 2024). However, none of the methods was able to achieve improvements upon the
occupancy-measure-based methods in the case of tabular MDPs in terms of a regret bound.

4.2 Problem Formulation

An H–episodic (obliviously) adversarial Markov decision process (MDP), where H ⩾ 1, is deter-
mined by a finite set of states S, with cardinality S, a finite set of actions A, with cardinality A, a
sequence P = (Ph)h∈[H−1] of Markov transition kernels Ph : S × A → ∆(S), and by a (potentially
adversarially chosen) fixed-in-advance sequence (rt)t⩾1 of bounded time-inhomogeneous H–episodic
reward functions. Each reward function is of the form rt = (rt,h)h∈[H], where rt,h : S × A → [0, 1].
For simplicity (and with no loss of generality, up to resorting to some doubling trick), we assume
that the number T of episodes is fixed and known. We set some initial state s1 for each episode.
At each episode t and at each stage h, based on past observations, the learner picks a stage policy
πt,h : S → ∆(A) to draw the action. The interaction with the environment is therefore governed by
the following protocol. For each episode t = 1, . . . , T :

1. Reset state st,1 = s1;
2. Start new episode — for each stage h = 1, . . . , H:
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• Pick a policy πt,h and sample an action at,h ∼ πt,h( · | st,h);
• If h ⩽ H − 1, move to the next state st,h+1 ∼ Ph( · | st,h, at,h);

3. Observe the reward function rt = (rt,h)h∈[H].
We compare the performance of the policies πt = (πt,h)h∈[H] picked to the one achieved by resorting
to a static policy π = (πh)h∈[H] in each episode, in terms of value functions. We define the value
function of a policy π, at episode t ∈ [T ], and started from step h ∈ [H], as

V π,rt,P
h (s) ≜ Eπ,P

 H∑
j=h

rt,j(st,j , at,j)
∣∣∣∣∣ st,h = s

;

we recall the environment (reward functions, transition kernels) in the notation for value functions
and expectations, as environments will vary in the algorithm and analysis. The regret of the learner
is defined as the difference between the accumulated value of the best static policy in hindsight and
the gained value of the learner, that is,

RT ≜ max
π

T∑
t=1

(
V π,rt,P

1 (s1)− V πt,rt,P
1 (s1)

)
. (4.1)

The goal of the learner is to design policies (πt)t∈[T ] minimizing the above-defined regret.

Additional notation. For the analysis, we define Q–value functions and remind Bellman’s equa-
tions. For any policy π, we define the Q–value function at episode t ∈ [T ], and started from step
h ∈ [H], as

Qπ,rt,P
h (s, a) ≜ Eπ,P

 H∑
j=h

rt,j(st,j , at,j)
∣∣∣∣∣ st,h = s, at,h = a

.
The advantage function is in turn defined as Aπ,rt,P

h (s, a) ≜ Qπ,rt,P
h (s, a)− V π,rt,P

h (s).
We use the usual convention that for a transition kernel K : S × A → ∆(S), a policy π : S →

∆(A), and two functions f : S → R and g : S ×A → R,

Kf(s, a) ≜
∑
s′∈S

K(s′ | s, a) f(s′) and πg(s) ≜
∑
a∈A

π(a | s) g(s, a) .

Then, Bellman’s equations read for all episodes t ∈ [T ], steps h ∈ [H − 1], and policies π, as

Qπ,rt,P
h (s, a) = rt,h(s, a) + PhV

π,rt,P
h+1 (s, a) and V π,rt,P

h (s) = πt,hQ
π,rt,P
h (s) ,

while for h = H, one has Qπ,rt,P
H (s, a) = rt,H(s, a) as well as V π,rt,P

H (s) = πt,HQ
π,rt,P
H (s).

4.3 Algorithm and Main Result
In this section, we first describe our algorithm, APO-MVP, which stands for Adversarial Policy Opti-
mization based on Monotonic Value Propagation, and then state the performance bound obtained.

4.3.1 Algorithm APO-MVP

Let us start with a high-level description of the proposed algorithm, and details will be provided
below. Similarly to Rosenberg and Mansour (2019a), our algorithm proceeds in random epochs Ee ⊆
[T ] indexed by e = 1, 2, . . . ,m(T ) of random lengths denoted by E1, . . . , Em(T ) ∈ [T ], i.e., Ee ≜ |Ee|.
At the beginning of each epoch e,

estimates P̂ (e) =
(
P̂

(e)
h

)
h∈[H−1]
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and bonus functions b(e) =
(
b

(e)
h

)
h∈[H]

, where b(e)
h : S ×A → [0, H], are computed and will be used

during the entire epoch e, as detailed in (4.4)–(4.5) and in Fact 4.3. Actually, b(e)
H will be identically

null, but we consider it so that the bonus functions b(e) may be added to reward functions rt.

Within-epoch statement. We now explain the updates and choices made at each episode t ∈
[T ]. First, the policies πt are picked, as indicated below. Then, denoting by et the epoch such that
t ∈ Eet , at the end of episode t, i.e., once rt is revealed, we build optimistic estimates of the Q–value
and value functions in a backward fashion, based on Bellman’s equations: Q̂t,H(s, a) ≜ rt,H(s, a)
and V̂t,H(s) ≜ πt,HQ̂t,H(s) and for h ∈ [H − 1],

Q̂t,h(s, a) ≜ rt,h(s, a) + b
(et)
h (s, a) + P̂

(et)
h V̂t,h+1(s, a) ,

V̂t,h(s) ≜ πt,hQ̂t,h(s) . (4.2)

For all h ∈ [H], estimated advantage functions are defined by Ât,h(s, a) ≜ Q̂t,h(s, a)− V̂t,h(s), and
we denote Ât,h(s, · ) ≜

(
Ât,h(s, a)

)
a∈A

.
The policies πt = (πt,h)h∈[H] are picked based on an online linear optimization [OLO] strategy

φ = (φt)t⩾1, which is a sequence of functions φt : (RA)t−1 → ∆(A) satisfying some performance
guarantee stated in Definition 4.6. (The function φ1 is constant.) We run SH such strategies in
parallel as follows: ∀(s, h) ∈ S × [H],

πt,h( · | s) = φt

((
Âτ,h(s, · )

)
τ∈Eet ∩[t−1]

)
. (4.3)

Note that these choices indeed exploit information available at the beginning of episode t (at the
end of episode t−1), and rely only on the estimated advantage functions of the current epoch. One
may see φ as an adaptive version of PPO- or TRPO-like updates (Schulman et al. 2015; Schulman et al.
2017). We will consider, for the sake of concreteness, the polynomial-potential- and exponential-
potential-based strategies (see Examples 4.7 and 4.8 and references therein), but many other OLO
strategies would work. Appendix C.1 states closed-form expressions of the policies constructed with
these strategies as well as their computational complexities.
Remark 4.1 (Two technical remarks). The kernel estimate and the bonus functions are fixed within
a given epoch, which is the main reason why we are able to provide a black-box treatment of the
problem relying on any OLO strategy satisfying Definition 4.6.

As the reward function takes values in [0, 1], the Q–value functions are bounded by H, and it is a
common practice in the case of non-adversarial reward functions to clip the estimates to [0, H] (see,
e.g., Azar et al. 2017), which only helps. Unfortunately, our adversarial analysis related to the OLO
part of the proof heavily relies on the so-called performance-difference lemma (Kakade and Langford
2002), which does not hold once clipping is involved. Thus, we opt out from clipping, paying an
additional H factor at the eventual regret bound of Theorem 4.4 but still improving the dependency
on S. Successful incorporation of clipping could improve the regret by an H multiplicative factor.
A possible alternative to the clipping mechanism, connected to a notion of contracted MDPs, was
recently proposed by Cassel and Rosenberg (2024) and might form a viable option to improve the
dependency of our regret bound in H.

Epoch switching. The epoch-switching conditions below were also considered and analyzed
by Zhang et al. (2024). We introduce the following empirical counts, for all episodes t ∈ [T ], stages
h ∈ [H − 1], state–action pairs (s, a) ∈ S ×A, and states s′ ∈ S:

nt,h(s, a, s′) ≜
t∑

τ=1
1
{

(sτ,h,, aτ,h, sτ,h+1) = (s, a, s′)
}
, nt,h(s, a) ≜

∑
s′∈S

nt,h(s, a, s′) .
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We start at epoch e = 1. When for some (t, h, s, a) ∈ [T ] × [H − 1] × S × A, the count nt,h(s, a)
equals 2ℓ−1 for some integer ℓ ⩾ 1, the next epoch is started at episode t+ 1.

Now, for each episode t ∈ [T ], stage h ∈ [H−1], and state–action pair (s, a) ∈ S ×A, we denote
by

swt,h(s, a) ≜ max
{
τ ∈ [t] : ∃ℓ ⩾ 1, nτ,h(s, a) = 2ℓ−1

}
.

In words, swt,h(s, a) is the last episode when an epoch switch took place because, among others, of
(s, a). We refer to the largest value of ℓ in the maximum defining swt,h(s, a) by

ℓt,h(s, a) ≜ max
{
ℓ ⩾ 1 : nt,h(s, a) ⩾ 2ℓ−1

}
.

The values ℓt,h(s, a) index local epochs for a given state–action pair (s, a), while the global
epochs et are defined based on all local epochs. (More details may be found in Section 4.4.2.)
Fact 4.2. By design, the functions swt−1,h and ℓt−1,h defined above (note the subscripts t− 1 here)
are identical for all episodes t ∈ Ee of a given epoch e.

We may now define the estimated transition kernels P̂t and bonus functions bt: for all (s, a) ∈
S ×A and s′ ∈ S, first for all h ∈ [H − 1],

P̂t,h(s′ | s, a)≜


1/S if nτ,h(s, a)=0 ,
nτ,h(s, a, s′)
nτ,h(s, a) if nτ,h(s, a)⩾1 ,

(4.4)

with τ = swt−1,h(s, a), and

bt,h(s, a) ≜


H if ℓ = 0 ,√

2H2 ln(J)
2ℓ−1 ∧H if ℓ ⩾ 1 ,

(4.5)

with J = 2SATH log2(2T )/δ and ℓ = ℓt−1,h(s, a). We also set, by convention, bt,H(s, a) = 0. In
particular, P̂t,h( · | s, a) corresponds to an empirical frequency vector based on 2ℓt−1,h(s,a)−1 values
when ℓt−1,h(s, a) ⩾ 1.

Fact 4.3. By Fact 4.2, the above-defined P̂t and bt are indeed identical over all episodes t ∈ Ee of
a given epoch e.

Summary. The strategy outlined above is summarized in the algorithm sketch titled Algo-
rithm 5; for particular choices of function φ, see Examples 4.7 and 4.8. We refer to Appendix C.1
for a more detailed algorithmic description, titled Algorithm 10, including the details of the com-
putation of Q̂t,h, V̂t,h, and Ât,h.

It is important to note that the computational complexity of the algorithm is equivalent to
that of standard dynamic programming methods, as the policy optimization phase introduces no
additional computational overhead beyond the requirements of transition kernel estimation and
value function updates.

4.3.2 Main Result
We may now state our main result and discuss its relation to previously known bounds.

Theorem 4.4 (Main theorem). Algorithm APO-MVP, used, for instance, with the OLO strategies
based on polynomial or exponential potential (see Examples 4.7 and 4.8), satisfies, with probability
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Algorithm 5 Adversarial Policy Optimization based on Monotonic Value Propagation (APO-MVP)
1: Input: Confidence level δ, numbers T , S, A, H, online linear optimization strategy φ = (φt)t⩾1.

2: Define J = 2SATH log2(2T )/δ;
3: Initialize P̂h ≡ 1/S, nh ≡ 0, Hh,s ≡ ∅ for all (h, s);
4: Initialize π1,h( · | s) = φ1(∅) for all (h, s);
5: Set initial state s1 ∈ S;
6: for rounds t = 1, . . . , T do
7: Set st,1 = s1;
8: for h = 1, . . . , H do
9: Play action at,h ∼ πt,h( · | st,h);

10: Receive st,h+1 ∼ Ph( · | st,h, at,h);
11: Update counters nh(st,h, at,h) += 1 and nh(st,h, at,h, st,h+1) += 1;
12: if ∃ ℓ ⩾ 1 : nh(st,h, at,h) = 2ℓ−1 then
13: ∀s′, P̂h(s′|st,h, at,h) = nh(st,h,at,h,s

′)
2ℓ−1 ;

14: bh(st,h, at,h) =
√

2H2 ln(J)
2ℓ−1 ∧H;

15: Activate trigger;
16: end if
17: end for
18: Receive reward function rt = (rt,h)h∈[H];
19: if trigger then
20: Set Hh,s = ∅ for all (h, s);
21: Deactivate trigger;
22: else
23: Compute Q̂t,h, V̂t,h, and Ât,h via (4.2);
24: Add Ât,h(s, ·) to Hh,s for all (h, s);
25: end if
26: Let πt+1,h( · | s) = φt(Hh,s) for all (h, s);
27: end for
28: Output: sequence of policies (πt)Tt=1.

at least 1− 3δ,

RT ⩽
√
H7SAT log2(2T )

(
2 log2(2T ) + 16

√
ln(A)

)
+ 7

√
H4SAT ln

(
2SATH log2(2T )/δ

)
+ 2

√
2H6 T log2(2T ) ln(2/δ) + 2H3SA .

Proof. The result follows the decomposition stated in the introduction of Section 4.4 together with
Lemmas 4.5–4.13–4.14–4.15 located therein.

Theorem 4.4 shows that the regret bound is of order Õ(
√
H7SAT ), matching the minimax

lower bound Ω(
√
H3SAT ) for stochastic MDPs in terms of dependencies on S, A, and T , up to

logarithmic factors (Jin et al. 2018; Domingues et al. 2021a). To the best of our knowledge, it is
the first result that achieves the minimax optimal dependency on the number of states S in the
adversarial setting.
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Comparison to Rosenberg and Mansour (2019a). Algorithm UC-O-REPS by Rosenberg and
Mansour (2019a) achieves Õ(

√
H4S2AT ) regret bound in our setting and with our notation (taking

L = H and |X | = HS since a state-space layer X may be represented as H independent copies
of S). In particular, our result improves upon the previous best known bound in the regime of
large state spaces S ⩾ H3. We suspect that—perhaps through successful incorporation of clipping,
see Remark 4.1—the regret bound could be improved to Õ(

√
H5SAT ). We plan to investigate

this in future works, and it remains an open problem to fully match the minimax lower bound
Ω(
√
H3SAT ).

Finally, our analysis in Section 4.4.3 relies significantly on the fact that the adversary is oblivious,
while UC-O-REPS can handle fully adversarial setups. However, due to the exploration mechanism
used, this algorithm is not able to take advantage of the oblivious adversary and would still pay
the same

√
S factor.

Comparison to Cai et al. (2020). Our algorithm shares similarities with the online proximal
policy optimization [OPPO] approach of Cai et al. (2020) and Shani et al. (2020), which also uses
dynamic programming and policy optimization through online mirror descent. However, our ap-
proach incorporates the doubling trick to stabilize value updates, enabling us to: i) employ any
online linear optimization strategy in a black-box manner without unnecessary adaptations; and ii)
improve the dependency on S by a multiplicative factor

√
S, by leveraging the analysis of Zhang

et al. (2024).

4.4 Proof Sketch for Theorem 4.4
We decompose the regret into four terms that are treated separately. Denoting by π⋆ as the policy
that achieves the maximum in (4.1), we decompose the regret RT , following ideas of Auer et al.
(2008) and Azar et al. (2017), as: RT = (A) + (B) + (C) + (D), where

(A) ≜
T∑
t=1

(
V π⋆,rt,P

1 (s1)− V π⋆,rt+bt,P̂t

1 (s1)
)
,

(B) ≜
T∑
t=1

(
V π⋆,rt+bt,P̂t

1 (s1)− V πt,rt+bt,P̂t

1 (s1)
)
,

(C) ≜
T∑
t=1

(
V πt,rt+bt,P̂t

1 (s1)− V πt,rt+bt,P
1 (s1)

)
,

(D) ≜
T∑
t=1

V πt,bt,P
1 (s1) ,

where we used the linearity of the value functions: V π,g+g′,Q
1 ≡ V π,g,Q

1 + V π,g′,Q
1 .

The keys to success / Challenges overcome. We now provide a high-level overview of the
techniques used for each term. We do not claim novelty in the very control of any of the terms
involved; novelty lies in the decomposition above of the regret, which somehow separates adversarial
and stochastic parts. We then apply or adapt the right tools, some of them being developed recently.
One could argue that prior works on adversarial tabular MDPs have struggled to eliminate the

√
S

factor precisely because they adopted an overly adversarial approach to the problem. In contrast,
our approach stems from deliberately blending adversarial and stochastic elements—a balance that
enables us to derive the bound.

The treatment of (B) definitely belongs to the adversarial parts of the proof scheme. We crucially
use that within each epoch the considered transition kernels are constant (see Fact 4.3), so that
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we may resort to the adversarial-learning techniques reviewed by Jonckheere et al. (2025), which
consists of running SH independent OLO strategies on advantage functions or onQ–value functions.
(Advantage functions are preferred in practice, though.) The OLO strategies that are the most
popular in the literature are based on exponential weights (sometimes called multiplicative weights;
see the detailed discussion in Jonckheere et al. 2025, Section 1.1), but other strategies are suitable.
We deal with the underlying OLO strategies as black boxes, to get a modular and transparent
proof.

Dealing with (C) forms a stochastic part of the proof scheme, and is actually the most in-
volved part of the analysis from the probabilistic standpoint: we resort to the machinery developed
by Zhang et al. (2024), which relies greatly on a doubling trick that we mimicked in the definition
of the APO-MVP algorithm. We however make the argument of Zhang et al. (2024) more modular
and extract the essential elements of the proof.

Finally, for (A) we leverage the careful choice of the bonuses bt to show that on a properly
chosen high-probability event, (A) is non-positive, while (D) is the least involved term: it can be
controlled by some lines of elementary calculations.

In what follows, each section provides additional details of the analysis per term, in the order:
(B) – additional technical concepts – (A) – (D) – (C).

4.4.1 Term (B): OLO Analysis
The goal of this section is to prove the following result, which also holds for other OLO strategies
satisfying the performance guarantee of Definition 4.6.

Lemma 4.5. Among others, the OLO strategies based on polynomial or exponential potentials (see
Examples 4.7 and 4.8) satisfy

(B) ⩽ 16
√
H7SAT log2(2T ) ln(A) .

Before proving this result, let us briefly recall what online linear optimization [OLO] consists of;
see the monograph by Cesa-Bianchi and Lugosi (2006) for a more detailed exposition. We take some
generic notation for now but will later connect OLO to constructions of policies; in particular, we
consider for now reward vectors of length K ⩾ 2, but will later replace [K] by the action space A.

Online linear optimization. At each round t ⩾ 1 and based on the past, a learning strategy
φ = (φt)t⩾1 picks a convex combination wt = (wt,1, . . . , wt,K) ∈ ∆

(
[K]

)
while an opponent player

picks, possibly at random, a vector gt = (gt,1, . . . , gt,K) of signed rewards. Both wt and gt are
revealed at the end of the round. By “based on the past”, we mean, for the learning strategy, that
wt = φt

(
(gτ )τ⩽t−1

)
. The initial vector w1 is constant.

Definition 4.6. A learning strategy φ controls the regret in the adversarial setting with rewards
bounded by M > 0 if there exists a sequence (BT,K)T⩾1 with BT,K/T → 0 such that, against all
opponent players sequentially picking reward vectors gt in [−M,M ]K , for all T ⩾ 1,

max
k∈[K]

T∑
t=1

gt,k −
T∑
t=1

∑
j∈[K]

wt,j gt,j ⩽ 2M BT,K .

The optimal orders of magnitude of BT,K are
√
T ln(K). In Definition 4.6, the strategy may

know M and rely on its value. Also, the strategy should work for any optimization horizon T
(see the final “for all T ⩾ 1” in the definition above): this is because the lengths Ee of the global
epochs Ee are not known in advance. There exist several strategies meeting the requirements of
Definition 4.6; we provide two examples.
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Example 4.7. The potential-based strategies by Cesa-Bianchi and Lugosi (2003) are defined based
on a non-decreasing function Φ: R → [0,+∞). They resort to w1,k = 1

K and for t ⩾ 2, to
wt,k = vt,k∑

j∈[K] vt,j
, where

vt,k = Φ

t−1∑
τ=1

gτ,k −
t−1∑
τ=1

∑
j∈[K]

wτ,jgτ,j

. (4.6)

For Φ: x 7→
(
max{x, 0}

)2 ln(K)
, the polynomial potential, Cesa-Bianchi and Lugosi (2003, Section 2)

show that the strategy satisfies the performance guarantee of Definition 4.6 withBT,K =
√

6T ln(K).

Example 4.8. Auer et al. (2002) studied the use of exponential potential with time-varying learning
rates ηt = (1/M)

√
ln(K)/t, i.e., using Φt(x) = exp(ηtx) in (4.6) to define the weights at round t.

This strategy satisfies the performance guarantee of Definition 4.6 with BT,K =
√
T ln(K).

There exist adaptive versions of the previous two strategies: ML-Poly in Gaillard et al. (2014),
AdaHedge in Erven et al. (2011), Rooij et al. (2014), Orabona and Pál (2015).

Appendix C.1 states closed-form expressions of the policies (4.3) constructed with the strategies
of Examples 4.7 and 4.8, as well as AdaHedge.

Connection between OLO and the construction of policies. Jonckheere et al. (2025)
prove the following. Let r′

t,h : S ×A → [0,M ] be a sequence of reward functions. Define a sequence
of policies (π′

t)t⩾1 as: for each t ⩾ 1, for each s ∈ S, for each h ∈ [H],

π′
t,h( · |s) = φt

((
A

π′
τ ,r

′
τ ,P

′

h (s, · )
)
τ⩽t−1

)

where A
π′

τ ,r
′
τ ,P

′

h (s, · ) =
(
A

π′
τ ,r

′
τ ,P

′

h (s, a)
)
a∈A

Lemma 4.9 (Jonckheere et al. 2025). If the learning strategy satisfies the conditions of Def-
inition 4.6, then the sequence of policies defined right above is such that, for all fixed policies
π = (πh)h∈[H], for all T ⩾ 1,

T∑
t=1

(
V

π,r′
t,P

′

1 (s1)− V π′
t,r

′
t,P

′

1 (s1)
)
⩽ 2MH2 BT,A .

For completeness, the proof of Lemma 4.9 is provided in Appendix C.2. We are ready to prove
Lemma 4.5.
Proof of Lemma 4.5. We apply Lemma 4.9 in each global epoch Ee, with P ′ = P̂t (see Fact 4.3)
and r′

t = rt + bt for all t ∈ Ee. Since rt,h ∈ [0, 1] and bt,h ∈ [0, H], we can pick M = 1 + H ⩽ 2H.
Decomposing term (B) into a summation over the global epochs and using the bound of Lemma 4.9
for each of them, we deduce that, for both strategies of Examples 4.7 and 4.8,

(B) ⩽ 4H3
m(T )∑
e=1

BEe,A ⩽ 4H3
m(T )∑
e=1

√
6Ee ln(A) ⩽ 16H3

√
Tm(T ) ln(A) , (4.7)

where we applied Jensen’s inequality to the root. Lemma 4.10 below then yields the claimed
result.
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4.4.2 Additional Technical Concepts
To deal with the remaining terms (A)–(D)–(C), we will not need anymore to pay attention to
global epochs Eet , only local epochs ℓt,h(s, a) are of interest.

We review two concepts which have been successfully used by Zhang et al. (2024) to derive
minimax optimal regret bounds in the case of stochastic MDPs.

The first concept: epoch-switching conditions and profiles. The functions indicating
local epochs ℓt,h(s, a) were called a profile by Zhang et al. (2024); they take bounded values:
ℓt,h : S ×A →

[
⌈log2(T )⌉

]∗
, and let

ℓt = (ℓt,h)h∈[H−1] (4.8)
with the agreement ℓ0,h( · , · ) ≡ 0 for h ∈ [H − 1]. We also introduce ℓ<t = (ℓτ )0⩽τ⩽t−1. Using the
above-defined profiles, we note that the global epoch et of a given episode t ∈ [T ] may be obtained
as a function of ℓ<t, namely,

et =
t−1∑
τ=1

( ∑
(s,a,h)

(
ℓτ,h(s, a)−ℓτ−1,h(s, a)

))
∧ 1. (4.9)

Indeed, if the counter of no triplet (s, a, h) has reached a value of the form 2r for some integer r
by passing from episode τ − 1 to τ , then the summation in the minimum is zero, meaning that the
episodes τ and τ + 1 belong to the same global epoch. On the contrary, if the counter of at least
one (s, a, h) reached such a value, then this sum is at least 1 (there can be more than one triplets
satisfying this), meaning that τ and τ + 1 belong to different global epochs. Thus, thanks to the
minimum, the above quantity counts the number of (global) epoch switches from τ = 1 to τ = t.
In other words, the global epoch et is uniquely determined by the preceding profiles.

Since there are SA(H − 1) different triplets (s, a, h) and each such triplet is associated with at
most ⌈log2(T )⌉ doubling conditions, we obtain the following bound.

Lemma 4.10. There are m(T ) ⩽ SAH log2(2T ) global epochs.

The second concept: optional skipping for estimated transition kernels. The trick
detailed here is standard in the bandit and reinforcement-learning literature. The original reference
is Theorem 5.2 of Doob (1953, Chapter III, p. 145); one can also check Chow and Teicher (1988,
Section 5.3) for a more recent reference. A pedagogical exposition of the trick and of its uses in the
bandit literature may be found in Garivier et al. (2022, Section 4.1), which we adapt now to the
setting of reinforcement learning.

For each triplet (h, s, a) ∈ [H]× S ×A and each integer j ⩾ 1, we denote by

Nh,s,a,j ≜ inf
{
t ⩾ 1 : nt,h(s, a) = j

}
(with the convention that the infimum of an empty set equals +∞) the predictable stopping time
whether and when (s, a) occurs for the j–th time. We are interested in the distribution of the states
st,h+1 drawn at rounds t when (st,h, at,h) = (s, a); these rounds are given by the stopping times
Nh,s,a,j introduced above. It turns out that these states are i.i.d. with distribution Ph( · | s, a).
We also have independence across sequences of states. All these results are formally stated in the
following lemma: to do so, one needs to set the values of the number of times nt,h(s, a) each triplet
(h, s, a) was encountered till a given round.

Lemma 4.11 (Doob’s optional skipping). Fix t ⩾ 1 and consider sequences of integers Jh,s,a ⩾ 1
and the intersection of events

C =
⋂

h∈[H−1]

⋂
(s,a)∈S×A

{
nt,h(s, a) = Jh,s,a

}
.
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It holds that on C, each of the sequences

(s̃h,s,a,j)j∈[Jh,s,a] ≜
(
sNh,s,a,j ,h+1

)
j∈[Jh,s,a]

is formed by i.i.d. variables, with common distribution Ph( · | s, a). In addition, these sequences are
independent from each other as (h, s, a) vary in [H − 1]× S ×A.

One of our applications of Lemma 4.11 will be the following, to handle term (A). The proof
consists of noting first that on

{
ℓt−1,h(s, a) = ℓ

}
, the distribution P̂t,h( · | s, a) corresponds to the

empirical measure of the i.i.d. variables s̃h,s,a,j with 1 ⩽ j ⩽ 2ℓ−1, and second, by dropping the
indicator function.

Notation-wise, we will be using s̃h,s,a,j (as in Lemma 4.11) for random variables generated by
the MDP interactions and σh,s,a,j (as in Corollary 4.12) for random variables independent from
everything else and that are representations of the former.
Corollary 4.12. Fix h ∈ [H − 1] and (s, a) ∈ S × A and let (σh,s,a,j)j⩾1 be a sequence of i.i.d.
variables with distribution Ph( · | s, a). For all functions ψ : R→ [0,+∞), all functions g : S → R,
all integers ℓ ⩾ 1,

E
[
ψ

(
P̂t,hg(s, a)

)
1
{
ℓt−1,h(s, a) = ℓ

}]
⩽ E

ψ( 1
2ℓ−1

2ℓ−1∑
j=1

g(σh,s,a,j)
).

4.4.3 Term (A): Optimism
Term (A) is handled thanks to a result already present in the analysis of the UCBVI algorithm (Azar
et al. 2017, Lemma 18), relying on an induction, and thanks to applications of Hoeffding’s inequal-
ities together with optional skipping. Appendix C.3 provides the (straightforward) details of the
proof of the following lemma.
Lemma 4.13. With probability at least 1− δ, for all t ∈ [T ] and all (s, a, h) ∈ S ×A× [H],

Qπ⋆,rt,P
h (s, a) ⩽ Qπ⋆,rt+bt,P̂t

h (s, a) , V π⋆,rt,P
h (s) ⩽ V π⋆,rt+bt,P̂t

h (s) .

Specifically, with probability ⩾ 1− δ, we have (A) ⩽ 0.
As in the original proof of Azar et al. (2017, Lemma 18), the result relies only on the concen-

tration of the estimated transition kernel in the direction of V π⋆,rt,P
h for any (t, h) ∈ [T ] × [H].

Crucially, it assumes an oblivious adversary, allowing V π⋆,rt,P
h to be treated as deterministic. If the

adversary depended on past actions and states, this assumption would break. The issue could then
be addressed by concentrating P̂t around P in ℓ1–norm, incurring an additional

√
S factor in bt

and propagating to the final regret via (D).

4.4.4 Term (D): Bonus Summation
Without the doubling trick, the exploration bonuses summed up along the trajectory can be classi-
cally bounded by a O(

√
T ) term. The doubling trick introduces only minor changes to this classical

step. Appendix C.4 provides the (straightforward) details of the proof of the following lemma, based
on the Hoeffding–Azuma inequality together with simple controls of the form, for all h ∈ [H − 1]
and (s, a) ∈ S ×A,

T∑
t=1

1√
nt,h(s, a)

1
{

(st,h,, at,h) = (s, a)
}
1
{
nt,h(s, a) ⩾ 2

}
=

nT,h(s,a)∑
n=2

1√
n
⩽ 2

√
nT,h(s, a) .
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Lemma 4.14. With probability at least 1− δ, we have

(D) ⩽ 7
√
H4SAT ln(2SATH log2(2T )/δ) +H2SA .

4.4.5 Term (C): Concentration

Let us start by formally stating the result, whose detailed proof may be found in Appendix C.5;
below, we only sketch that proof. The analysis is essentially borrowed from Zhang et al. (2024)
with minor technical modifications but a much simplified exposition (as we do not target optimized
bounds yet). Also, we explain in Remark C.3 of Appendix C.5 that the dependency in H of the
leading term in the upper bound of Lemma 4.15 could be improved to

√
H6 with more efforts, but

that there is no point in doing so, given the bound of Lemma 4.5, which scales with H as
√
H7.

Lemma 4.15. With probability at least 1− δ,

(C) ⩽ 2
√
H7SAT

(
log2(2T )

)3
+ 2

√
2H6 T log2(2T ) ln(4H/δ) + SAH3 .

Proof sketch. An application of the performance-difference lemma in case of different transition
kernels (see, e.g., Russo 2019, Lemma 3) together with the Hoeffding–Azuma inequality first shows
that with probability at least 1− δ/2, term (C) equals

T∑
t=1

E
[
H−1∑
h=1

(
P̂t,h−Ph

)
V πt,rt+bt,P̂t

h+1 (st,h,at,h)
∣∣∣∣∣πt,bt,P̂t

]

⩽
H−1∑
h=1

T∑
t=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (st,h, at,h)︸ ︷︷ ︸
= ξT,h

+
√

2H5T ln(2/δ) .

We bound the quantities ξT,h for each fixed h ∈ [H − 1]. We apply optional skipping in a careful
way on the event Cℓ,j,h,s,a,t when (s, a) ∈ S × A is played for the (2ℓ−1 + j)–th time in stage h at
episode t: on Cℓ,j,h,s,a,t, (

P̂t,h − Ph
)
V πt,rt+bt,P̂t

h+1 (st,h, at,h) behaves like
1

2ℓ−1

∑
j∈[2ℓ−1]

(
Ṽs,a,h+1(σh,s,a,j)− PhṼs,a,h+1(s, a)

)
,

for some random variable Ṽs,a,h+1, where the σh,s,a,j are i.i.d. according to Ph( · | s, a) and are
independent from Ṽs,a,h+1. The argument also extends between pairs (s, a) so that a careful appli-
cation of the Hoeffding-Azuma inequality (this is the delicate part of the proof), together with the
consideration of all values for ℓ and j, then shows that, with probability at least 1− δ/2, we have
ξT,h ⩽

⌈log2 T ⌉∑
ℓ=1

2ℓ−1∑
j=1

√√√√2H4

2ℓ−1

∑
(s,a)

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}
ln 1
δ′ ,

where δ′ equals δ/2 divided by the number of times we applied the union bound over ℓ, j, H,
and in the course of optional skipping; we bound this number of times by 4H(T + 1)1+SAH⌈log2(T )⌉.
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We conclude the proof by two consecutive applications of Jensen’s inequality for the root:

⌈log2 T ⌉∑
ℓ=1

2ℓ−1∑
j=1

√√√√2H4

2ℓ−1

∑
(s,a)

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}
ln 1
δ′ ⩽√√√√√2H4⌈log2 T ⌉

∑
(s,a)

⌈log2 T ⌉∑
ℓ=1

2ℓ−1∑
j=1

1
{
nT,h(s, a)⩾2ℓ−1+j

}
︸ ︷︷ ︸

⩽
∑

(s,a) nT,h(s,a) =T

ln 1
δ′

together with some algebra.

4.5 Conclusion and Limitations
In this chapter, we proposed an algorithm called APO-MVP that extends algorithm MVP of Zhang
et al. (2024) and its analysis to the case of adversarial reward functions, thanks, in particular, to a
black-box adversarial aggregation mechanism due to Jonckheere et al. (2025) that takes care of the
adversarial nature of reward functions. Algorithm APO-MVP is easy to implement in practice as it
relies on OLO learning strategies in the policy space combined with dynamic programming; it does
not at all rely on so-called occupancy measures. Furthermore, it achieves a better regret bound
compared to previous approaches based on the occupancy measures, reducing their regret bounds
by a

√
S multiplicative factor and narrowing the gap between the adversarial and stochastic regret

bounds, which are both shown to be of order
√
SAT up to logarithmic factors, as far as dependencies

on S, A, and T are concerned.
We believe that this work opens many interesting follow-up questions. The two main open

questions are inevitably linked with the main limitations of this chapter and are discussed below.
Limitations. The main limitation is rather a high dependency of our regret bound on the

length H of the episodes, of order
√
H7. Improving this dependency while maintaining a regret

of order
√
SAT up to logarithmic terms is one of the remaining open questions. We have only

considered full monitoring; extending our approach to bandit monitoring seems to be non-trivial
and it is still unknown if a

√
SAT regret is possible in the adversarial case with bandit feedback.
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For any (s, a) ∈ S, transition kernel p(s, a) ∈ P(S) and f : S → R define pf(s, a) = Ep(s,a)[f ]
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Table A.1: Table of notation use throughout the chapter

Notation Meaning
S state space of size S
A action space of size A
H length of one episode
s1 initial state
t stopping time
T trajectory space, T ≜ (S ×A)H
ε desired accuracy of solving the problem
δ desired upper bound on failure probability
λ regularization parameter in regularized MDPs (see Appendix A.4).
κ weight of entropy in reward in regualrized MDPs (see Appendix A.4)
ph(s′|s, a) probability transition
rh(s, a) reward function
dπh(s, a) state-action visitation distribution at step h for the policy π
qπ(m) visitation probability of trajectory m ∈ T by policy π
Kp polytope of all admissible state-action visitation distributions
K polytope of all admissible distributions over state-actions, K ≜ (∆SA)H
Hvisit(dπ) visitation entropy Hvisit(dπ) ≜ ∑H

h=1H(dπh) for dπ ∈ Kp,
π⋆,VE policy that maximizes Hvisit(dπ), a solution to the MVEE problem
Htraj(qπ) trajectory entropy Htraj(qπ) ≜ H(qπ)
π⋆,TE policy that maximizes Htraj(qπ), a solution to the MTEE problem
n0 number of prior visits for the forecaster-player in EntGame
t0 total number of prior visits
s th state that was visited at h step during t episode
a th action that was picked at h step during t episode
nth(s, a) number of visits of state-action nth(s, a) = ∑t

k=1 1
{

(skh, akh) = (s, a)
}

nth(s′|s, a) number of transition to s′ from state-action.
nth(s, a) pseudo number of visits of state-action nth(s, a) = nth(s, a) + n0
p̂ th(s′|s, a) empirical probability transition p̂ th(s′|s, a) = nth(s′|s, a)/nth(s, a)
d̄th(s, a) predicted distribution by the forecaster-player in EntGame
Q
t
h(s, a),V t

h(s, a) for EntGame: upper bound on the optimal Q/V-functions
Qπ
h(s, a), V π

h (s, a) Q- and V-functions for the MTEE problem
Q⋆
h(s, a), V ⋆

h (s, a) optimal Q- and V-function for the MTEE problem
Q
t
h(s, a), V t

h(s, a) for UCBVI-Ent: the upper bound on the optimal Q/V-functions
Qt
h
(s, a), V t

h(s, a) for UCBVI-Ent: the lower bound on the optimal Q/V-functions
Qπ
λ,h(s, a), V π

λ,h(s, a) Q- and V-functions in a regularized MDP
Q⋆
λ,h(s, a), V ⋆

λ,h(s, a) optimal Q- and V-function in a regularized MDP
Q̂π
λ,h(s, a), V̂ π

λ,h(s, a) for RL-Explore-Ent: the empirical Q-/V-functions in a regularized MDP

For a MDP M,a policy π and a sequence of function fh define Eπ[∑H
h′=h f(sh′ , ah′)|sh] as a

conditional expectation of ∑H
h′=h f(sh′ , ah′) with respect to the sigma-algebra Fh = σ{(sh′ , ah′)|h′ ⩽

h}, where for any h ∈ [H] we have ah ∼ π(sh), sh+1 ∼ ph(sh, ah).
We write f(S,A,H, ε) = O(g(S,A,H, ε, δ)) if there exist S0, A0, H0, ε0, δ0 and constant Cf,g

such that for any S ⩾ S0, A ⩾ A0, H ⩾ H0, ε < ε0, δ < δ0, f(S,A,H, T, δ) ⩽ Cf,g · g(S,A,H, T, δ).
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We write f(S,A,H, ε, δ) = Õ(g(S,A,H, ε, δ)) if Cf,g in the previous definition is poly-logarithmic
in S,A,H, 1/ε, 1/δ.

A.2 Proofs for Visitation Entropy

We first define the regrets of each players obtained by playing T times the games. For the forecaster-
player, for any d̄ ∈ K we define

RT
Fore(d̄) ≜

T∑
t=1

∑
h,s,a

d̃th(s, a)
(

log 1
d̄th(s, a)

− log 1
d̄h(s, a)

)

where d̃th(s, a) ≜ 1
{

(sth, ath) = (s, a)
}

is a sample from dπ
t

h (s, a). Similarly for the sampler-player,
for any d ∈ Kp we define

RT
Samp(d) ≜

T∑
t=1

∑
h,s,a

(
dh(s, a)− dπt

h (s, a)
)

log 1
d̄th(s, a)

.

Recall that the visitation distribution of the policy π returned by EntGame is the average of the
visitation distributions of the sampler-player dπ̂h(s, a) = d̂Th (s, a) ≜ (1/T )∑T

t=1 d
πt

h (s, a). We also
denote by d̊Th (s, a) ≜ (1/T )∑T

t=1 d̃
t(s, a) the average of the ’sample’ visitation distributions.

We now relate the difference between the optimal visitation entropy and the visitation entropy of
the outputted policy π̂ with the regrets of the two players. Indeed, usingH(p) = ∑

i∈[n] pi log(1/qi)−
KL(p, q) ⩽ ∑

i∈[n] pi log(1/qi) for all (p, q) ∈ (∆n)2, we obtain

T
(
Hvisit(dπ

⋆)−Hvisit(dπ̂)
)
⩽

T∑
t=1

∑
h,a,s

dπ
⋆

h (s, a) log 1
d̄th(s, a)

− d̃th(s, a) log 1
d̊Th (s, a)

+ T
(
Hvisit(d̊T )−Hvisit(d̂T )

)
= RT

Samp(dπ⋆) +
T∑
t=1

∑
h,s,a

(
dπ

t

h (s, a)− d̃th(s, a)
)

log 1
d̄th(s, a)︸ ︷︷ ︸

Bias1

+ RT
Fore(d̊T ) + T

(
Hvisit(d̊T )−Hvisit(d̂T )

)
︸ ︷︷ ︸

Bias2

.

It remains to upper bound each terms separately in order to obtain a bound on the gap. We first
bound the two regrets terms. The first bias term is martingale and can easily be bounded with a
deviation inequality, whereas for the second one we introduce just instrumentally smoothing of the
entropy.

A.2.1 Regret of the Forecaster-Player

We prove in this section a regret-bound for the mixture forecaster.

Lemma A.1. For n0 = 1, for any d̄ ∈ K it holds almost surely

RT
Fore(d̄) ⩽ HSA log

(
e(T + 1)

)
− T

H∑
h=1

KL(d̊Th , d̄h) .
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Proof. We will bound the regret at step h,

RT
Fore,h(d̄) ≜

T∑
t=1

∑
s,a

d̃th(s, a)
(

log 1
d̄th(s, a)

− log 1
d̄h(s, a)

)

and then sum the upper bounds. Recall

d̄th(s, a) = nt−1
h (s, a) + 1
t− 1 + SA

,

and for (s, a) = (sth, ath) and any t ∈ [T ], h ∈ [H] we have nt−1
h (s, a)+1 = nth(s, a). Since n0 = 1, we

have d̄th(sth, ath) = nth(sth, ath)/(SA + t− 1). Armed with this observation we can rewrite the regret
as follows

RT
Fore,h(d̄) = −T KL(d̊Th , d̄h)− TH(d̊Th )−

T∑
t=1

log
(
d̄th(sth, ath)

)

= −T KL(d̊Th , d̄h)− TH(d̊Th )− log
(

T∏
t=1

d̄th(sth, ath)
)
.

Then we have an explicit formula for the product of d̄th
T∏
t=1

d̄th(sth, ath) =
T∏
t=1

nth(sth, ath)
SA+ t− 1 = (SA− 1)!

(SA+ T − 1)!
∏

(s,a)∈S×A
[nTh (s, a)]!

= 1( T
(nT

h (s,a))(s,a)∈S×A

) 1(T+SA−1
SA−1

)
⩾ exp

(
−TH(d̊Th )− (T + SA− 1)H

(
SA− 1

T + SA− 1

))
where in the last inequality we used Theorem 11.1.3 by Cover and Thomas (2006) and overload the
entropy notation H(p) = −p log(p)− (1− p) log(1− p) for p ∈ [0, 1]. Putting all together we get

RT
Fore,h(d̄) ⩽ (T + SA− 1)H

(
A− 1

T + A− 1

)
− T KL(d̊Th , d̄h) .

Bounding the entropic term

(T + SA− 1)H
(

SA− 1
T + SA− 1

)
= (SA− 1) log T + SA− 1

SA− 1 + T log T + SA− 1
T

⩽ (SA− 1) log T + SA− 1
SA− 1 + T log

(
1 + SA− 1

T

)
⩽ (SA− 1) log e(T + SA− 1)

SA− 1
⩽ SA log

(
e(T + 1)

)
,

and summing over h allows us to conclude.

A.2.2 Regret of the Sampler-Player
We start from introducing new notation. Let Mt = (S,A, {ph}h∈[H], {rth}h∈[H], s1) be a sequence
of MDPs where reward defined as follows rth(s, a) = log(1/d̄th(s, a)). Define Qπ,t

h (s, a) and V π,t
h (s, a)
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as a action-value and value functions of a policy π on a MDP Mt. Notice that the value-function
of initial state in this case could be written as follows

V π,t
1 (s1) =

∑
h,s,a

dπh(s, a) log
(

1
d̄th(s, a)

)

therefore, the regret for the sampler-player could be rewritten in the terms of the regret for this
sequence of MDPs

RT
Samp(dπ) =

T∑
t=1

V π,t
1 (s1)− V πt,t

1 (s1).

Since the rewards are changing in each episode and depending on the full history on interaction
during previous episodes, we have to handle more uniform approach as in usual UCBVI proofs Azar
et al. 2017.

Concentration. Let αKL, αcnt : (0, 1)×R+ → R+ be some functions defined later on in Lemma A.2.
We define the following favorable events

EKL(δ) ≜

∀t ∈ N,∀h ∈ [H],∀(s, a) ∈ S ×A : KL(p̂ th(s, a), ph(s, a)) ⩽ αKL(δ, n th(s, a))
n th(s, a)

,
Ecnt(δ) ≜

∀t ∈ N,∀h ∈ [H],∀(s, a) ∈ S ×A : nth(s, a) ⩾ 1
2n

t
h(s, a)− αcnt(δ)

,
Lemma A.2. For any δ ∈ (0, 1) and for the following choices of functions α,

αKL(δ, n) ≜ log(2SAH/δ) + S log(e(1 + n)), αcnt(δ) ≜ log(2SAH/δ),

it holds that

P[EKL(δ)] ⩾ 1− δ/2, P[Ecnt(δ)] ⩾ 1− δ/2

In particular, P[G(δ)] ⩾ 1− δ.
Proof. Applying Theorem D.13 and the union bound over h ∈ [H], (s, a) ∈ S×A we get P[EKL(δ)] ⩾
1 − δ/2. By Theorem D.14 and union bound, P[Ecnt(δ)] ⩾ 1 − δ/2. The union bound yields
P[G(δ)] ⩾ 1− δ.

Optimism. Next we define the exploration bonuses bth(s, a) for the sampler-player for n0 = 1

bth(s, a) =

√√√√2H2 log2(t+ SA) · αKL(δ, nth(s, a))
nth(s, a) (A.1)

Lemma A.3. For any t ∈ [T ] and any policy π, the following holds on event G(δ)

Q
t
h(s, a) ⩾ Qπ,t+1

h (s, a), V
t
h(s) ⩾ V π,t+1

h (s).

Proof. Proceed by backward induction over h. For h = H + 1 the statement trivially holds. Next
we assume that the statement holds for any h′ > h. Then we have by induction hypothesis and
Hölder’s inequality

Q
t
h(s, a)−Qπ,t+1

h (s, a) = p̂thV
t
h+1(s, a)− phV π,t+1

h (s, a) + bth(s, a)
⩾ [p̂th − ph]V π,t+1

h (s, a) + bth(s, a) ⩾ −∥V π,t+1
h ∥∞∥p̂th − ph∥1 + bth(s, a).
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The fact that ∥V π,t+1
h ∥∞ ⩽ H log(t + SA), Pinsker’s inequality and the definition of the event

EKL(δ) yields

∥V π,t+1
h ∥∞∥p̂th − ph∥1 ⩽ H log(t+ SA)

√
2αKL(δ, nth(s, a))

nth(s, a) = bth(s, a)

that shows Qt
h(s, a)−Qπ,t+1

h (s, a) ⩾ 0. The inequality on V -functions could be derived as follows

V
t
h(s) ⩾ πQ

t
h(s) ⩾ πQπ,t+1

h (s) = V π,t+1
h (s).

Regret Bound.
Lemma A.4. Let π be any fixed policy. Then for any δ ∈ (0, 1) with probability at least 1− δ the
following holds

RT
Samp(dπ) ⩽ 10 log(T + SA)

√
2H4SAT · (log(2SAH/δ) + S log(eT )) log(T ).

Proof. Assume that the event G(δ) holds. By Lemma A.3 for any t ∈ [T ] and h ∈ [H] we have

V π,t
t (sh)− V πt,t

h (sth) ⩽ V
t−1
h (sth)− V πt,t

h (sth) = πth(Qt−1
h −Qπt,t

h )(s),

thus we can define δth(s, a) = Q
t−1
h (s, a)−Qπt,t

h (s, a) and upper bound the regret as follows

RT
Samp(dπ) ⩽

T∑
t=1

πt1δ
t
1(s1).

Next we analyze δth(sth). By the same argument as in Lemma A.3

δth(s, a) = [p̂t−1
h − ph]V t−1

h+1(s, a) + bth(s, a) + ph[V t−1
h+1 − V

πt,t
h+1 ](s, a)

⩽ 2bt−1
h (s, a) + phπ

t
h+1[Qt−1

h+1 −Q
πt,t
h+1](s, a)

that could be rewritten as follows

δth(s, a) ⩽ Eπt

[
2bt−1
h (s, a) + δth+1(sh+1, ah+1)|(sh, ah) = (s, a)

]
,

thus, rolling out the initial bound on regret we have

RT
Samp(dπ) ⩽ H log(T + SA)

T−1∑
t=1

Eπt

[
H∑
h=1

2
√

2αKL(δ, nth(sh, ah))
nth(sh, ah) ∧ 1

∣∣∣∣∣s1

]
+H log(T + SA).

By Lemma D.5 and Jensen’s inequality we have

RT
Samp(dπ) ⩽ 5H3/2 log(T + SA)

√
2T

√√√√√∑
h,s,a

T−1∑
t=1

dπ
t

h (s, a)α
KL(δ, nth(s, a))
nth(s, a) ∨ 1 .

Notice that dπt

h (s, a) = nt+1
h (s, a) − nth(s, a) and αKL(δ, nth(s, a)) ⩽ αKL(δ, T − 1). Combined with

Lemma D.6 it implies

RT
Samp(dπ) ⩽ 10 log(T + SA)

√
2H4SAT · (log(2SAH/δ) + S log(eT )) log(T ).

Finally, the fact that P[G(δ)] ⩾ 1− δ concludes the statement of theorem.

Remark A.5. It is possible to improve the H-dependence by introducing Bernstein-type bonuses,
however, we are focused on improvement in a dependence in ε−1 and leave this regret bound as
simple as possible.
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A.2.3 Bias Terms
Lemma A.6. Let δ ∈ (0, 1) and n0 = 1. Then with probability at least 1 − δ the following two
bounds hold

Bias1 ≜
T∑
t=1

∑
h,s,a

(
dπ

t

h (s, a)− d̃th(s, a)
)

log 1
d̄th(s, a)

⩽ log(T + SA)
√

2TH log(2/δ)

Bias2 ≜ T (Hvisit(d̊T )−Hvisit(d̂T )) ⩽ log(SAT )
(√

2TH log(2/δ) + 3H
√
SAT log(3T )

)
.

Proof. Let us define the lexicographic order on the set [T ] × [H] with an additional convention
(t, 0) = (t− 1, H).

Then we can define a filtration Ft,h = σ
{

(st′h′ , at
′

h′) ∀t ⩽ t,∀h′ ∈ [H]} ∪ {(sth′ , ath′) ∀h′ ⩽ h}
}

that
consists of the all history of interactions of the EntGame algorithm with an environment up to the
h-th step of the episode t. The most important fact is that πt and d̄th(s, a) are Ft,h−1-measurable
for h > 1 and Ft−1,H-measurable for h = 1.

Therefore, for any t ∈ [T ], h ∈ [H]

E
[∑
s,a

(dπt

h (s, a)− d̃th(s, a)) log 1
d̄th(s, a)

∣∣∣∣∣Ft,h−1

]
= 0.

Therefore Xt,h = ∑
s,a(dπ

t

h (s, a)− d̃th(s, a)) log 1
d̄t

h(s,a) is a martingale-difference sequence adapted to
the filtration Ft,h. Also we notice that a.s. the following bound holds

|Xt,h| ⩽ log(T + SA)

All these facts combined with Azuma-Hoeffding inequality implies that with probability at least
1− δ/2

Bias1 =
T∑
t=1

H∑
h=1

Xt,h ⩽ log(T + SA)
√

2TH log(2/δ).

To show the second part of the statement we notice that

Bias2 = T
H∑
h=1

(H(d̊Th )−H(d̂Th )).

Let us introduce the smoothed entropy as it was done by Hazan et al. (2019).

∀d ∈ ∆SA : Hσ(d) =
∑
s,a

d(s, a) log 1
d(s, a) + σ

.

The key difference with our approach and approach of Hazan et al. (2019) that we need the smooth-
ing only instrumentally to provide a bound on Bias2.

It is easy to see that Hσ is concave and, moreover d ∈ ∆SA

|H(d)−Hσ(d)| ⩽
∑
s,a

d(s, a) log d(s, a) + σ

d(s, a) ⩽ σSA,

where we used inequality log(1 + x) ⩽ x for all x ⩾ 0, and also for σ < e−1

∥∇Hσ(d)∥∞ = sup
x∈(0,1)

∣∣∣∣log(x+ σ) + x

x+ σ

∣∣∣∣ ⩽ log(σ−1).
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By replacing an entropy with a smoothed entropy

Bias2 ⩽ T
∑
h∈H

(Hσ(d̊Th )−Hσ(d̂Th )) + 2σ · TSAH.

To analyze the first term we use that Hσ is concave, therefore

H∑
h=1
Hσ(d̊Th )−Hσ(d̂Th ) ⩽

H∑
h=1
⟨∇Hσ(d̂Th ), d̊Th − d̂Th ⟩ = 1

T

∑
s,a

T∑
t=1

H∑
h=1

(d̃th(s, a)−dπt

h (s, a)) ·∇Hσ(d̂Th )(s, a)

For this term situation is more involved than for Bias1 because d̂Th is dependent on all generated
policies. Therefore we have to preform uniform bounds. Define W = {w ∈ RHSA | |wh(s, a)| ⩽ 1}
as a unit ℓ∞-ball in RHSA. Then we have

T
H∑
h=1
Hσ(d̊Th )−Hσ(d̂Th ) ⩽ log(σ−1) · sup

w∈W

T∑
t=1

H∑
h=1

(∑
s,a

(d̃th(s, a)− dπt

h (s, a)) · wh(s, a)
)
.

Define N(ε, ∥·∥∞,W) as ε-covering number for a set W with ℓ∞-norm as a distance, and Wε as
a minimal ε-net. Next we can use the well-known result on upper bound on the covering number
(e.g. see Exercise 5.5 by Handel (2016))

N(ε, ∥·∥∞,W) ⩽
(3
ε

)SAH
,

and replace our maximization problem with the maximization over ε-net

sup
w∈W

T∑
t=1

H∑
h=1

(∑
s,a

(d̃th(s, a)− dπt

h (s, a)) · wh(s, a)
)
⩽ sup

ŵ∈Wε

T∑
t=1

H∑
h=1

(∑
s,a

(d̃th(s, a)− dπt

h (s, a)) · ŵh(s, a)
)

+ εTH.

For any fixed ŵ ∈ Wε we apply Azuma-Hoeffding inequality exactly in the same manner as in the
bound for Bias1-term. We have that with probability at least 1− δ/(2Nε) for N = N(ε, ∥·∥∞,W)
we have

T∑
t=1

H∑
h=1

(∑
s,a

(d̃th(s, a)− dπt

h (s, a)) · ŵh(s, a)
)
⩽
√

2TH log(2Nε/δ).

Thus, by union bound we have with probability at least 1− δ/2

sup
w∈W

T∑
t=1

H∑
h=1

(∑
s,a

(d̃th(s, a)− dπt

h (s, a)) · wh(s, a)
)
⩽
√

2TH(log(2/δ) + SAH log(3/ε)) + εTH.

Taking ε = 1/T we have

Bias2 ⩽ log(σ−1)(
√

2TH(log(2/δ) + SAH log(3T )) +H) + σSATH.

Next we choose σ = 1/SAT and by inequality
√
a+ b ⩽

√
a+
√
b obtain

Bias2 ⩽ log(SAT )
(√

2TH log(2/δ) + 3H
√
SAT log(3T )

)
.
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A.2.4 Proof of Theorem 2.2
We state the version of this theorem with all prescribed dependencies factors.

Theorem A.7. For all ε > 0 and δ ∈ (0, 1). For n0 = 1 and

T ⩾ 1 + 648(log(SA) + L)H4SA · (log(4SAH/δ) + S + L) · L
ε2 + 2HSA(2 + L)

ε

for L = 9 log
(

1010
√
H4S8/3A8/3 log(4SAH/δ)/ε

)
the algorithm EntGame is (ε, δ)-PAC.

Proof. We start from writing down the decomposition defined in the beginning of the appendix

T (Hvisit(dπ
⋆,VE)−Hvisit(dπ̂)) ⩽ RT

Samp(dπ⋆,VE) + RT
Fore(d̊T ) + Bias1 + Bias2.

By Lemma A.4 with probability at least 1− δ/2 it holds

RT
Samp(dπ⋆,VE) = 10 log(T + SA)

√
2H4SAT · (log(4SAH/δ) + S log(eT )) log(T )

By Lemma A.1
RT

Fore(d̊T ) ⩽ HSA log
(
e(T + 1)

)
.

By Lemma A.6 with probability at least 1− δ/2

Bias1 + Bias2 ⩽ 3 log(SAT )
(√

TH log(4/δ) +H
√
SAT log(3T )

)
.

By union bound all these inequalities hold simultaneously with probability at least 1−δ. Combining
all these bounds we get

T (Hvisit(dπ
⋆,VE)−Hvisit(dπ̂)) ⩽ 18 log(SAT )

√
H4SAT (log(4SAH/δ) + S log(eT )) log(T )

+HSA log(e(T + 1)).

Therefore, it is enough to choose T such that Hvisit(dπ
⋆,VE)−Hvisit(dπ̂) is guaranteed to be less than

ε. In this case EntGame become automatically (ε, δ)-PAC.
It is equivalent to find a maximal T such that

εT ⩽ 18 log(SAT )
√
H4SAT (log(4SAH/δ) + S log(eT )) log(T ) +HSA log(e(T + 1))

and add 1 to it.
We start from obtaining a loose bound to eliminate logarithmic factors in T .
First, we assume that T ⩾ 1, thus T + 1 ⩽ 2T . Additionally, let us use inequality log(x) ⩽ xβ/β

for any x > 0 and β > 0. We obtain

εT ⩽ 18(SAT )1/3

1/3

√
H4S2AT log(4SAH/δ)(eT )1/18

1/18
T 1/18

1/18 +HSA
(2eT )8/9

8/9

⩽ T 8/9
(

1010
√
H4S2A2 log(2SAH/δ)

)
,

thus we can define L = 9 log
(

1010
√
H4S8/3A8/3 log(4SAH/δ)/ε

)
for which log(T ) ⩽ L. Thus we

have
εT ⩽ 18(log(SA) + L)

√
H4SAT (log(4SAH/δ) + S + L)L+HSA(2 + L).
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Solving this quadratic inequality, we obtain the minimal required T to guarantee Hvisit(dπ
⋆,VE) −

Hvisit(dπ̂) ⩽ ε. In particular,

T ⩾ 1 + 648(log(SA) + L)H4SA · (log(4SAH/δ) + S + L) · L
ε2 + 2HSA(2 + L)

ε
.
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A.3 Regularized Bellman Equations
In this section we provide complete proofs for regularized Bellman Equations in the general setting.
Let Φ: ∆A → R be a strictly convex function.

Then we can define the regularized value function as follows

V π
λ,h(s) ≜ Eπ

[
H∑

h′=h
rh′(sh′ , ah′)− λΦ(πh′(sh′)) | sh = s

]
. (A.2)

Notably, for a specific choice of rewards rh(s, a) = H(ph(s, a)), the regularizer is equal to the
negative entropy Φ(π) = −H(π), and λ = 1 we have V π

λ,1(s1) = Htraj(qπ), see Lemma D.2 In more
general setting let rh(s, a) be equal to the sum of deterministic reward and λH(ph(s, a)). In this
case we have V π

λ,1(s1) = V π
1 (s1) + λHtraj(qπ) in terms of a usual non-regularized value function.

Let us define an entropy action-value function as follows

Qπ
λ,h(s, a) ≜ Eπ

rh(sh, ah) +
H∑

h′=h+1
[rh′(sh′ , ah′)− λΦ(πh(sh′))] | (sh, ah) = (s, a)

. (A.3)

Additionally, we define an optimal entropy-regularized value functions a follows

V ⋆
λ,h(s) ≜ max

π
V π
λ,h(s), Q⋆

λ,h(s, a) ≜ max
π

Qπ
λ,h(s, a) ∀(s, a, h) ∈ S ×A× [H].

A.3.1 Proof of Entropy-Regularized Bellman Equations
Theorem A.8 (Regularized Bellman Equations). For any stochastic policy π the following decom-
position of the entropy-regularized value function holds

Qπ
λ,h(s, a) = rh(s, a) + phV

π
λ,h+1(s, a),

V π
λ,h(s) = πhQ

π
λ,h(s)− λΦ(πh(s)).

(A.4)

Moreover, for optimal Q- and V -functions we have
Q⋆
λ,h(s, a) = rh(s, a) + phV

⋆
λ,h+1(s, a),

V ⋆
λ,h(s) = max

π∈∆A
{πQ⋆

h(s)− λΦ(π)}. (A.5)

Remark A.9. For the case of interest Φ(π) = −H(π) the expression for the V -function allows the
closed-form formula by a well-known LogSumExp smooth maximum approximation

V ⋆
λ,h(s) = λ log

∑
a∈A

exp
(1
λ
Q⋆
λ,h(s, a)

),
and as λ→ 0 we see that entropy-regularized value function tends to a usual value function without
regularization.

Proof. We proceed by induction. For h = H + 1 the equation is trivial. By definition and tower
property of conditional expectation

Qπ
λ,h(s, a) = rh(s, a) + E

 H∑
t=h+1

rt(st, at)− λΦ(πt(st))
∣∣∣∣∣sh = s, ah = a


= r(s, a) + E

E
 H∑
t=h+1

rt(st, at)− λΦ(πt(st))
∣∣∣∣∣sh+1

∣∣∣∣∣sh = s, ah = a


= rh(s, a) + phV

π
λ,h+1(s, a).
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Next we provide the second Bellman equation by tower property and the definition of the regularized
Q-function

V π
λ,h(s) = −λΦ(πh(s)) + E

rh(sh, ah) +
H∑

t=h+1
rt(st, at)− λΦ(πt(st))

∣∣∣∣∣sh = s


= πhQ

π
λ,h(s)− λΦ(πh(s)).

For optimal Bellman equation we proceed by induction. For h = H + 1 the equation is also
trivial. By Bellman equations

Q⋆
λ,h(s, a) = max

π

{
rh(s, a) + phV

π
λ,h+1(s, a)

}
= rh(s, a) + phV

⋆
λ,h+1(s, a),

and, finally

V ⋆
λ,h(s) = max

π1,...,πH∈∆(A)

{
πhQ

⋆
λ,h(s)− λΦ(πh(s))

}
= max

π∈∆A

{
πQ⋆

λ,h(s)− λΦ(π)
}
.

A.3.2 A Bellman-type Equations for Variance

For a stochastic policy π we define Bellman-type equations for the variances as follows

σQπ
λ,h(s, a) ≜ Varph

V π
λ,h+1(s, a) + phσV

π
λ,h+1(s, a)

σV π
λ,h(s) ≜ Varπh

Qπ
λ,h(s) + πhσQ

π
λ,h(s)

σV π
λ,H+1(s) ≜ 0,

where Varph
(f)(s, a) ≜ Es′∼ph(·|s,a)

[
(f(s′) − phf(s, a))2

]
denotes the variance operator over tran-

sitions and Varπh
(f)(s) ≜ Ea′∼πh(s)

[
(f(s, a′) − πhf(s))2

]
denoted the variance operator over the

policy. In particular, the function s 7→ σV π
λ,1(s) represents the average sum of the local variances

Varph
V π
λ,h+1(s, a) and Varπh

Qπ
λ,h(s) over a trajectory following the policy π, starting from (s, a).

Indeed, the definition above implies that

σV π
λ,1(s1) =

H∑
h=1

∑
s∈S

dπh(s)Varπh
Qπ
λ,h(s) +

H∑
h=1

∑
s,a

dπh(s, a)Varph
(V π
λ,h+1)(s, a).

The lemma below shows that we can relate the global variance of the cumulative reward over a
trajectory to the average sum of local variances.

Lemma A.10 (Law of total variance). Let us define r̃h(s, a, π) = rh(s, a) − λΦ(π(s)). Then, for
any stochastic policy π and for all h ∈ [H],

σQπ
λ,h(s, a) = Eπ

( H∑
h′=h

r̃h′(sh′ , ah′ , πh′)−
(
Qπ
λ,h(sh, ah)− λΦ(πh(sh))

))2∣∣∣∣∣∣(sh, ah) = (s, a)

,
σV π

λ,h(s) = Eπ

( H∑
h′=h

r̃h′(sh′ , ah′ , πh′)− V π
λ,h(sh)

)2∣∣∣∣∣∣sh = s

.
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Proof. We proceed by induction. The statement in Lemma A.10 is trivial for h = H + 1. We now
assume that it holds for h+ 1 and prove that it also holds for h. For this purpose, we compute

Eπ

( H∑
h′=h

r̃h′(sh′ , ah′ , πh′)−
(
Qπ
λ,h(sh, ah)− λΦ(πh(sh))

))2∣∣∣∣∣∣(sh, ah)


= Eπ


V π

λ,h+1(sh+1)− phV π
λ,h+1(sh, ah) +

H∑
h′=h+1

r̃h′(sh′ , ah′ , πh′)− V π
λ,h+1(sh+1)

2
∣∣∣∣∣∣∣(sh, ah)


= Eπ

[(
V π
λ,h+1(sh+1)− phV π

λ,h+1(sh, ah)
)2∣∣∣∣(sh, ah)

]

+ Eπ


 H∑
h′=h+1

r̃h′(sh′ , ah′ , πh′)− V π
λ,h+1(sh+1)

2
∣∣∣∣∣∣∣(sh, ah)


+ 2Eπ

 H∑
h′=h+1

r̃h′(sh′ , ah′ , πh′)− V π
λ,h+1(sh+1)

(V π
λ,h+1(sh+1)− phV π

λ,h+1(sh, ah)
)∣∣∣∣∣∣(sh, ah)

.
The definition of V π

λ,h+1(sh+1) implies that

Eπ

 H∑
h′=h+1

(rh′(sh′ , ah′)− λΦ(πh′(sh′)))− V π
λ,h+1(sh+1)

∣∣∣∣∣∣sh+1

 = 0.

Therefore, the tower property of conditional expectation gives us

Eπ

( H∑
h′=h

r̃h′(sh′ , ah′ , πh′)−
(
Qπ
λ,h(sh, ah)− λΦ(πh(sh))

))2∣∣∣∣∣∣(sh, ah)


= Eπ

[(
V π
λ,h+1(sh+1)− phV π

λ,h+1(sh, ah)
)2∣∣∣∣(sh, ah)

]

+ E

Eπ

 H∑
h′=h+1

r̃h′(sh′ , ah′ , πh′)− V π
λ,h+1(sh+1)

2
∣∣∣∣∣∣∣sh+1


∣∣∣∣∣∣∣(sh, ah)


= Varph

V π
λ,h+1(sh, ah) + phσV

π
λ,h+1(sh, ah) = σQπ

λ,h(sh, ah)

where in the third equality we used the inductive hypothesis and the definition of σV π
h+1. To prove

the second equation we use the entropy-regularized Bellman equations

Eπ

( H∑
h′=h

r̃h′(sh′ , ah′ , πh′)− V π
λ,h(sh)

)2∣∣∣∣∣∣sh = s


= Eπ

( H∑
h′=h

r̃h′(sh′ , ah′ , πh′)− (Qπ
λ,h(sh, ah)− λΦ(πh(sh)))

)2∣∣∣∣∣∣sh = s


+ 2Eπ

[(
H∑

h′=h
r̃h′(sh′ , ah′ , πh′)− (Qπ

λ,h(sh, ah)− λΦ(πh(sh)))
)
×

×
(
πhQ

π
λ,h(sh)−Qπ

λ,h(sh, ah)
)∣∣∣∣∣sh = s

]

+ Eπ
[(
πhQ

π
λ,h(sh)−Qπ

λ,h(sh, ah)
)2
∣∣∣∣sh = s

]
.
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By definition of Qπ
λ,h we have

Eπ
[(

H∑
h′=h

r̃h′(sh′ , ah′ , πh′)− (Qπ
λ,h(sh, ah)− λΦ(πh(sh)))

)∣∣∣∣∣(sh, ah) = (s, a)
]

= 0,

thus, by the tower property

Eπ

( H∑
h′=h

r̃h′(sh′ , ah′ , πh′)− V π
λ,h(sh)

)2∣∣∣∣∣∣sh = s

 = πhσQ
π
λ,h(sh) + Varπh

Qπ
λ,h(sh) = σV π

λ,h(sh).

A.3.3 Performance-Difference Lemma
In this section we provide a version of performance-difference lemma (see e.g. Lemma E.15 by Dann
et al. (2017)) for regularized Bellman equations.

Lemma A.11 (Performance-Difference Lemma). Let M′ = (S,A, H, {p′
h}h∈[H], {r′

h}h∈[H], s1) and
M′′ = (S,A, H, {p′′

h}h∈[H], {r′′
h}h∈[H], s1) be two MDPs and let QM,π

λ,h (s, a) be a Q-value of policy π
in the MDP M with regularization. Then for any (s, a, h) ∈ S ×A× [H],

QM′,π
λ,h (s, a)−QM′′,π

λ,h (s, a) = EM′′,π

[
H∑

h′=h
r′
h′(sh′ , ah′)− r′′

h′(sh′ , ah′)
∣∣∣∣∣ (sh, ah) = (s, a)

]

+ EM′′,π

[
H∑

h′=h
[p′
h′ − p′′

h′ ]V M′,π
λ,h′+1(sh′ , ah′)

∣∣∣∣∣ (sh, ah) = (s, a)
]
.

Proof. Let us proceed by induction over h. For h = H + 1 this statement is trivially true. Next we
assume that it holds for any h′ > h. By regularized Bellman equations

QM′,π
λ,h (s, a)−QM′′,π

λ,h (s, a) = [r′
h(s, a)− r′′

h(s, a)] + p′
hV

M′,π
λ,h (s, a)− p′′

hV
M′′,π
λ,h (s, a)

= [r′
h(s, a)− r′′

h(s, a)] + [p′
h − p′′

h]V M′,π
λ,h+1(s, a)− p′′

h

[
V M′′,π
λ,h+1 − V

M′,π
λ,h+1

]
(s, a)

= [r′
h(s, a)− r′′

h(s, a)] + [p′
h − p′′

h]V M′,π
λ,h+1(s, a) + p′′

h

[
V M′,π
λ,h+1 − V

M′′,π
λ,h+1

]
(s, a).

Next we notice that

V M′,π
λ,h+1(s)− V M′′,π

λ,h+1 (s) = πQM′,π
λ,h+1(s)− λΦ(π)− πQM′′,π

λ,h+1(s) + λΦ(π) = π
[
QM′,π
λ,h+1 −Q

M′′,π
λ,h+1

]
(s)

since the regularizer is cancelled out. Thus, we can rewrite this difference as follows

QM′,π
λ,h (s, a)−QM′′,π

λ,h (s, a) = Eπ,M′′

[
r′
h(sh, ah)− r′′

h(sh, ah) + [p′
h − p′′

h]V M′,π
λ,h+1(sh, ah)

+
[
QM′,π
λ,h+1(sh+1, ah+1)−QM′′,π

λ,h+1(sh+1, ah+1)
] ∣∣∣∣∣ (sh, ah) = (s, a)

]
.

By induction hypothesis we conclude the statement.
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A.4 Sample Complexity for MTEE and Regularized MDPs
In this section we describe the general setting of regularized MDPs, not only entropy-regularized.

A.4.1 Preliminaries
First we define class of regularizers we are interested in. For more exposition on this definition, see
Bubeck (2015).

Definition A.12. Let Φ: ∆(A)→ R be a proper closed strongly-convex function. We will call Φ
a mirror-map if the following holds

• Φ is 1-strongly convex with respect to norm ∥·∥;

• ∇Φ takes all possible values in RA;

• ∇Φ diverges on the boundary of ∆(A): limx∈∂∆(A)∥∇Φ(x)∥ = +∞;

We explain three main examples of a such regularizers.

• The negative Shannon entropy Φ(π) = −H(π) for H(π) = ∑
a∈A πa log

(
1
πa

)
satisfies the

Definition A.12 for ℓ1-norm;

• The negative Tsallis entropy Φ(π) = −1
qTq(π) for Tq(π) = 1

q−1(1−∑a∈A π
q
a) satisfied the

Definition A.12 for ℓ2 norm for every q ∈ (0, 1). In particular, q = 0.5 corresponds to the
choice by Grill et al. (2019) in Appendix E that is tightly connected to the UCB algorithm;

• For any other fixed policy π′ ∈ ∆(A) we can choose Φ(π) = KL(π, π′) = ∑
a∈A πa log

(
πa

π′
a

)
that

inherits all the properties from the choice of the negative entropy.

LetM = (S,A, {ph}h∈[H], {rh}h∈[H], s1) be a finite-horizon MDP, where rh(s, a) is a determinis-
tic reward function. For simplicity we assume that 0 ⩽ rh(s, a) ⩽ rmax for any (h, s, a) ∈ [H]×S×A.

Then we can define entropy-augmented rewards as follows

rκ,h(s, a) = rh(s, a) + κH(ph(s, a)).

This definition is required to cover the following case of practical interest. Let κ = λ and Φ(π) =
−H(π), then we obtain the following representation for the λ-regularized value function

V π
λ,1(s1) = V π

1 (s1) + λHtraj(qπ),

where V π
1 (s1) is a usual value function for a MDPM. For rmax = 0 and κ = λ = 1 we recover just

a trajectory entropy V π
λ,1(s1) = Htraj(qπ).

Next we define a convex conjugate to λΦ as Fλ : RA → R

Fλ(x) = max
π∈∆(A)

{⟨π, x⟩ − λΦ(π)}

and, with a sight abuse of notation extend the action of this function to the Q-function as follows

V ⋆
λ,h(s) = Fλ(Q⋆

λ,h)(s) = max
π∈∆A

{
πQ⋆

λ,h(s)− λΦ(π)
}
.

Thanks to the fact that Φ satisfies Definition A.12, we have exact formula for the optimal policy
by Fenchel-Legendre transform

π⋆h(s) = arg max
π∈∆A

{
πQ⋆

λ,h(s)− λΦ(π)
}

= ∇Fλ(Q⋆
λ,h(s, ·)).
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Notice that we have ∇Fλ(Q⋆
λ,h(s, ·)) ∈ ∆(A) since the gradient of Φ diverges on the boundary of

∆(A). For entropy regularization this formula become the softmax function.
Finally, it is known that the smoothness property of Fλ plays a key role in reduced sample

complexity for planning in regularized MDPs (Grill et al. 2019). For our general setting we have
that since λΦ is λ-strongly convex with respect to ∥·∥, then Fλ is 1/λ-strongly smooth with respect
to a dual norm ∥·∥∗

Fλ(x) ⩽ Fλ(x′) + ⟨∇Fλ(x′), x− x′⟩+ 1
2λ∥x− x

′∥2
∗.

Let us define RΦ as a maximal possible value of |Φ|. Without loss of generality assume that Φ ⩽ 0.
In this case we define Rmax = rmax + κ log(S) + λRΦ as an upper bound of an about of reward
obtain at the one step. By this definition we have 0 ⩽ V π

λ,h(s) ⩽ HRmax for any h ∈ [H], s ∈ S and
any policy π.

Also, since all norms in RA are equivalent, we define a constant rA that defined for a dual norm
∥·∥∗ as follows

∥·∥∗ ⩽ rA · ∥·∥∞. (A.6)
For example, for ℓ2-norm rA =

√
A and for ℓ1-norm rA = A. In the case Φ = −H we have rA = 1

since the entropy is 1-strongly convex with respect to a ℓ1-norm, thus the dual norm is exactly a
ℓ∞-norm.

The rest of this section is devoted to obtain the sample complexity guarantees for UCBVI-Ent
algorithm with a regularization-agnostic stopping rule (A.12) with the gap notion (A.11). In this
case Theorem A.20 gives us Õ

(
H3SA
ε2 + H3S2A

ε

)
sample complexity guarantee ignoring Rmax and

poly-logarithmic factors. Notably, this sample complexity result does depend directly on 1/λ, so
small regularization does not affect the complexity.

In Section A.5 we present another algorithm RL-Explore-Ent, based on ideas of reward-free ex-
ploration, that achieves sample complexity of order Õ(poly(S,A,H)/(λε). As a particular example,
it yields an algorithm for the MTEE problem with sample complexity Õ(poly(S,A,H)/ε) by taking
as a regularizer negative entropy, λ = κ = 1 and rmax = 0. Moreover, in Section A.6 we apply this
algorithm to achieve sample complexity of order Õ(H2SA/ε2) for the maximum visitation entropy
exploration problem.

A.4.2 UCBVI-Ent Algorithm
In this section we describe UCBVI-Ent algorithm to solve MTEE problem, however as we show in
the proofs, it is capable to work with general regularized MDPs.

We now describe our algorithm UCBVI-Ent for MTEE. Since one only needs to solve regularized
Bellman equations to obtain a maximum trajectory entropy policy, we can use an algorithm of the
same flavor as the ones proposed for best policy identification (Tirinzoni et al. 2023; Ménard et al.
2021; Kaufmann et al. 2021; Dann et al. 2019). In particular, UCBVI-Ent is close to the BPI-UCRL
algorithm by Kaufmann et al. (2021) and can be characterized by the following rules.

Sampling rule. As sampling rule we use an optimistic policy πt+1 obtained by optimistic planning
in the regularized MDP

Q
t
h(s, a) = clip

(
H
(
p̂h(s, a)

)
+ bH,t

h (s, a) + p̂thV
t
h+1(s, a) + bp,th (s, a), 0, log(SA)H

)
,

V
t
h(s) = max

π∈∆A

πQ
t
h(s) +H(π) , (A.7)

πt+1
h (s) = arg max

π∈∆A

πQ
t
h(s) +H(π) ,
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with V
t
H+1 = 0 by convention where bH,t, bp,t are bonuses for the entropy and the transition

probabilities, respectively. Precisely, we use bonuses of the form

bH,t
h (s, a) =

√
2βH(δ, nth(s, a))

nth(s, a) + min
(
βKL(δ, nth(s, a))

nth(s, a) , log(S)
)
,

bp,th (s, a) ≜ bB,th (s, a) + bcorr,t
h (s, a),

bB,th (s, a) ≜ 3
√

Varp̂t
h
(V t

h+1)(s, a)β
conc(δ, nth(s, a))
nth(s, a) + 9H2 log(SA)βKL(δ, nth(s, a))

nth(s, a) ,

bcorr,t
h (s, a) ≜ 1

H
p̂th(V t

h+1 − V t
h+1)(s, a).

for some functions βH, βKL and βconc and V t is a lower confidence bound on the optimal value
function defined in Appendix A.4.4.

Stopping and decision rule. To define the stopping rule, we first recursively build an upper-
bound on the difference between the value of the optimal policy and the value of the current policy
πt+1,

Gt
h(s, a) ≜ clip

(
2bB,th (s, a) + 2bH,t

h (s, a) + 4H2 log(SA)βKL(δ, nth(s, a))
nth(s, a)

+
(

1 + 3
H

)
p̂th
[
πt+1
h+1G

t
h+1

]
(s, a), 0, HRmax

)
,

(A.8)

where V t is a lower-bound on the optimal value function defined in Appendix A.4.4 andGt
H+1(s, a) =

0 by convention. Then the stopping time t = inf{t ∈ N : πt+1Gt
1(s1) ⩽ ε} corresponds to the first

episode when this upper-bound is smaller than ε. At this episode we return the Markovian policy
π̂ = πt+1.

Algorithm 6 UCBVI-Ent

1: Input: Target precision ε, target probability δ, threshold functions βH, βp, βconc.
2: while true do
3: Compute πt by optimistic planning with (A.7).
4: Compute bound on the gap Gt−1

1 (s, a) with (A.8).
5: if πtGt−1

1 (s1) ⩽ ε then break
6: for h ∈ [H] do
7: Play ath ∼ πth(sth)
8: Observe sth+1 ∼ ph(sth, ath)
9: end for

10: Update counts nt, transition estimates p̂t and episode number t← t+ 1.
11: end while
12: Output policy π̂ = πt.

The complete procedure is described in Algorithm 6. We now state our main theoretical result
for UCBVI-Ent. We prove that for the well calibrated threshold functions βH, βKL and βconc, the
UCBVI-Ent is (ε, δ)-PAC for MTEE and provide a high-probability upper bound on its sample
complexity.

Theorem A.13. Let βKL, βconc and βH be defined in Lemma A.14 of Appendix A.4. Fix ε > 0
and δ ∈ (0, 1), then the UCBVI-Ent algorithm is (ε, δ)-PAC for MTEE. Moreover, the candidate to
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be an ε-optimal policy is given by π̂ = πt+1 where

t = Õ
(
H3SA

ε2 + H3S2A

ε

)
.

with probability at least 1− δ. Here Õ hides poly-logarithmic factors in ε, δ,H, S,A.

See Theorem A.21 in Appendix A.4 for a precise bound and a proof. Basically, this result is a
simple corollary of the general result on regularized MDPs.

Space and time complexity. Since UCBVI-Ent is a model based algorithm, its space-complexity
is of order O(HS2A) whereas its time-complexity for one episode is of order O(HS2A) because of
the optimistic planning.

A.4.3 Concentration Events
Following the ideas of Ménard et al. (2021), we define the following concentration events.

Let βKL, βconc, βcnt, βH : (0, 1) × N → R+ be some functions defined later on in Lemma A.14.
We define the following favorable events

EKL(δ) ≜

∀t ∈ N, ∀h ∈ [H],∀(s, a) ∈ S ×A : KL(p̂ th(s, a), ph(s, a)) ⩽ βKL(δ, n th(s, a))
n th(s, a)

,
Econc(δ) ≜

∀t ∈ N, ∀h ∈ [H],∀(s, a) ∈ S ×A :

|(p̂th − ph)V ⋆
λ,h+1(s, a)| ⩽

√
2Varph

(V ⋆
λ,h+1)(s, a)β

conc(δ, nth(s, a))
nth(s, a)

+ 3HRmax
βconc(δ, nth(s, a))

nth(s, a)

,
Ecnt(δ) ≜

∀t ∈ N, ∀h ∈ [H],∀(s, a) ∈ S ×A : nth(s, a) ⩾ 1
2n

t
h(s, a)− βcnt(δ)

,
EH(δ) ≜

∀t ∈ N, ∀h ∈ [H],∀(s, a) ∈ S ×A :

|H(p̂th(s, a))−H(ph(s, a))| ⩽
√

2βH(δ, nth(s, a))
nth(s, a) +

(
βKL(δ, nth(s, a))

nth(s, a) ∧ log(S)
).

We also introduce two intersections of these events of interest, G(δ) ≜ EKL(δ)∩Econc
B (δ)∩Ecnt(δ)∩

EH(δ). We prove that for the right choice of the functions βKL, βconc, βcnt, βH the above events hold
with high probability.

Lemma A.14. For any δ ∈ (0, 1) and for the following choices of functions β,

βKL(δ, n) ≜ log(4SAH/δ) + S log(e(1 + n)),
βconc(δ, n) ≜ log(4SAH/δ) + log(4en(2n+ 1)),

βcnt(δ) ≜ log(4SAH/δ),
βH(δ, n) ≜ log2(n)(log(4SAH/δ) + log(n(n+ 1))),
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it holds that

P[EKL(δ)] ⩾ 1− δ/4, P[Econc(δ)] ⩾ 1− δ/4,
P[Ecnt(δ)] ⩾ 1− δ/4, P[EH(δ)] ⩾ 1− δ/4.

In particular, P[G(δ)] ⩾ 1− δ.

Proof. Applying Theorem D.13 and the union bound over h ∈ [H], (s, a) ∈ S×A we get P[EKL(δ)] ⩾
1− δ/4. Next, Theorem D.15 and the union bound over h ∈ [H], (s, a) ∈ S ×A yield P[Econc(δ)] ⩾
1− δ/4. By Theorem D.14 and union bound, P[Ecnt(δ)] ⩾ 1− δ/4. Finally, by Theorem D.21 and
union bound over (s, a, h) ∈ S×A× [H] P[EH(δ)] ⩾ 1−δ/4. The union bound over four prescribed
events concludes P[G(δ)] ⩾ 1− δ.

Lemma A.15. Assume conditions of Lemma A.14. Then on event EKL(δ), for any f : S →
[0, HRmax], t ∈ N, h ∈ [H], (s, a) ∈ S ×A,

[ph − p̂th]f(s, a) ⩽ 1
H
p̂thf(s, a) +HRmax

(
5HβKL(δ, n th(s, a))

n th(s, a) ∧ 1
)
,

[p̂th − ph]f(s, a) ⩽ 1
H
phf(s, a) +HRmax

(
5HβKL(δ, n th(s, a))

n th(s, a) ∧ 1
)
.

Proof. Let us start from the first statement. We apply Lemma D.9 and Lemma D.10 to obtain

[ph − p̂th]f(s, a) ⩽
√

2Varph
[f ](s, a) ·KL(p̂th, ph) + H

3 KL(p̂th∥ph)

⩽ 2
√

Varp̂t
h
[f ](s, a) ·KL(p̂th, ph) + 4HRmax KL(p̂th, ph).

Since 0 ⩽ f(s) ⩽ HRmax we get

Varp̂t
h
[f ](s, a) ⩽ p̂th[f2](s, a) ⩽ HRmax · p̂thf(s, a).

Finally, applying 2
√
ab ⩽ a+ b, a, b ⩾ 0, we obtain the following inequality

(p̂th − ph)f(s, a) ⩽ 1
H
p̂thf(s, a) + 5H2Rmax KL(p̂th, ph).

Definition of EKL(δ) implies the part of the statement. At the same time we have a trivial bound
since f(s) ∈ [0, HRmax]

[ph − p̂th]f(s, a) ⩽ HRmax ⩽
1
H
p̂thf(s, a) +HRmax.

To prove the second statement, apply the first inequality of Lemma D.9 and proceed similarly.

Lemma A.16. Assume conditions of Lemma A.14 and assume that βconc(δ) ⩽ βKL(δ). Then
conditioned on event G(δ), for any U : S → [0, HRmax], t ∈ N, h ∈ [H], (s, a) ∈ S ×A,

|(p̂th − ph)V ⋆
λ,h+1(s, a)| ⩽ 3

√
Varp̂t

h+1
(U)(s, a)β

conc(δ, nth(s, a))
nth(s, a) + 9H2Rmaxβ

KL(δ, nth(s, a))
nth(s, a)

+ 1
H
p̂th|U − V ⋆

λ,h+1|(s, a).
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Proof. First, we apply the definition of event Econc(δ)

|(p̂th − ph)V ⋆
λ,h+1(s, a)| ⩽

√
2Varph

(V ⋆
λ,h+1)(s, a)β

conc(δ, nth(s, a))
nth(s, a) + 3HRmax

βconc(δ, nth(s, a))
nth(s, a) .

Next we apply Lemma D.10 and Lemma D.11 and obtain
Varph

(V ⋆
λ,h+1)(s, a) ⩽ 2Varp̂t

h
(V ⋆
λ,h+1)(s, a) + 4H2R2

max KL(p̂th(s, a), ph(s, a))
⩽ 4Varp̂t

h+1
(U)(s, a) + 4HRmaxp̂

t
h|U − V ⋆

λ,h+1|(s, a)

+ 4H2R2
max KL(p̂th(s, a), ph(s, a)).

Thus, by inequality
√
a+ b ⩽

√
a+
√
b.

|(p̂th − ph)V ⋆
λ,h+1(s, a)| ⩽ 3

√
Varp̂t

h+1
(U)(s, a)β

conc(δ, nth(s, a))
nth(s, a)

+ 3
√
HRmaxp̂th|U − V ⋆

λ,h+1|(s, a) · β
conc(δ, nth(s, a))
nth(s, a)

+ 3HRmax

√
KL(p̂th(s, a), ph(s, a)) · β

conc(δ, nth(s, a))
nth(s, a)

+ 3HRmax
βconc(δ, nth(s, a))

nth(s, a) .

By inequality 2
√
ab ⩽ a+ b we have

3
√
HRmaxp̂th|U − V ⋆

λ,h+1|(s, a) · β
conc(δ, nth(s, a))
nth(s, a) ⩽

1
H
p̂th|U − V ⋆

λ,h+1|(s, a)

+ 9H2Rmaxβ
conc(δ, nth(s, a))

4nth(s, a) .

By the definition of the event EKL(δ) and the fact βconc(δ) ⩽ βKL(δ) we have√
KL(p̂th(s, a), ph(s, a)) · β

conc(δ, nth(s, a))
nth(s, a) ⩽

βKL(δ, nth(s, a))
nth(s, a) .

A.4.4 Confidence Intervals
Similar to Azar et al. (2017), Zanette and Brunskill (2019), and Ménard et al. (2021), we define
the upper confidence bound for the optimal regularized Q-function of two types: with Hoeffding
bonuses and with Bernstein bonuses.

Let us define empirical estimate of entropy-augmented rewards as follows
r̂tκ,h(s, a) = rh(s, a) + κH(p̂th(s, a)).

Then we have the following sequences defined as follows

Q
t
h(s, a) = clip

(
r̂tκ,h(s, a) + p̂thV

t
h(s, a) + bp,th (s, a) + κbH,t

h (s, a), 0, HRmax
)

πt+1
h (s) = max

π∈∆A
{πQt

h(s)− λΦ(π)},

V
t
h(s) = H(πt+1

h (s)) + πt+1
h Q

t
h(s)

V
t
H+1(s) = 0,
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and the lower confidence bound as follows
Qt
h
(s, a) = clip

(
r̂tκ,h(s, a) + p̂thV

t
h(s, a)− bp,th (s, a)− κbH,t

h (s, a), 0, HRmax
)

V t
h(s) = max

π∈∆A
{πQt

h
(s)− λΦ(π)}

V t
H+1(s) = 0,

where the Bernstein bonuses for transitions are defined as follows
bp,th (s, a) ≜ bB,th (s, a) + bcorr,t

h (s, a),

bB,th (s, a) ≜ 3
√

Varp̂t
h
(V t

h+1)(s, a)β
conc(δ, nth(s, a))
nth(s, a) + 9H2Rmaxβ

KL(δ, nth(s, a))
nth(s, a) ,

bcorr,t
h (s, a) ≜ 1

H
p̂th(V t

h+1 − V t
h+1)(s, a).

(A.9)

The entropy bonuses are defined bellow

bH,t
h (s, a) ≜

√
2βH(δ, nth(s, a))

nth(s, a) +
(
βKL(δ, nth(s, a))

nth(s, a) ∧ log(S)
)
. (A.10)

Theorem A.17. Let δ ∈ (0, 1). Assume Bernstein bonuses (A.9). Then on event G(δ) for any
t ∈ N, (h, s, a) ∈ [H]× S ×A it holds

Qt
h
(s, a) ⩽ Q⋆

λ,h(s, a) ⩽ Q
t
h(s, a), V t

h(s) ⩽ V ⋆
λ,h(s) ⩽ V

t
h(s, a).

Proof. Proceed by induction over h. For h = H + 1 the statement is trivial. Now we assume that
inequality holds for any h′ > h for a fixed h ∈ [H]. Fix a timestamp t ∈ N and a state-action
pair (s, a) and assume that Qt

h(s, a) < HRmax, i.e. no clipping occurs. Otherwise the inequality
Q⋆
λ,h(s, a) ⩽ Q

t
h(s, a) is trivial. In particular, it implies nth(s, a) > 0.

In this case, by Bellman equations (A.5) we have

[Qt
h −Q⋆

λ,h](s, a) = rh(s, a) + κH(p̂th(s, a))− rh(s, a)− κH(ph(s, a)) + κbH,t
h (s, a)︸ ︷︷ ︸

T1

+ p̂thV
t
h+1(s, a)− phV ⋆

λ,h+1(s, a) + bp,th (s, a)︸ ︷︷ ︸
T2

.

By the definition of event EH(δ) that is subset of G(δ) we have T1 ⩾ 0. To show that T2 ⩾ 0, we
start from induction hypothesis

T2 ⩾ [p̂th − ph]V ⋆
λ,h+1(s, a) + bp,th (s, a).

Next we apply Lemma A.16 with U = V
t
h+1 and definition of transition bonuses we have

T2 ⩾ − 1
H
p̂th|V

t
h+1 − V ⋆

λ,h+1|(s, a) + 1
H
p̂th[V t

h+1 − V t
h+1](s, a).

By induction hypothesis we have V t
h+1(s) ⩾ V ⋆

λ,h+1(s) ⩾ V t
h+1(s), thus T2 ⩾ 0.

To prove the second inequality on Q-function, we assume Qt
h
(s, a) > 0 and, as a consequence,

nth(s, a) > 0. Thus we have

[Qt
h
−Q⋆

λ,h](s, a) = H(p̂th(s, a))−H(ph(s, a))− bH,t
h (s, a)︸ ︷︷ ︸

T ′
1

+ p̂thV
t
h+1(s, a)− phV ⋆

λ,h+1(s, a)− bp,th (s, a)︸ ︷︷ ︸
T ′

2

.
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Again, by the definition of event EH(δ) we have T ′
1 ⩽ 0 and, by induction hypothesis

T ′
2 ⩽ [p̂th − ph]V H,⋆

h+1(s, a)− bp,th (s, a).

We again apply Lemma A.16 with U = V
t
h+1

T ′
2 ⩽

1
H
p̂th|V

t
h+1 − V ⋆

λ,h+1|(s, a)− 1
H
p̂th[V t

h+1 − V t
h+1](s, a).

We conclude the statement by induction hypothesis for h′ = h+ 1.
Finally, we have to show the inequality for V -functions. To do it, we use the fact that V -functions

are computed by Fλ applied to Q-functions

V t
h(s) = Fλ(Qt

h
)(s), V ⋆

λ,h(s) = Fλ(Q⋆
λ,h)(s), V

t
h(s) = Fλ(Qt

h)(s).

Notice that ∇Fλ takes values in a probability simplex, thus, all partial derivatives of Fλ are non-
negative and therefore Fλ is monotone in each coordinate. Thus, since Qt

h
(s, a) ⩽ Q⋆

λ,h(s, a) ⩽

Q
t
h(s, a), we have the same inequality V t

h(s) ⩽ V ⋆
λ,h(s) ⩽ V

t
h(s).

A.4.5 Regularization-Agnostic Stopping Rule
In this section we provide guarantees for the so-called regularization-agnostic gap: this notion of
gap does not influenced by regularization except the changing of the range of value functions and
basically mimics UCBVI-BPI algorithm by Ménard et al. (2021) in definition of the similar gap.

Let us define Gt
H+1(s, a) ≜ 0 for all s, a and

Gt
h(s, a) ≜ clip

(
2bB,th (s, a) + 5H2Rmaxβ

KL(δ, nth(s, a))
nth(s, a) + 2κbH,t

h (s, a)

+
(

1 + 3
H

)
p̂th
[
πt+1
h+1G

t
h+1

]
(s, a), 0, HRmax

)
,

(A.11)

where bB,th (s, a) is defined in (A.9). For this notion of the gap we can define the stopping rule as
follows

t = min{t ∈ N : πt+1
1 Gt

1(s1) ⩽ ε}. (A.12)

The lemma below justifies this choice of the stopping time.
Lemma A.18. Assume the choice of Bernstein bonuses (A.9) and let the event G(δ) defined in
Lemma A.14 holds. Then for all t ∈ N we have

V ⋆
λ,1(s1)− V πt+1

λ,1 (s1) ⩽ πt+1
1 Gt

1(s1).

Proof. Following Ménard et al. (2021), we start by defining the following quantities

Q̃t
h(s, a) ≜ clip

(
r̂tκ,h(s, a) + p̂thṼ

t
h+1(s, a)− bp,th (s, a)− κbH,t

h (s, a), 0, rκ,h(s, a) + phṼ
t
h+1(s, a)

)
,

Ṽ t
h(s) ≜ πt+1

h Q̃t
h(s)− λΦ(πt+1

h (s)),
Ṽ t
H+1(s) ≜ 0.

By Theorem A.17 and Lemma A.19 we have

V ⋆
λ,1(s1)− V πt+1

λ,1 (s1) ⩽ V
t
1(s1)− V πt+1

λ,1 (s1) ⩽ V
t
1(s1)− Ṽ t

1 (s1)
= πt+1

1 Q
t
1(s1)− λΦ(πt+1

1 (s1))− πt+1
1 Q̃t

1(s1) + λΦ(πt+1
1 (s1))

= πt+1
1 [Qt

1 − Q̃t
1](s1) .
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Therefore, it is enough to show that for any (h, s, a) ∈ [H]× S ×A

[Qt
h − Q̃t

h](s, a) ⩽ Gt
h(s, a), [V t

h − Ṽ t
h ](s) ⩽ πt+1

h Gt
h(s).

Proceed by backward induction over h. The case h = H + 1 is trivial, thus we may assume that
the statement holds for any h′ > h for a fixed h. Also fix (s, a) ∈ S ×A.

Notice that if Gt
h(s, a) = HRmax, then the inequality is trivially true. Therefore we may assume

that Gt
h(s, a) < HRmax and, consequently, nth(s, a) > 0. Now we have to separate cases.

First case. In this case we have Q̃t
h(s, a) = rκ,h(s, a) +phṼ

t
h+1(s, a), i.e. maximal clipping occurs.

Therefore
Q
t
h(s, a)− Q̃t

h(s, a) = rh(s, a) + κH(p̂th(s, a)) + κbH,t
h (s, a)− rh(s, a)− κH(ph(s, a))

+ p̂thV
t
h+1(s, a)− phṼ t

h+1(s, a) + bp,th (s, a).

By the definition of the event EH(δ) ⊆ G(δ) we have

κH(p̂th(s, a)) + κbH,t
h (s, a)− κH(ph(s, a)) ⩽ 2κbH,t

h (s, a),
for the next term we have
p̂thV

t
h+1−phṼ t

h+1(s, a) = p̂th[V t
h+1− Ṽ t

h+1(s, a)]+ [p̂th−ph]V ⋆
λ,h+1(s, a)+[ph− p̂th][V ⋆

λ,h+1− Ṽ t
h+1](s, a).

By induction hypothesis

p̂th[V t
h+1 − Ṽ t

h+1(s, a)] ⩽ p̂th[πt+1
h+1G

t
h+1](s, a).

Next we apply Lemma A.16 with U = V
t
h+1(s, a) and Theorem A.17

[p̂th − ph]V ⋆
λ,h+1(s, a) ⩽ bp,th (s, a).

Finally, we apply Lemma A.15 and obtain

[ph − p̂th][V ⋆
λ,h+1 − Ṽ t

h+1](s, a) ⩽ 1
H
p̂th[V ⋆

λ,h+1 − Ṽ t
h+1](s, a) + 5H2Rmax · βKL(δ, nth(s, a))

nth(s, a) .

Summing all these bounds up, we have

Q
t
h(s, a)− Q̃t

h(s, a) ⩽ p̂th[πt+1
h+1G

t
h+1](s, a) + 2κbH,t

h (s, a) + 2bp,th (s, a)

+ 1
H
p̂th[V ⋆

λ,h+1 − Ṽ t
h+1](s, a) + 5H2Rmax · βKL(δ, nth(s, a))

nth(s, a) .

Notice that by Theorem A.17 and the induction hypothesis
1
H
p̂th[V ⋆

λ,h+1 − Ṽ t
h+1](s, a) ⩽ 1

H
p̂th[V t

h+1 − Ṽ t
h+1](s, a) ⩽ 1

H
p̂th[πt+1

h+1G
t
h+1](s, a),

and by decomposing the transition bonus (A.9) to Bernstein bonus and correction term and applying
Lemma A.19

bp,th (s, a) = bB,th (s, a) + 1
H
p̂th[V t

h+1 − V t
h+1](s, a) ⩽ bB,th (s, a) + 1

H
p̂th[V t

h+1 − Ṽ t
h+1](s, a)

⩽ bB,th (s, a) + 1
H
p̂th[πt+1

h+1G
t
h+1](s, a),

thus

Q
t
h(s, a)− Q̃t

h(s, a) ⩽
(

1 + 3
H

)
p̂th[πt+1

h+1G
t
h+1](s, a) + 2κbH,t

h (s, a) + 2bB,th (s, a)

+ 5H2Rmax · βKL(δ, nth(s, a))
nth(s, a) = Gt

h(s, a).
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Second case. In this case we have Q̃t
h(s, a) = r̂tλ,h(s, a) + p̂thṼ

t
h+1(s, a) − bp,th (s, a) − κbH,t

h (s, a).
Thus

Q
t
h(s, a)− Q̃t

h(s, a) ⩽ 2κbH,t
h (s, a) + 2bB,th (s, a) + p̂th[V t

h+1 − Ṽ t
h+1](s, a) + 2

H
p̂th[V t

h+1 − V t
h+1](s, a).

By Lemma A.19 and induction hypothesis we have

Q
t
h(s, a)− Q̃t

h(s, a) ⩽ 2κbH,t
h (s, a) + 2bB,th (s, a) +

(
1 + 2

H

)
p̂th[πt+1

h+1G
t
h+1](s, a) ⩽ Gt

h(s, a).

Conclusion. From the two cases above we conclude
[Qt

h − Q̃t
h](s, a) ⩽ Gt

h(s, a).
Moreover, we have

V
t
h(s)−Ṽ t

h(s) = πt+1
h Q

t
h(s)−λΦ(πt+1

h (s))πt+1
h Q̃t

h(s)+λΦ(πt+1
h (s)) = πt+1

h [Qt
h−Q̃t

h](s) ⩽ πt+1
h Gt

h(s).
The last inequality concludes the statement of Lemma A.18.

Lemma A.19. Under the choice of Bernstein bonuses (A.9), on event G(δ) for any t ∈ N and any
(h, s, a) ∈ [H]× S ×A

Q̃t
h(s, a) ⩽ min{Qπt+1

λ,h (s, a), Qt
h
(s, a)}, Ṽ t

h(s) ⩽ min{V πt+1

λ,h (s), V t
h(s)}.

Proof. Proceed by backward induction over h. The case h = H + 1 is trivially true, assume that
the statement holds for any h′ > h for a fixed h. Also let us fix t, s, a. By induction hypothesis we
have

Q̃t
h(s, a) ⩽ rκ,h(s, a) + phṼ

t
h+1 ⩽ rκ,h(s, a) + phV

πt+1

λ,h+1(s, a) = Qπt+1

λ,h (s, a).
In the same manner

Q̃t
h(s, a) ⩽ r̂tκ,h(s, a) + p̂thṼ

t
h+1 − b

p,t
h (s, a)− κbH,t

h (s, a)
⩽ r̂tκ,h(s, a) + p̂thV

t
h+1 − b

p,t
h (s, a)− κbH,t

h (s, a) = Qt
h
(s, a).

Next, we prove the same inequalities for V -functions
Ṽ t
h(s) = πt+1

h (s)Q̃t
h(s, a)− λΦ(πt+1

h (s)) ⩽ πt+1
h (s)Qπt+1

λ,h (s, a)− λΦ(πt+1
h (s)) = V πt+1

λ,h (s),
and

Ṽ t
h(s) = πt+1

h Q̃t
h(s)− λΦ(πt+1

h (s)) ⩽ πt+1
h Qt

h
(s)− λΦ(πt+1

h (s))

⩽ max
π∈∆(A)

{
πQt

h
(s)− λΦ(π)

}
= V t

h(s).

After defining a proper quantity for a stopping rule we may proceed with the final proof for
sample-complexity of the presented algorithm UCBVI-Ent.
Theorem A.20. Let δ ∈ (0, 1). Then UCBVI-Ent algorithm with Bernstein bonuses (A.9) and a
regularization-agnostic stopping rule t is (ε, δ)-PAC for the best policy identification in regularized
MDPs.

Moreover, with probability at least 1− δ the stopping time t is bounded as follows

t = O
(
H3SAR2

max log(SAH/δ)L4

ε2 + H3SA(log(SAH/δ) + SL) · L
ε

)
,

where L = O((log(SAHRmax/ε)) + log log(SAH/δ)).
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Proof. Notice that if t = 0, then our sample complexity bound is trivial, thus we assume that t > 0.
Let us start from deriving an upper bound for Gt

h(s, a) for t < t, h ∈ [H], (s, a) ∈ S ×A.

Gt
h(s, a) ⩽ 2bB,th (s, a) + 2κbH,t

h (s, a) + 5H2Rmaxβ
KL(δ, nth(s, a))

nth(s, a) +
(

1 + 3
H

)
p̂th[πt+1

h+1G
t
h+1](s, a)

⩽ 6
√

Varp̂t
h
[V t

h+1](s, a)β
conc(δ, nth(s, a))
nth(s, a) + 2κ

√
2βH(δ, nth(s, a))

nth(s, a)

+ 23H2Rmaxβ
KL(δ, nth(s, a))

nth(s, a) +
(

1 + 3
H

)
[p̂th − ph][πt+1

h+1G
t
h+1](s, a)

+
(

1 + 3
H

)
ph[πt+1

h+1G
t
h+1](s, a) .

By Lemma A.15

[p̂th − ph][πt+1
h+1G

t
h+1](s, a) ⩽ 1

H
ph[πt+1

h+1G
t
h+1](s, a) + 5H2Rmaxβ

KL(δ, nth(s, a))
nth(s, a) .

Also we have to replace the variance of the empirical model with the real variance of the value
function for πt+1 in order to apply the law of total variance (Lemma A.10).

Apply Lemma D.11 and Lemma D.10

Varp̂t
h
[V t

h+1](s, a) ⩽ 2Varph
[V t

h+1](s, a) + 4H2R2
maxβ

KL(δ, nth(s, a))
nth(s, a)

⩽ 4Varph
[V πt+1

λ,h+1](s, a) + 2HRmaxph[V t
h+1 − V πt+1

λ,h+1](s, a)

+ 4H2R2
maxβ

KL(δ, nth(s, a))
nth(s, a) .

In the proof of Lemma A.18 it was proven that
[V t

h+1 − V πt+1

λ,h+1](s) ⩽ πt+1
h+1G

t
h+1(s),

thus, combining with an inequality
√
a+ b ⩽

√
a+
√
b

6
√

Varp̂t
h
[V t

h+1](s, a)β
conc(δ, nth(s, a))
nth(s, a) ⩽ 12

√
Varph

[V πt+1
λ,h+1](s, a)β

conc(δ, nth(s, a))
nth(s, a)

+ 6
√
ph[πt+1

h+1G
t
h+1](s, a)2HRmaxβconc(δ, nth(s, a))

nth(s, a)

+ 12HRmaxβ
KL(δ, nth(s, a)

nth(s, a)
To bound the second term, we use inequality 2

√
ab ⩽ a+ b

6
√
ph[πt+1

h+1G
t
h+1](s, a)2HRmaxβconc(δ, nth(s, a))

nth(s, a) ⩽
3
H
ph[πt+1

h+1G
t
h+1](s, a)

+ 3H2Rmaxβ
conc(δ, nth(s, a))

nth(s, a) .

Finally, we have the following bound on Gt
h(s, a)

Gt
h(s, a) ⩽ 12

√
Varph

[V πt+1
λ,h+1](s, a)β

conc(δ, nth(s, a))
nth(s, a) + 2κ

√
2βH(δ, nth(s, a))

nth(s, a)

+ 54H2Rmaxβ
KL(δ, nth(s, a))

nth(s, a) +
(

1 + 10
H

)
ph[πt+1

h+1G
t
h+1](s, a).
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Notice that his inequality could be rewritten in the following form

Gt
h(s, a) ⩽ Eπt+1

[
12
√

Varph
[V πt+1
λ,h+1](s, a)β

conc(δ, nth(s, a))
nth(s, a) + 2κ

√
2βH(δ, nth(s, a))

nth(s, a)

+ 54H2Rmaxβ
KL(δ, nth(s, a))

nth(s, a) +
(

1 + 10
H

)
Gt
h+1(sh+1, ah+1)

∣∣∣∣∣(sh, ah) = (s, a)
]
,

thus by rolling out we have

πt+1
1 Gt

1(s1) ⩽ Eπt+1

[
12

H∑
h=1

(
1 + 10

H

)h√
Varph

[V πt+1
λ,h+1](sh, ah)β

conc(δ, nth(sh, ah))
nth(sh, ah)︸ ︷︷ ︸

(A)

+ 2κ
H∑
h=1

(
1 + 10

H

)h√2βH(δ, nth(sh, ah))
nth(sh, ah)︸ ︷︷ ︸

(B)

+
H∑
h=1

(
1 + 10

H

)h 54H2Rmaxβ
KL(δ, nth(sh, ah))

nth(sh, ah)︸ ︷︷ ︸
(C)

∣∣∣∣∣s1

]
,

where (1 + 10/H)h ⩽ e10 for any h ∈ [H]. Now we bound each term separately.

Term (A). To bound this term, we apply Cauchy-Schwarz inequality

(A) ⩽ 12e10 ∑
(h,s,a)∈[H]×S×A

dπ
t+1

h (s, a)
√

Varph
[V πt+1
λ,h+1](s, a)β

conc(δ, nth(s, a))
nth(s, a)

⩽ 12e10
√ ∑

(h,s,a)∈[H]×S×A
dπ

t+1
h (s, a)Varph

[V πt+1
λ,h+1](s, a)×

×
√√√√ ∑

(h,s,a)∈[H]×S×A
dπ

t+1
h (s, a)β

conc(δ, nth(s, a))
nth(s, a) .

For the first multiplier we apply the law of total variance (Lemma A.10)∑
h,s,a

dπ
t+1

h (s, a)Varph
[V πt+1

λ,h+1](s, a) ⩽
∑
h,s,a

dπ
t+1

h (s, a)Varph
[V πt+1

λ,h+1](s, a) +
∑
h,s

dπ
t+1

h (s)Varπt+1
h

[Qπt+1

λ,h ](s)

= σV H,πt+1

1 (s1) ⩽ H2R2
max.

Therefore,

(A) ⩽ 24e10HRmax

√√√√ ∑
(h,s,a)∈[H]×S×A

dπ
t+1
h (s, a)β

conc(δ, nth(s, a))
nth(s, a) .

Term (B). For this term we may apply Jensen’s inequality

(B) ⩽ 2κHe10Eπt+1

[
1
H

H∑
h=1

√
2βH(δ, nth(sh, ah))

nth(sh, ah)

∣∣∣∣∣s1

]
⩽ κ
√

8He10

√√√√∑
h,s,a

dπ
t+1
h (s, a)β

H(δ, nth(s, a))
nth(s, a) .
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By summing up and replacing counts by pseudo-counts by Lemma D.5 we obtain

πt+1
1 Gt

1(s1) ⩽ 48e10HRmax

√√√√ ∑
(h,s,a)∈[H]×S×A

dπ
t+1
h (s, a)β

conc(δ, nth(s, a))
nth(s, a) ∨ 1

+ 4κe10√2H
√√√√∑
h,s,a

dπ
t+1
h (s, a)β

H(δ, nth(s, a))
nth(s, a) ∨ 1

+ 4e10H2Rmax
∑
h,s,a

dπ
t+1

h (s, a)β
KL(δ, nth(s, a))
nth(s, a) ∨ 1 .

The last step is to notice that for t < t we have πt+1
1 Gt

1(s1) ⩾ ε, thus summing over all t < t we
have

(t− 1)ε ⩽ 48e10HRmax

t−1∑
t=1

√√√√ ∑
(h,s,a)∈[H]×S×A

dπ
t+1
h (s, a)β

conc(δ, nth(s, a))
nth(s, a) ∨ 1

+ 4κe10√2H
t−1∑
t=1

√√√√∑
h,s,a

dπ
t+1
h (s, a)β

H(δ, nth(s, a))
nth(s, a) ∨ 1

+ 4e10H2Rmax

t−1∑
t=1

∑
h,s,a

dπ
t+1

h (s, a)β
KL(δ, nth(s, a))
nth(s, a) ∨ 1 .

Also we notice that βKL(δ, ·), βconc(δ, ·), βH(δ, ·) are monotone, thus we may replace nth(s, a) with
a stopping time t. Thus, by Jensen’s inequality

(t− 1)ε ⩽ 48e10HRmax

√
(t− 1) · βconc(δ, t− 1)

√√√√√t−1∑
t=1

∑
(h,s,a)∈[H]×S×A

dπ
t+1
h (s, a) 1

nth(s, a) ∨ 1

+ 4κe10
√

2HβH(δ, t) · (t− 1)

√√√√√t−1∑
t=1

∑
h,s,a

dπ
t+1
h (s, a) 1

nth(s, a) ∨ 1

+ 4e10H2Rmaxβ
KL(δ, t− 1)

t−1∑
t=1

∑
h,s,a

dπ
t+1

h (s, a) 1
nth(s, a) ∨ 1 .

Furthermore, notice
t−1∑
t=1

dπ
t+1

h (s, a) 1
nth(s, a) ∨ 1 =

t−1∑
t=1

nt+1
h (s, a)− nth(s, a)
nth(s, a) ∨ 1 ,

thus Lemma D.6 is applicable:

(t− 1)ε ⩽ 96e10Rmax

√
(t− 1)H3SA log(t) · βconc(δ, t− 1)

+ 2κe10
√

2H2SA log3(t)βH(δ, t) · (t− 1)
+ 8e10H3SA log(t)Rmaxβ

KL(δ, t− 1).

By the definitions of βKL, βconc, βH we have the following inequality

(t− 1)ε ⩽ 96e10Rmax

√
(t− 1)H3SA log(t) · (log(16SAH/δ) + 2 log(et))

+ 12κe10
√
H2SA(t− 1) log3(t) · (log(4SAH/δ) + 2 log(et))

+ 16e10H3SA log(t)Rmax(log(4SAH/δ) + S log(et)).
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Under assumption t ⩾ 2 we can proceed with the further simplifications

tε ⩽ 216e10Rmax

√
tH3SA log3(t) · (log(16SAH/δ) + 2 log(et))

+ 32e10H3SA log(t)Rmax(log(16SAH/δ) + S log(et)).
(A.13)

Let us define the following constants

A = 216e10Rmax ·

√
H3SA

ε2 , B = log(16SAH/δ), C = 32e10 ·H3SARmax

ε
.

Then inequality (A.13) has the following form

t ⩽ A
√
t(B + 2 log(et)) · log3(t) + C(B + S log(et)) log t.

First, we obtain a loose inequality on t. Let us use the inequality log(x) ⩽ xβ/β for any x > 0, β > 0
with different β for each logarithm

t ⩽ A
√

216t(B + 4(et)1/4)t1/2 + 4C(B + 8S/3(et)3/8)t1/4

⇒ t3/4 ⩽ t3/8
(

6A
√

6(B + 4e1/4) + 12CSe3/8
)

+ 4CB.

Notice that the solution to the inequality x2 ⩽ ax+ b could be upper-bounded as follows

x ⩽
a+
√
a2 + 4b
2 ⩽ a+

√
b,

thus
t3/8 ⩽

(
6A
√

6(B + 4e1/4) + 12CSe3/8
)

+ 2
√
CB.

Define L = 8/3 log
(

6A
√

6(B + 4e1/4) + 12CSe3/8 + 2
√
CB

)
that is of order O(log(SAHRmax/ε)+

log log(SAH/δ)) and we have log(t) ⩽ L. Then we have that the solution to (A.13) is a subset of
solutions to

t ⩽ A
√
t(B + 2(1 + L)) · L3 + C(B + S(1 + L))L,

solving this inequality we obtain the bound

t ⩽ 2A2(B + 2(1 + L))L3 + 2CB(S(1 + L))L.

After this general result we state the bound for the MTEE problem that was stated in the main
text.

Theorem A.21. For all ε > 0 and δ ∈ (0, 1) the UCBVI-Ent algorithm is (ε, δ)-PAC for MTEE.
Moreover, with probability at least 1− δ

t ⩽ O
(
H3SA log2(SA) log(SAH/δ) · L4

ε2 + H3SA(log(SAH/δ) + SL) · L
ε

)
,

where L = log(SAH/ε) + log log(SAH/δ).

Proof. Fix Φ(π) = −H(π), κ = λ = 1 and rmax = 0. Since H(π) is 1-strongly convex with
respect to ℓ1-norm, we have rA = 1. Also we automatically have Rmax = log(SA). In this setting,
Theorem A.20 yields the desired statement.
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A.5 Fast Rates for MTEE and Regularized MDPs

In this section we describe an algorithm that will achieve Õ(poly(S,A,H)/ε) sample complexity
for regularized MDPs. Additionally, we show that this algorithm could be used for reward-free
exploration under regularization.

A.5.1 RL-Explore-Ent Algorithm
We leverage the reward-free exploration approach by Jin et al. (2020c). Our algorithm is split into
two phases: the first phase is devoted to reward-free exploration, and on the second phase the
collected samples are used to build estimates of transition probabilities and entropy of transitions.
The main idea is that regularization allows us to collect much smaller number of samples to control
the policy error.

Exploration phase. We first learn a policy that visit uniformly the MDP. To this aim for each
state s′ ∈ S at each step h′ ∈ [H] we build the reward that put one on this state at step h and zeros
everywhere else rh(s, a) = 1{(s, h) = (s′, h′)}. We note that the reward function does not depend
on action taken. We then run the EULER algorithm for N0 episodes in the MDP equipped with the
reward r and denote by Π̃s′,h′ the set of N0 policies used by EULER to interact with the MDP. We
modify this set of policies by forcing to act uniformly at the goal state s′ into the set

Πs′,h′ =

π′
h(a|s) =

{
1/A if s = s′, h = h′

πh(s, a) else
: π ∈ Π̃s′,h′

 .
We define the (non-Markovian) policy πmix as the uniform mixture of the policies {π ∈ Πs,h, (s, h) ∈
S × [H]} we just constructed. As proved by Jin et al. (2020c) the policy πmix is built such that
it will visit almost uniformly all the states that can be reached in the MDP from the initial state.
Before precising this property we need to introduce the notion of significant state.
Definition A.22. A state s at step h is called ε′-significant if there exists a policy π such that the
visitation probability of s under policy π is greater than ε′:

max
π

dπh(s) ⩾ ε′.

The set of all ε′-significant state-step pairs is called Sε′ .
We reproduce here the result by Jin et al. (2020c) that shows that the policy πmix will visit any

significant state with a large enough probability.
Theorem A.23 (Theorem 3.3 by Jin et al. 2020c). There exists an absolute constant c > 0 such that
for any ε′ > 0 and δ ∈ (0, 1), if we set the parameter N0 ⩾ cS2AH4L/ε′ where L = log(SAH/(δε′)),
then with probability at least 1− δ/3 the following event holds

ERF-RL-Explore(δ, ε′) =
{
∀(s, h) ∈ Sε′ , ∀a ∈ A, ∀π : d

π
h(s, a)
µh(s, a) ⩽ 2SAH

}
,

where we denote the visitation distribution of policy πmix by µh(s, a) = dπ
mix

h (s, a).
Remark A.24. Note that the space complexity of RL-Explore-Ent is very large since we need to
store all the intermediate policies in order to construct πmix.

This policy πmix is then used to collect N new independent trajectories (zn)n∈[N ] where zn =
(sn1 , an1 , . . . , snH , anH , snH+1) by following the policy πmix in the original MDP. Next define the set
D = {(snh, anh, snh+1), h ∈ [H], n ∈ [N ]} consisting of the transitions in the sampled trajectories.
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Planning phase. Given the transitions collected in the exploration phase we estimate the tran-
sition probability distributions and then plan in the estimated MDP with the Bellman equations
for MTEE to obtain a maximum trajectory entropy policy.

Using the dataset D, we construct estimates of transition probabilities {p̂h}h∈[H]. We first define
the number of visits of a state action pair (s, a) at step h and the number of transitions for (s, a)
at step h to a states s′ observed in the dataset D,

nh(s, a) =
N∑
n=1

1{(snh, anh) = (s, a)} nh(s′|s, a) =
N∑
n=1

1{(snh, anh, snh+1) = (s, a, s′)},

The transitions are estimated using the maximum likelihood method:

p̂h(s′|s, a) =


nh(s′|s,a)
nh(s,a) nh(s, a) > 0

1
S nh(s, a) = 0

. (A.14)

Given these estimates, we can define an empirical version of the regularized Bellman equations for
MTEE

Q̂π
λ,h(s, a) = rh(s, a) + κH(p̂h(s, a)) + p̂hV̂

π
λ,h+1(s, a)

V̂ π
λ,h(s) = πQ̂π

λ,h(s)− λΦ(π).
(A.15)

Then the output policy π̂ is the solution to the optimal regularized Bellman equations

Q̂⋆
λ,h(s, a) = rh(s, a) + κH(p̂h(s, a)) + p̂hV̂

⋆
λ,h+1(s, a)

V̂ ⋆
λ,h(s) = max

π

{
πQ̂⋆

λ,h(s)− λΦ(π)
}

π̂h(s) = arg max
π

{
πQ̂⋆

λ,h(s)− λΦ(π)
}
.

(A.16)

We call this algorithm RL-Explore-Ent. Notably, we can extend this algorithm to the setting of the
changing rewards by solving (A.16) with new reward functions rh(s, a). The detailed description
of the algorithm is presented in Algorithm 2. The only difference between our algorithm and
RF-RL-Explore by Jin et al. (2020c) is the use of a smaller number of trajectories N and solving
regularized Bellman equations instead of usual one.

A.5.2 Concentration Events
In this section we describe all required concentration events.

Let βconc : (0, 1)×N→ R+ and βcnt : (0, 1)→ R+ be some functions defined later on in Lemma
A.25. We define the following favorable events

Econc(N, δ) ≜

∀h ∈ [H], ∀G : S → [0, HRmax], ∀ν : S → A :

E(s,a)∼µh

[
([p̂h′ − ph′ ]G(s, a))2

1{ν(s) = a}
]
⩽
CH2R2

maxS · βconc(δ,N)
N

 ,
EH(N, δ) ≜

∀h ∈ [H] : E(s,a)∼µh

[
(H(p̂h(s, a))−H(ph(s, a)))2

]
⩽

12S2A log2(SN) · βH(δ)
N

 ,
where C is a some absolute constant. We also introduce two intersections of these events of interest
and ERF-RL-Explore(δ), defined in Theorem A.23: G(N, δ, ε′) ≜ Econc(N, δ)∩EH(δ)∩ERF-RL-Explore(δ, ε′).
We prove that for the right choice of the functions βconc, βH the above events hold with high prob-
ability.
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Lemma A.25. For any δ ∈ (0, 1), ε′ > 0, N ∈ N and for the following choices of functions β,

βconc(δ,N) ≜ log(3AHRmaxN/δ),
βH(δ) ≜ log(12SAH/δ),

it holds that

P[Econc(δ)] ⩾ 1− δ/3, P[EH(δ)] ⩾ 1− δ/3.

In particular, P[G(δ,N, ε′)] ⩾ 1− δ.

Proof. Holds from an application of Lemma D.20, Lemma D.19, Theorem A.23 and union bound.

A.5.3 Sample Complexity Proof
In this section we provide the sample complexity result of RL-Explore-Ent algorithm in the simple
BPI setting and in the reward free setting.

Theorem A.26. Algorithm RL-Explore-Ent with parameters N0 = Ω
(
H7S3Ar2

A·R2
max·L

ελ

)
and N ⩾

Ω
(
H6S3Ar2

AR2
maxL

3

ελ

)
is (ε, δ)-PAC for the best policy identification in regularized MDPs, where L =

log(SAH/(ελδ)). The sample complexity is bounded by

Õ
(
H8S4Ar2

AR2
max

ελ

)
.

Proof. Let us start from exploiting the strong convexity of the regularizer. This property is given
by Lemma A.29

V ⋆
λ,1(s1)− V π̂

λ,1(s1) ⩽ r2
A

2λ

H∑
h=1

Eπ̂
[
max
a∈A

(
Q̂π̂
λ,h −Q⋆

λ,h

)2
(sh, a)

∣∣∣∣s1

]
.

Next we study each separate term in this decomposition. By the definition of π̂ and π⋆ we have

Q̂π⋆

λ,h(s, a)−Qπ⋆

λ,h(s, a) ⩽ Q̂π̂
λ,h(s, a)−Q⋆

λ,h(s, a) ⩽ Q̂π̂
λ,h(s, a)−Qπ̂

λ,h(s, a),

thus (
Q̂π⋆

λ,h(s, a)−Qπ⋆

λ,h(s, a)
)2

⩽ max
{(
Q̂π̂
λ,h(s, a)−Q⋆

λ,h(s, a)
)2
,
(
Q̂π̂
λ,h(s, a)−Qπ̂

λ,h(s, a)
)2
}
,

and by an inequality max{a, b} ⩽ a+ b for positive a, b we have(
Q̂π̂
λ,h(s, a)−Q⋆

λ,h(s, a)
)2

⩽
(
Q̂π̂
λ,h(s, a)−Qπ̂

λ,h(s, a)
)2

+
(
Q̂π⋆

λ,h(s, a)−Qπ⋆

λ,h(s, a)
)2
.

Therefore, the policy error decomposes as follows

V ⋆
λ,1(s1)− V π̂

λ,1(s1) ⩽ r2
A

2λ

H∑
h=1

(
Eπ̂
[
max
a∈A

(
Q̂π̂
λ,h(sh, a)−Qπ̂

λ,h(sh, a)
)2
| s1

]

+ Eπ̂
[
max
a∈A

(
Q̂π⋆

λ,h(sh, a)−Qπ⋆

λ,h(sh, a)
)2
| s1

])
.
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Next we assume that the event G(N, δ, ε′) holds for the values N and ε′ that will be specified later.
Then Lemma A.30 applied 2H times yields

V ⋆
λ,1(s1)− V π̂

λ,1(s1) ⩽ r2
A

λ

(
48S3H4AR2

max log2(N) log(12SAH/δ)
N

+ 4CH6R2
maxS

2A · (log(3AHRmax/δ) + log(N))
N

+ 2SH3R2
max · ε′

)
.

Next we take
ε′ = λε

4r2
ASH

3R2
max

,

that requires to take N0 ⩾ cH7S3Ar2
A·R2

max·L
ελ for an absolute constant c > 0 and L = log(SAH/δ) +

log(1/(ελ)). This yields Õ(H8S4Ar2
AR2

max/(ελ)) sample complexity of the first phase, since we need
N0 samples for each (s, h) ∈ S × [H]. Under this choice, we have

V ⋆
λ,1(s1)− V π̂

λ,1(s1) ⩽ ε/2 + r2
A

λN
·
(
(48 + 4C)S3AH6R2

max log2(N) · log(12SAHRmax/δ)
)
.

To make the second part smaller than ε, we have to analyze the following inequality

log2(N)/N ·B ⩽ ε

and upper bound its minimal solution that we will call N⋆. To do it, we first use a simple numeric
bound log(N) ⩽ 4N1/4 and obtain a simple estimate N ⩾ 256B2/ε2, thus the minimal solution
N⋆ ⩽ 256B2/ε2. Therefore, we can assume that log(N⋆) ⩽ 2 log(16B/ε) = O(log(SAHRmax/ε +
log(1/δ)), thus taking

N ⩾ N⋆ = Ω
(
H6S3Ar2

AR2
max log2(SAHRmax/ε+ log(1/δ)) · log(SAHRmax/δ)

ελ

)
.

is enough to guarantee that the policy error is smaller than ε.

Notice that in the proof we do not rely on one particular reward function, since the only we need
is conditioning on event G(δ) that does not depend on the particular reward function.

Corollary A.27. Algorithm RL-Explore-Ent for a choice N0 = Ω
(
H7S3Ar2

A·R2
max·L

ελ

)
and N ⩾

Ω
(
H6S3Ar2

AR2
maxL

3

ελ

)
outputs ε-optimal policies for an arbitrary number of reward functions in regu-

larized MDPs. The sample complexity is bounded by

Õ
(
H8S4Ar2

AR2
max

ελ

)
.

Finally, we provide a formal proof for application of this algorithm to the MTEE problem, that
is a simple application of the results above.
Theorem A.28. Algorithm RL-Explore-Ent with parameters

N0 = Ω
(
H7S3A · L3

ε

)
and N = Ω

(
H6S3AL5

ε

)

is (ε, δ)-PAC for the MTEE problem, where L = log(SAH/(εδ)). The total sample complexity
SHN0 +N is bounded by

Õ
(
H8S4A

ε

)
.
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Proof. Fix Φ(π) = −H(π), κ = λ = 1 and rmax = 0. By 1-strong convexity of −H(π) with respect
to ℓ1-norm, its dual is 1-strongly convex with respect to ℓ∞ norm, yielding rA = 1. Also we have
Rmax = log(SA), thus by Theorem A.26 we conclude the statement.

A.5.4 Technical Lemmas

Lemma A.29. Let π be a greedy policy with respect to regularized Q-values Qλ,h(s, a) : πh(s) =
arg maxπ{πQλ,h(s)− λΦ(π)}. Then the following error decomposition holds

V ⋆
λ,1(s1)− V π

λ,1(s1) ⩽ r2
A

2λEπ
[
H∑
h=1

max
a∈A

(
Qλ,h −Q⋆

λ,h

)2
(sh, a) | s1

]
,

where rA is a constant defined in (A.6).
Proof. First, we formulate the statement dependent of h

V ⋆
λ,h(s)− V π

λ,h(s) ⩽ r2
A

2λEπ
[

H∑
h′=h

max
a∈A

(
Qλ,h′ −Q⋆

λ,h′

)2
(sh′ , a) | sh = s

]
. (A.17)

Notice that for h = 1 and s = s1 the initial statement is recovered. We proceed by induction over
h. The initial case h = H + 1 is trivial, next we assume that the statement (A.17) is true for any
h′ > h.

We start the analysis from understanding the policy error by applying the smoothness of Fλ for
any h.

V ⋆
λ,h(s)− V π

λ,h(s) = Fλ(Q⋆
λ,h(s, ·))−

(
πhQ

π
λ,h(s, ·)− λΦ(πh(s))

)
⩽ Fλ(Qh)(s) + ⟨∇Fλ(Qh(s, ·)), Q⋆

λ,h(s, ·)−Qh(s, ·)⟩+ 1
2λ∥Qh −Q⋆

λ,h∥2
∗(s)

−
(
πhQ

π
λ,h(s, ·)− λΦ(πh(s))

)
.

Next we recall that
πh(s) = ∇F (Qh(s, ·)), F (Qh)(s) = πhQh(s)− λΦ(πh(s)),

thus we have
F (Qh)(s)−

(
πhQ

π
λ,h(s, ·)− λΦ(πh(s))

)
= πh[Qh −Qπ

λ,h](s)
and, by Bellman equations

V ⋆
λ,h(s)− V π

λ,h(s) ⩽ πh
[
Q⋆
λ,h −Qπ

λ,h

]
(s) + 1

2λ∥Qh −Q⋆
λ,h∥2

∗(s)

⩽ πhph
[
V ⋆
λ,h+1 − V π

λ,h+1

]
(s) + 1

2λ∥Qh −Q⋆
λ,h∥2

∗(s).

Applying norm equivalence (A.6) we have

V ⋆
λ,h(s)− V π

λ,h(s) ⩽ Eπ
[
r2
A

2λ∥Qh −Q⋆
λ,h∥2

∞(sh) + V ⋆
λ,h+1(sh+1)− V π

λ,h+1(sh+1) | sh = s

]
.

By induction hypothesis we conclude the statement.

Lemma A.30. For any policy π the following holds on event G(N, δ, ε′) defined in Lemma A.25
for any h ∈ [H]

Eπ̂
[
max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(sh, a) | s1

]
⩽

48S3H3AR2
max log2(N)βH(δ)
N

+ 4CH5R2
maxS

2A · βconc(δ,N)
N

+ 2SH2R2
max · ε′.
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Proof. By performance-difference Lemma A.11 and form of the rewards stated in (A.15) we have
for any (s, a, h) ∈ S ×A× [H]

Q̂π
λ,h(s, a)−Qπ

λ,h(s, a) = κEπ
[

H∑
h′=h
H(p̂h′(sh′ , ah′))−H(ph′(sh′ , ah′)) | (sh, ah) = (s, a)

]

+ Eπ
[

H∑
h′=h

[p̂h′ − ph′ ]V̂ π
λ,h′+1(sh′ , ah′) | (sh, ah) = (s, a)

]
.

Next we analyze all required expectation for one fixed value h ∈ [H]. By Jensen’s inequality
and a simple algebraic inequality (a+ b)2 ⩽ 2a2 + 2b2

(
Q̂π
λ,h(s, a)−Qπ

λ,h(s, a)
)2

⩽ 2κ2Eπ

( H∑
h′=h
H(p̂h′(sh′ , ah′))−H(ph′(sh′ , ah′)

)2∣∣∣∣∣(sh, ah) = (s, a)


+ 2Eπ

( H∑
h′=h

[p̂h′ − ph′ ]V̂ π
λ,h′+1(sh′ , ah′)

)2∣∣∣∣∣(sh, ah) = (s, a)

.
By Cauchy–Schwarz inequality we have the final form

(
Q̂π
λ,h(s, a)−Qπ

λ,h(s, a)
)2

⩽ 2HEπ
[

H∑
h′=h

κ2(H(p̂h′(sh′ , ah′))−H(ph′(sh′ , ah′)))2

+
H∑

h′=h

(
[p̂h′ − ph′ ]V̂ π

λ,h′+1

)2
(sh′ , ah′) | (sh, ah) = (s, a)

] (A.18)

To connect this conditional expectation in the right-hand side of (A.18) with conditional expectation
over π̂, we define the following policy

π̃h′(a|s) =


π̂h′(a|s) h′ < h

1{a = arg maxa∈A

{(
Q̂π
h(s, a)−Qπ

h(s, a)
)2
}

h′ = h

πh(a|s) h′ > h.

Since we do not change the policy π for steps greater than h, we can replace π with π̃ in (A.18).
Additionally, since this policy is equal to π̂ for the first h− 1 steps, the distribution dπ̂h(sh) is equal
to dπ̃h(sh):

dπ̂h(sh) =
∑

s1,a1,...,sh−1,ah−1

π̂1(a1|s1)
(
h−1∏
h′=1

ph′−1(sh′ |sh′−1, ah′−1)π̂h′(ah′ |sh′)
)
· ph−1(sh|sh−1, ah−1)

=
∑

s1,a1,...,sh−1,ah−1

π̃1(a1|s1)
(
h−1∏
h′=1

ph′−1(sh′ |sh′−1, ah′−1)π̃h′(ah′ |sh′)
)
· ph−1(sh|sh−1, ah−1)

= dπ̃h(sh).
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Therefore

Eπ̂
[
max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(sh, a) | s1

]
=
∑
s

dπ̂h(s) max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(s, a)

=
∑
s

dπ̃h(s) max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(s, a)

= Eπ̃
[
max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(sh, a) | s1

]
= Eπ̃

[(
Q̂π
λ,h −Qπ

λ,h

)2
(sh, ah) | s1

]
.

Next we show that in (A.18) we can make a change of policy from π to π̃. It is enough to show
that the required marginal distributions are equal for all h′ ⩾ h, i.e. for any (s, a) ∈ S ×A it holds
Pπ[(sh′ , ah′)|(sh, ah)] = Pπ̃[(sh′ , ah′)|(sh, ah)]. For h′ = h this probability is an indicator on (sh, ah),
so it does not depend on policy. For the general case h′ > h we can use Markov property and imply

Pπ[(sh′ , ah′)|(sh, ah)] =
∑

(sh+1,ah+1,...,sh′−1,ah′−1)

h′−1∏
i=h

πi+1(ai+1|si+1)pi(si+1|si, ai)

=
∑

(sh+1,ah+1,...,sh′−1,ah′−1)

h′−1∏
i=h

π̃i+1(ai+1|si+1)pi(si+1|si, ai)

= Pπ̃[(sh′ , ah′)|(sh, ah)].

Therefore, we can make change of measure in (A.18) and obtain

Eπ̂
[
max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(sh, a) | s1

]
⩽ 2HEπ̃

[
Eπ̃

[
H∑

h′=h
κ2(H(p̂h′(sh′ , ah′))−H(ph′(sh′ , ah′)))2 | sh, ah

]

+ Eπ̃

[
H∑

h′=h

(
[p̂h′ − ph′ ]V̂ π

λ,h′+1

)2
(sh′ , ah′) | sh, ah

] ∣∣∣∣∣ s1

]
.

By the properties of conditional expectation we can eliminate the inner expectation and obtain the
following upper bound

Eπ̂
[
max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(sh, a) | s1

]
⩽ 2Hκ2

H∑
h′=h

Eπ̃
[
(H(p̂h′(sh′ , ah′))−H(ph′(sh′ , ah′)))2

∣∣∣ s1
]

+ 2H
H∑

h′=h
Eπ̃

[(
[p̂h′ − ph′ ]V̂ π

λ,h′+1

)2
(sh′ , ah′)

∣∣∣∣∣ s1

]
.

Applying Lemma A.31 and the definition of EH(δ) we have

Eπ̃
[
(H(p̂h′(sh′ , ah′))−H(ph′(sh′ , ah′)))2 | s1

]
⩽ 2SAHE(s,a)∼µh′

[
(H(p̂h′(s, a))−H(ph′(s, a)))2

]
+ S log2(S)ε′

⩽
24S3HA log2(SN)βH(δ)

N
+ S log2(S)ε′.

In the same way by Lemma A.31 and the definition of event Econc(N, δ)

Eπ̃
[(

[p̂h′ − ph′ ]V̂ π
λ,h′+1

)2
(sh′ , ah′) | s1

]
⩽ 2SAHE(s,a)∼µh′

[(
[p̂h′ − ph′ ]V̂ π

λ,h′+1

)2
(s, a)

]
+ SH2R2

maxε
′

⩽
2CH3R2

maxS
2A · βconc(δ,N)
N

+ SH2R2
maxε

′.
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Combining these two upper bounds, we have

Eπ̂
[
max
a∈A

(
Q̂π
λ,h −Qπ

λ,h

)2
(sh, a) | s1

]
⩽

48S3H3Aκ2 log2(SN)βH(δ)
N

+ 4CH5R2
maxS

2A · βconc(δ,N)
N

+ S(H2R2
max + κ2 log2(S))ε′.

Since κ2 log2(s) ⩽ R2
max and H ⩾ 1, we conclude the statement.

Lemma A.31. For any bounded function f : S × A → R+, f(s, a) ⩽ B for any policy π and step
h on event ERF-RL-Explore(δ, ε′) the following holds

Eπ[f(sh, ah)|s1] ⩽ 2SAHE(s,a)∼µh
[f(s, a)] +BSε′.

Proof. Recall Sε′,h be a set of all ε′-significant states (see Definition A.22) at step h. Then we can
rewrite this expectation as follows

Eπ[f(sh, ah)|s1] =
∑

a∈A,s∈Sε′,h

dπh(s, a)f(s, a) +
∑

a∈A,s̸∈Sε′,h

dπh(s, a)f(s, a).

For the first sum by Theorem A.23 we have dπh(s, a) ⩽ 2SAHµh(s, a), thus∑
a∈A,s∈Sε′,h

dπh(s, a)f(s, a) ⩽ 2SAH
∑

(s,a)∈S×A
µh(s, a)f(s, a) = 2SAHE(s,a)∼µh

[f(s, a)].

For the second sum we apply f(s, a) ⩽ B and the fact that for all states that are not ε′-significant
under any policy dπh(s) ⩽ ε′:∑

a∈A,s̸∈Sε′,h

dπh(s, a)f(s, a) ⩽ B
∑

a∈A,s̸∈Sε′,h

dπh(s, a) = B
∑

s̸∈Sε′,h

dπh(s) ⩽ BSε′.
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A.6 Faster Rates for Visitation Entropy

A.6.1 Algorithm description

Let us start from the description of the modified algorithm RegEntGame. It has a similar game-
theoretical foundation as it aims at solving the following minimax game

max
d∈Kp

Hvisit(d) = max
d∈Kp

min
d̄∈K

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

= min
d̄∈K

max
d∈Kp

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

.

As for usual EntGame, there are two players in the game. On the one hand, the min player, or
forecaster player, tries to predict which state-action pairs the max player will visit to minimize
KL(dh, d̄h). On the other hand, the max player, or sampler player, is rewarded for visiting state-
action pairs that the forecaster player did not predict correctly.

We now describe the algorithm RegEntGame for MVEE. In this algorithm, we let a forecaster
player and a sampler player compete for T episodes long. Let us first define the two players.

Forecaster-player. The forecaster player remains exactly the same as for usual EntGame algo-
rithm, see the corresponding section in the main text.

Regularized Sampler-player. For the sampler player we exploit strong convexity of visitation
entropy. The running time of the sampler player will be divided onto two stages, as it was done in
RL-Explore-Ent algorithm.

Exploration phase. Before the start of the game, the sampler-player uses some preprocessing
time in order to explore the environment to learn a simple (non-markovian) preliminary exploration
policy πmix. This policy is used to construct an accurate enough estimates of transition probabilities.
This policy is obtained, as in RF-RL-Explore and RL-Explore-Ent, by learning for each state-action
pair (s, ah), a policy that reliably reaches this action pair (s, a) at step h. This can be done by
running any regret minimization algorithm for the sparse reward function putting reward one at
state s at step h and zero otherwise. The policy πmix is defined as the mixture of the aforementioned
policies.

Planning phase. The second phase is starting during the running time of the algorithm. Since
RL-Explore-Ent algorithm is essentially reward-free in a sense of working with an arbitrary reward
functions.

For each episode t during the game we define the empirical regularized Bellman equations

Q̂t
h(s, a) = log 1

d̄t+1
h (s)

+ p̂ thV̂
t
h+1(s, a)

V̂ t
h(s) = max

π∈∆(A)
{πQ̂t

h(s, a) +H(π)},
(A.19)

where V̂ t
H+1 = 0. The sampler player then follows dπt+1 where πt+1 is greedy with respect to the

regularized Q-values, that is, πt+1
h (s) ∈ arg maxπ∈∆A

{πQ̂t
h(s) + H(π)}. This choice of sampler

player will be clear in the analysis below.

Sampling rule. At each episode t, the policy πt of the sampler-player is used as a sampling rule
to generate a new trajectory.
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Decision rule. After T episodes we output a non-Markovian policy π̂ defined as the mixture of
the policies {πt}t∈[T ], that is, to obtain a trajectory from π̂ we first sample uniformly at random
t ∈ [T ] and then follow the policy πt. Note that the visitation distribution of π̂ is exactly the
average dπ̂ = (1/T )∑t∈[T ] d

πt .
Remark that the stopping rule of RegEntGame is deterministic and equals to t = T . The complete

procedure is detailed in Algorithm 7.

Algorithm 7 RegEntGame
1: Input: Number of episodes T , number of exploration episodes N0, number of transition samples
N , prior counts n0.

2: # Preliminary exploration
3: for (s′, h′) ∈ S × [H] do
4: Form rewards rh(s, a) = 1{s = s′, h = h′}.
5: Run EULER (Zanette and Brunskill 2019) with rewards rh over N0 iterates and collect all

policies Πs′,h′ .
6: Modify π ∈ Πs′,h′ : πh′(a|s′) = 1/A for all a ∈ A.
7: end for
8: Construct a uniform mixture policy πmix over all {Πs,h : (s, h) ∈ S × [H]}.
9: Sample N independent trajectories {zn}n∈[N ] using πmix in the original MDP.

10: Construct from {zn}n∈[N ] the estimates p̂h as in (A.14).
11: for t ∈ [T ] do
12: # Forecaster-player
13: Update pseudo counts n̄t−1

h (s, a) and predict d̄th(s, a).
14: # Sampler-player
15: Compute πt by regularized planning (A.19) with rewards log

(
1/d̄th(s)

)
and entropy regular-

ization.
16: # Sampling
17: for h ∈ [H] do
18: Play ath ∼ πth(sth)
19: Observe sth+1 ∼ ph(sth, ath)
20: end for
21: Update counts and transition estimates.
22: end for
23: Output π̂ the uniform mixture of {πt}t∈[T ].

A.6.2 Analysis

We first define the regrets of each players obtained by playing T times the games. For the forecaster-
player, for any d̄ ∈ K, we define

RT
Fore(d̄) ≜

T∑
t=1

∑
h,s,a

d̃th(s, a)
(

log 1
d̄th(s, a)

− log 1
d̄h(s, a)

)
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where d̃th(s, a) ≜ 1
{

(sth, ath) = (s, a)
}

is a sample from dπ
t

h (s, a). Similarly for the sampler-player,
for any d ∈ Kp, we define a regularized regret

RT
Samp(d) ≜

T∑
t=1

( ∑
h,s,a

[
dh(s, a)− dπt

h (s, a)
]

log 1
d̄th(s, a)

−
∑
h,s

[
dh(s) KL(π(s), π̄th(s))− dπt

h (s) KL(πth(s), π̄th(s))
])
,

where corresponding policies are defined as πh(a|s) = dh(s, a)/dh(s) and π̄th(a|s) = d̄th(s, a)/d̄th(s)
for dh(s) = ∑

a dh(s, a) and d̄th(s) = ∑
a d̄

t
h(s, a).

Recall that the visitation distribution of the policy π returned by RegEntGame is the average
of the visitation distributions of the sampler-player dπ̂h(s, a) = d̂Th (s, a) ≜ (1/T )∑T

t=1 d
πt

h (s, a). We
also denote by d̊Th (s, a) ≜ (1/T )∑T

t=1 d̃
t(s, a) the average of the ’sample’ visitation distributions.

We now relate the difference between the optimal visitation entropy and the visitation entropy of
the outputted policy π̂ to the regrets of the two players. Indeed, using H(p) = ∑

i∈[n] pi log(1/qi)−
KL(p, q) for all (p, q) ∈ (∆n)2 and

KL(dπ⋆

h , d̄
t
h) =

∑
s,a

dπ
⋆

h (s, a) log
(
dπ

⋆

h (s, a)
d̄th(s, a)

)

=
∑
s

dπ
⋆

h (s) log
(
dπ

⋆

h (s)
d̄th(s)

)
+
∑
s

dπ
⋆

h (s)
∑
a

π⋆h(a|s) log
(
π⋆h(a|s)
π̄th(a|s)

)
⩾
∑
s

dπ
⋆

h (s) KL(π⋆h(s), π̄th(s)) .

This inequality could be treated as a strong convexity of visitation entropy with respect to trajectory
entropy since KL(dπ⋆

h , d̄
t
h) is a Bregman divergence with respect to Hvisit, and the final average of

KL(π⋆h(s),πt
h(s)) is a Bregman divergence with respect to Htraj (up to linearities).

Applying this inequality, we have

T
(
Hvisit(dπ

⋆)−Hvisit(dπ̂)
)
⩽

T∑
t=1

∑
h,a,s

dπ
⋆

h (s, a) log 1
d̄th(s, a)

−
∑
h,s

dπ
⋆

h (s) KL(π⋆h(s), π̄th(s))


−

T∑
t=1

d̃th(s, a) log 1
d̊Th (s, a)

+ T
(
Hvisit(d̊T )−Hvisit(d̂T )

)

⩽ RT
Samp(dπ⋆) +

T∑
t=1

∑
h,s,a

(
dπ

t

h (s, a)− d̃th(s, a)
)

log 1
d̄th(s, a)︸ ︷︷ ︸

Bias1

+ RT
Fore(d̊T ) + T

(
Hvisit(d̊T )−Hvisit(d̂T )

)
︸ ︷︷ ︸

Bias2

.

It remains to upper bound each terms separately in order to obtain a bound on the gap. Notably,
only the sampler player result changes in comparison to EntGame.

A.6.3 Regret of the Sampler-Player
We start from introducing new notation. Let Mt = (S,A, {ph}h∈[H], {rth}h∈[H], s1) be a sequence
of entropy-regularized MDPs where reward defined as rth(s, a) = log(1/d̄th(s)). Define Qπ,t

h (s, a)
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and V π,t
h (s, a) as a action-value and value functions of a policy π on a MDP Mt. Notice that the

value-function of initial state in this case could be written as follows (see Appendix A.3)

V π,t
1 (s1) =

∑
h,s,a

dπh(s, a) log
(

1
d̄th(s, a)

)
−
∑
h,s

dπh(s) KL(πh(s), π̄th(s))

=
∑
h,s,a

dπh(s, a) log
(

1
d̄th(s)

)
+
∑
h,s

dπh(s)H(πh(s)),

also see Appendix A.4 for more exposition. Therefore, the regret for the sampler-player could be
rewritten in the terms of the regret for this sequence of entropy-regularized MDPs

RT
Samp(dπ) =

T∑
t=1

V π,t
1 (s1)− V πt,t

1 (s1).

We notice that our approach does not gives a regret minimizer algorithm in a classical sense,
however analysis shows us that we can control the sum of policy error with respect to any reward
function.

Lemma A.32. Let N0 = Ω
(
H7S3A·log2(T+SA)·L

ε

)
and N = Ω

(
H6S3A log2(T+SA)L3

ε

)
. Then with prob-

ability at least 1− δ/2, the regret of the sampler player is bounded as

RT
Samp(dπ⋆) ⩽ ε/2 · T

after

Õ
(
H8S4A

ε

)
episodes of pure exploration.

Proof. From Corollary A.27 under the choice of parameters λ = 1, κ = 0 and reward function
rth(s, a) = log(1/d̄th(s)) for each iteration, that is bounded by log(T + SA), we have that for any
reward function the sub-optimality gap is bounded by ε/2. The total number of episodes of pure
exploration is equal to N0SH +N .

A.6.4 Proof of Theorem 2.7
We state the version of this theorem with all prescribed dependencies factors.

Theorem A.33. Fix some ε > 0 and δ ∈ (0, 1). Then for n0 = 1,

N0 = Ω
(
H7S3A · L3

ε

)
, N = Ω

(
H6S3AL5

ε

)
, T = Ω

(
H2SAL3

ε2 + H2S2A2L2

ε

)

with L = log(SAH/δε), the algorithm RegEntGame is (ε, δ)-PAC. Its total sample complexity is
equal to SH ·N0 +N + T, that is,

t = Õ
(
H2SA

ε2 + H8S4A

ε

)
.

Proof. We start from writing down the decomposition defined in the beginning of the appendix

T (Hvisit(dπ
⋆,VE)−Hvisit(dπ̂)) ⩽ RT

Samp(dπ⋆,VE) + RT
Fore(d̊T ) + Bias1 + Bias2.
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By Lemma A.32 with probability at least 1− δ/2 it holds

RT
Samp(dπ⋆,VE) ⩽ εT/2.

By Lemma A.1
RT

Fore(d̊T ) ⩽ HSA log
(
e(T + 1)

)
.

By Lemma A.6 with probability at least 1− δ/2

Bias1 + Bias2 ⩽ 3 log(SAT )
(√

TH log(4/δ) +H
√
SAT log(3T )

)
.

By union bound all these inequalities hold simultaneously with probability at least 1−δ. Combining
all these bounds we get

T (Hvisit(dπ
⋆,VE)−Hvisit(dπ̂)) ⩽ 3 log(SAT )

(√
TH log(4/δ) +H

√
SAT log(3T )

)
+HSA log(e(T + 1)) + εT/2.

Therefore, it is enough to choose T such that Hvisit(dπ
⋆,VE)−Hvisit(dπ̂) is guaranteed to be less than

ε. In this case RegEntGame become automatically (ε, δ)-PAC. It is equivalent to find a maximal T
such that

εT/2 ⩽ 3 log(SAT )
(√

TH log(4/δ) +H
√
SAT log(3T )

)
+HSA log(e(T + 1))).

and add 1 to it. We start from obtaining a loose bound to eliminate logarithmic factors in T .
First, we assume that T ⩾ 1, thus T + 1 ⩽ 2T . Additionally, let us use inequality log(x) ⩽ xβ/β

for any x > 0 and β > 0. We obtain

εT ⩽ 48(SAT )1/8
(√

T 3/2H log(4/δ) +H
√

4SAT 3/2
)

+ 16/7 ·HSA(2eT )7/8

that could be relaxed as follows

εT 1/8 ⩽ 48(SA)1/8(H log(4/δ)1/2 +H(SA)5/8 + 11HSA

thus we can define γ = 8 log
(
(48(SA)1/8(H log(4/δ)1/2 +H(SA)5/8 + 11HSA)/ε

)
= O(L) for

which log(T ) ⩽ γ. Therefore

εT/2 ⩽ 3(log(SA) + γ)
√
T

(√
H log(4/δ) +

√
SAH2(log(3) + L)

)
+HSA(1 + 2γ).

Solving this quadratic inequality, we obtain the minimal required T to guarantee Hvisit(dπ
⋆,VE) −

Hvisit(dπ̂) ⩽ ε. In particular,

T = Ω
(
H2SAL3

ε2 + H2S2A2L2

ε

)
.
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A.7 Additional Experiments
In this section we provide details on experiments and additional experiments.

First, we describe our baselines in details.

• Random policy πh(a|s) = 1/A for any h ∈ [H], (s, a) ∈ S ×A;

• Optimal MVEE policy. First we compute the solution to the following convex program

max
d∈Kp

∑
(s,a)∈S×A

−
(

1
H

H∑
h=1

dh(s, a)
)

log
(

1
H

H∑
h=1

dh(s, a)
)
,

where Kp is a polytope of admissible visitation distributions defined in Section 2.2. This
problem exactly corresponds to the setting visitation entropy by Hazan et al. (2019). Then we
compute the optimal MVEE policy by normalization of the visitation distribution πh(a|s) =

dh(s,a)∑
a∈A dh(s,a) .

• Optimal MTEE policy that was computed by solving regularized Bellman equations with
λ = 1 and the entropy of transition kernels as rewards.

The last two baselines requires the knowledge of the true transition kernel ph(s′|s, a). Additionally,
we perform experiments with RF-UCRL algorithm by Kaufmann et al. (2021) but the final visitation
numbers were very close to the visitation numbers of EntGame algorithm and we do not report
them. The data collection procedure for EntGame and UCBVI-Ent is following.

• For EntGame algorithm we report visitation counts of states of the algorithm during the
learning. It is an appropriate choice since this counts corresponds to the empirical density
d̊Th (s, a) = 1

T

∑T
t=1 1{(sth, ath) = (s, a)} which converges to dπ̂h(s, a) = 1

T

∑T
t=1 d

πt

h (s, a).

• For UCBVI-Ent algorithm we have to separate stages. At the first stage the algorithm interacts
with environment to learn the final policy during N interactions with the environment, and all
the plots present the visitations counts only for the final policy during another N interactions
when the policy is fixed.

Remark A.34. We do not compare EntGame with MaxEnt and Toc-UCRL2 because of their similarity.
The only difference in the these algorithms is the way how density estimation is performed. More
precisely, in the MaxEnt algorithm the average of state-action visitation distributions of all the
policies played is estimated from scratch at the end of each epoch with additional trajectories. In
EntGame we also estimate this average but with all trajectories collected until now and without
need of additional fresh trajectories. Thus, EntGame can be seen as a version of MaxEnt that reuses
past trajectories instead of collecting new ones. The latter feature is helpful in practice but will
not change the rate. That is why we decided not to include MaxEnt in the experiments. Similar
comments hold for Toc-UCRL2.

Double Chain. The experiment described in Section 2.6 was preformed on Double Chain envi-
ronment described by Kaufmann et al. (2021). This MDP consists of states S = {0, . . . , L − 1},
where L is the length of the chain, the actions A = {l, r} which corresponds to the transition
to the left (action l) or to the right (action r). Additionally, while taking the actions, there is
10% probability of moving to the opposite direction. The agent starts at the middle of the chain
s1 = (L − 1)/2. For experiments we run each algorithm to collect N = 100000 samples during
episodes of horizon H = 20 and then report the average and confidence intervals over 48 random
seeds.
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Figure A.1: Number of state visits for N = 100000 samples in the Double Chain MDP for EntGame
and UCBVI-Ent algorithms with and without bonuses.

In Section 2.6 we conclude that the exploration bonuses have the important role in the state
visitations of UCBVI-Ent algorithm and make it close to RF-UCRL by Kaufmann et al. (2021). As
an ablation study we preform the same experiments for algorithms without bonuses. The results
are presented in Figure A.1.

In particular, we see that EntGame algorithm without bonuses converges to the optimal MVEE
policy in terms of the visitation densities that is slightly more spread than EntGame algorithm with
bonuses. Notice that algorithm has its own exploration mechanism since the rewards are equal to
log((t+ SA)/(nt(s, a) + 1)) that is tightly connected to exploration bonuses. UCBVI-Ent algorithm
also has its own exploration method that induced by soft-max policies. In particular, soft-max
policies are tightly connected to the Boltzmann exploration with step-size equal to 1 (Sutton 1990).
However, it is well-known (Cesa-Bianchi et al. 2017) that the Boltzmann exploration with fixed
step-size did not provide efficient way to explore.
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Figure A.2: Number of state visits for N = 50000 samples in the Double Chain MDP with resam-
pling for the UCBVI-Ent algorithm with and without bonuses.

Double Chain with Resampling. To test the exploration mechanism of UCBVI-Ent without
bonuses, we slightly modify Double Chain environment: now the visitation of the left end of the
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chain leads to uniform resampling over all states. The result is presented in Figure A.2.
In particular, we observe that in this situation UCBVI-Ent algorithm without bonuses still acts

like a random policy due to low exploration for the ends of the chain, whereas the optimal MTEE
policy visits the left part of the chain more often. This observation imply that the additional explo-
ration mechanism for UCBVI-Ent algorithm is required and the exploration problem in regularized
MDPs is non-trivial.

GridWorld. As an additional experiment to verify our findings we perform additional experiments
on the environment Grid World as it presented in Figure A.3. The state space is a set of discrete
points in a 21 × 21 grid. For each state there are 4 possible actions: left, right, up or down, and
for each action there is a 5% probability to move to the wrong direction. The initial state s1 is the
middle of the grid. For this experiment we use N = 60000 samples and report the average over 12
random seeds.

Random Policy RF-UCRL MTEE Policy EntGame

EntGame No Bonus UCBVI-Ent UCBVI-Ent No Bonus

0102

103

104

Figure A.3: Number of state visits for N = 60000 samples in the GridWorld MDP for EntGame and
UCBVI-Ent algorithms with and without bonuses.

Here we see the similar effect as on simpler environment: the UCBVI-Ent algorithm produces
slightly less "spread" policy than EntGame or RF-UCRL algorithms. It is connected to the fact that
in this case the limiting MTEE policy of UCBVI-Ent is again almost uniform policy due to near-
deterministic structure of the MDP. Additionally, we remark that in this case the optimal MVEE
policy is much harder to compute due to numerical issues, however, the EntGame algorithm without
bonuses produces slightly more uniform distribution that coincides with the effect we observe during
experiments with a Double Chain environment.
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B.1 Notation

For any (s, a) ∈ S, transition kernel p(s, a) ∈ P(S) and f : S → R, define pf(s, a) = Ep(s,a)[f ]
and Varp[f ](s, a) = Varp(s,a)[f ]. For any s ∈ S, policy π(s) ∈ P(S) and f : S × A → R, set
πf(s) = Ea∼π(s)[f(s, a)] and Varπf(s) = Vara∼π(s)[f(s, a)]. For a MDP M, a policy π and a
sequence of function (fh, h ∈ [H]), define Eπ[∑H

h′=h f(sh′ , ah′)|sh] as a conditional expectation of∑H
h′=h f(sh′ , ah′) with respect to the sigma-algebra Fh = σ{(sh′ , ah′)|h′ ⩽ h}, where for any h ∈ [H],

we have ah ∼ π(sh), sh+1 ∼ ph(sh, ah).
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Table B.1: Table of notation use throughout the paper

Notation Meaning
S state space of size S
A action space of size A
d dimension of linear MDP
H length of one episode
s1 initial state
t stopping time
T trajectory space, T ≜ (S ×A)H
ε desired accuracy of solving the problem
δ desired upper bound on failure probability
ph(s′|s, a) probability transition
rh(s, a) reward function
V π
h , V

⋆
h value of policy π and optimal value

Qπ
h, Q

⋆
h Q-value of policy π and optimal Q-value

V π
π̃,λ,h

, V ⋆
π̃,λ,h

regularized value of policy π and optimal regularized value
Qπ
π̃,λ,h

, Q⋆
π̃,λ,h

regularized Q-value of policy π and optimal regularized Q-value
Π,Πh space of all policies and space of policies on step h
Πγ ,Πh,γ space of all policies and policies on step h with minimal probability γ
DE expert dataset of size NE: DE ≜ {τ̊i = (si1, ai1, . . . , siH , aiH), i ∈ [NE]}
πE expert policy
πE,κ κ-greedy version of the expert policy
εE sub-optimality gap of the expert policy: V ⋆

1 (s1)− V πE
1 (s1) ⩽ εE

πBC behavior cloning policy
Rh regularizer for behavior cloning
F class of policies for behavior cloning
dF covering dimension of one-step policy class for behavior cloning
s th state that was visited at h step during t episode
a th action that was picked at h step during t episode
r⋆ true reward function in a preference-based model
σ link function, see Assumption 4
ζ linearity measure of link function, see Assumption 4
πS sampling policy for generation preference dataset
DRM preference dataset of size NRM : DRM ≜ {(τk0 , τk1 , ok)}
G class of trajectory rewards for reward modeling
dG bracketing dimension of the induced preference models
πRL policy for BPI with demonstration
πRLHF policy for preference-based BPI with demonstration
C(ε,NE, δ) sample complexity for BPI with demonstration
C(ε, λ, δ) sample complexity for regularized BPI

We define trajectory KL-divergence between two policies π = {πh}h∈[H], π
′ = {πh}h∈[H] as

follows

KLtraj(π, π′) = Eπ
[
H∑
h=1

KL(πh(sh), π′
h(sh))

]
.
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We write f(S,A,H, ε) = O(g(S,A,H, ε, δ)) if there exist S0, A0, H0, ε0, δ0 and constant Cf,g
such that for any S ⩾ S0, A ⩾ A0, H ⩾ H0, ε < ε0, δ < δ0, f(S,A,H, T, δ) ⩽ Cf,g · g(S,A,H, T, δ).
We write f(S,A,H, ε, δ) = Õ(g(S,A,H, ε, δ)) if Cf,g in the previous definition is poly-logarithmic
in S,A,H, 1/ε, 1/δ.

Coverings, packings, and bracketings. A pair (X , ρ) is called pseudometric space with a
metric ρ : X × X → R+ if ρ satisfies ρ(x, x) = 0 for all x ∈ X , ρ is symmetric, that is, ∀x, y ∈ X :
ρ(x, y) = ρ(y, x), and ρ satisfies triangle inequality ∀x, y, z : ρ(x, y) + ρ(y, z) ⩾ ρ(x, z).

Definition B.1 (ε-covering and packing). Let (X , ρ) be a (pseudo)metric space with a metric
ρ : X × X → R+. The ε-covering number N (ε,X , ρ) is the size of the minimal ε-cover of (X , ρ),
that is,

N (ε,X , ρ) = min
X⊆X
{|X| : ∀y ∈ X ∃x ∈ X : ρ(y, x) ⩽ ε} .

The ε-packing number P(ε,X , ρ) is the size of the maximal ε-separated set of (X , ρ),

P(ε,X , ρ) = max
X⊆X
{|X| : ∀x ̸= y ∈ X : ρ(x, y) > ε} .

Definition B.2 (ε-bracketing). Let F : X → R be a function class endowed with a norm ∥·∥.
Given two functions ℓ, u : X → R, a bracket [ℓ, u] is a set of all functions f ∈ F such that ℓ(x) ⩽
f(x) ⩽ u(x) for all x ∈ X . A ε-bracket is a bracket [ℓ, u] such that ∥ℓ− u∥ ⩽ ε. The ε-bracketing
number N[](ε,F , ∥·∥) is the cardinality of the minimal set of ε-brackets needed to cover F ,

N[](F , ∥·∥) = min
N
{|N | | ∀f ∈ F ∃[ℓ, u] ∈ N : ℓ(x) ⩽ f(x) ⩽ u(x)∀x ∈ X , ∥ℓ− u∥ ⩽ ε} .
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B.2 Behavior Cloning

In this appendix, we gather the proofs of the results for behavior cloning presented in Section 3.3.

B.2.1 Proof for General setting

In this appendix, we provide the proof of Theorem 3.3.

Theorem (Restatement of Theorem 3.3). Assume Assumptions 1-2 and that 0 ⩽ Rh(πh) ⩽M for
all h ∈ [H], for any policy π ∈ Fh. Let πBC be a solution to (3.1). Then with probability at least
1− δ the behavior policy πBC satisfies

KLtraj(πE∥πBC) ⩽ 6dFH · (log(Ae3/(Aγ ∧ κ)) · log(2HNERF/(γδ))
NE + 2HM

NE + 18κ
1− κ .

Proof. We commence by defining the one-step trajectory KL-divergence as follows:

KLtraj(πE
h ∥πBC

h ) = EπE

[
log
(
πE
h (ah|sh)

πBC
h (ah|sh)

)]
.

In particular, by the linearity of expectation, the following holds

KLtraj(πE∥πBC) =
H∑
h=1

KLtraj(πE
h ∥πBC

h ) .

Recall the definition of the κ-greedy version of the expert policy

πE,κ
h (a|s) = (1− κ)πE

h (a|s) + κ

A
= (1− κ) ·

(
πE
h (a|s) + κ

(1− κ)A

)
.

Next, we can decompose the one-step trajectory KL-divergence as follows

KLtraj(πE
h ∥πBC

h ) = EπE

[
log
(
πE,κ
h (ah|sh)
πBC
h (ah|sh)

)]
+ EπE

[
log
(
πE
h (ah|sh)

πE,κ
h (ah|sh)

)]
.

For the second term, we have

EπE

[
log
(
πE
h (ah|sh)

πE,κ
h (ah|sh)

)]
= EπE

log
(

πE
h (ah|sh)

πE
h (ah|sh) + κ/(A(1− κ))

)
︸ ︷︷ ︸

⩽0

− log(1− κ) ⩽ κ

1− κ ,

where the last inequality follows from the fact that (1 − x) log(1 − x) ⩾ −x for any x < 1, by
convexity of the function x 7→ x log x. Next, we decompose the smoothed version of the one-step
trajectory KL to the sum of stochastic and empirical terms,

EπE

[
log
(
πE,κ
h (ah|sh)
πBC
h (ah|sh)

)]
= 1
NE

NE∑
t=1

(
EπE

[
log
(
πE,κ
h (ah|sh)
πBC
h (ah|sh)

)]
− log

(
πE,κ
h (ath|sth)
πBC
h (ath|sth)

))

+ 1
NE

NE∑
t=1

log
(
πE,κ
h (ath|sth)
πBC
h (ath|sth)

)
.
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To upper bound the first term we apply Lemma B.5 and obtain with probability at least 1− δ

1
NE

NE∑
t=1

EπE

[
log
(
πE,κ
h (ah|sh)
πBC
h (ah|sh)

)]
− log

(
πE,κ
h (ath|sth)
πBC
h (ath|sth)

)
⩽

√
2 log(e2/γ) KLtraj(πE

h ∥πBC
h ) · d(log(2NERF/γ) + log(1/δ))

NE

+ 5(log(Ae3/(Aγ ∧ κ)) · dF(log(2NERF/γ) + log(1/δ)))
3NE + 8κ

1− κ .

To control the second term, we first notice that since F has a product structure, then by a
simple observation

{πh}Hh=1 = arg min
π1∈F1,...,πH∈FH

H∑
h=1
Lh(πh) ⇐⇒ ∀h ∈ [H] : πh = arg min

πh∈Fh

Lh(πh)

for any functions {Lh}Hh=1, the MLE estimation (3.1) implies

πBC
h ∈ arg min

πh∈Fh

NE∑
i=1

log 1
πh(aih|sih) +Rh(πh) ,

therefore the following holds

NE∑
t=1

log
(
πE,κ
h (ath|sth)
πBC
h (ath|sth)

)
⩽M +


NE∑
t=1

log
(

1
πBC
h (ath|sth)

)
+Rh(πBC

h )


−


NE∑
t=1

log
(

1
πE,κ
h (ath|sth)

)
+Rh(πE,κ

h )

 ⩽M .

Thus, we have

KLtraj(πE
h ∥πBC

h ) ⩽

√
2 log(e2/γ) KLtraj(πE

h ∥πBC
h ) · dF(log(2NERF/γ) + log(1/δ))

NE

+ 5(log(Ae3/(Aγ ∧ κ)) · dF(log(2NERF/γ) + log(1/δ)))
3NE + M

NE + 9κ
1− κ .

This means that
√

KLtraj(πE
h ∥πBC

h ) satisfies a quadratic inequality of the form x2 ⩽ ax + b. Since
ax ⩽ (a2 + x2)/2, we further have x2 ⩽ a2 + 2b. As a result

KLtraj(πE
h ∥πBC

h ) ⩽ 6dF log(Ae3/(Aγ ∧ κ)) · log(2NERF/(γδ))
NE + 2M

NE + 18κ
1− κ .

To conclude the statement, we apply a union bound over h ∈ [H] and sum over the final upper
bound.

B.2.2 Proofs for Finite setting
We recall that for finite MDPs we chose a logarithmic regularizer Rh(πh) = ∑

s,a log(1/πh(a|s)) and
the policy class F = {π ∈ Π : πh(a|s) ⩾ 1/(NE + A)}. One can check that Assumptions 1-2 holds
for these choices and that 0 ⩽ Rh(πh) ⩽ SA log(A). Then we can apply Theorem 3.3 to obtain the
following bound for finite MDPs.
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Corollary (Restatement of Corollary 3.4). For all NE ⩾ A, for function class F and regularizer
(Rh)h∈[H] defined above, with probability at least 1− δ,

KLtraj(πE∥πBC) ⩽ 6SAH · log(2e4NE) · log(12H(NE)2/δ)
NE + 18AH

NE .

Proof. Let us start by observing that Fh ⊆ ∆(A)S is a subset of a unit ball in ℓ∞-norm. Therefore
by a standard result in the covering numbers for finite-dimensional Banach spaces (see i.e. Problem
5.5 by Handel 2016)

logN (ε,Fh, ∥·∥∞) ⩽ SA log(3/ε) .
Thus, the parametric classes {Fh}h∈[H] satisfies Assumption 1 with constants dF = SA,RF =
3, γ = 1/(NE + A). Next, we notice that for any expert policy, Assumption 2 is satisfied with
κ = A/(NE + A) for this parametric family. Thus, we can apply Theorem 3.3 and get

KLtraj(πE∥πBC) ⩽ 6SAH · log((NE + A)e3) · log(6HNE(NE + A)/δ)
NE

+ 2SAH log(A)
NE + 18AH

NE .

By upper bounding the first and the second terms under the assumption NE ⩾ A we conclude the
statement.

B.2.3 Proofs for Linear setting
We start from a natural example when Assumption 3 is fulfilled, and the sub-optimality error εE
is small.
Lemma B.3. Assume that the MDP M is linear (see Definition 3.2) and consider the regularized
MDP with uniform policy π̃(a|s) = Unif[A] and with a coefficient λ (see Appendix B.5 for more
exposition). Then the optimal regularied policy π⋆

π̃,λ,h
satisfies Assumption 3 with a constant R =

H
√
d/λ. Moreover, this policy is λH log(A)-optimal.

Proof. At first, by Proposition B.22, it holds that for an optimal policy π⋆
π̃,λ,h

there are some weights
w⋆h such that Q⋆

h(s, a) = ⟨ψ(s, a), w⋆h⟩ and, moreover, ∥w⋆h∥ ⩽ H
√
d.

Then we notice that from the regularized Bellman equations, it holds

π⋆
π̃,λ,h

(a|s) = arg max
π

{
πQ⋆

π̃,λ,h
(s)− λKL(π∥Unif[A])

}

= arg max
π

{
π

[1
λ
Q⋆
π̃,λ,h

]
(s)−KL(π∥Unif[A])

}
=

exp
(
⟨ψ(s, a), 1

λw
⋆
h⟩
)

Z(s) .

Therefore, Assumption 3 is satisfied with R = H
√
d/λ for πE = π⋆λ.

To verify the suboptimality of this policy, we notice that π⋆
π̃,λ

satisfies

π⋆
π̃,λ

= arg max
π∈Π

{V π
1 (s1)− λKLtraj(π∥π̃)} ,

therefore

V ⋆
1 (s1)− λKLtraj(π⋆∥π̃)} ⩽ V

π⋆

π̃,λ

1 (s1)− λKLtraj(π⋆π̃,λ∥Unif[A])

⇒ V ⋆
1 (s1)− V

π⋆

π̃,λ

1 (s1) ⩽ λH log(A) .
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Next, we provide the result for linear MDPs under Assumption 3, using the parametric assump-
tion given in (3.2).

Corollary (Restatement of Corollary 3.7). Under Assumption 3, for all NE ⩾ A, for the function
class F defined in (3.2) and regularizer Rh = 0, for all h ∈ [H], with probability at least 1− δ,

KLtraj(πE∥πBC) ⩽ 6dH · log(2e3NE) · log(48H(NE)2R/δ)
NE + 18AH

NE .

Proof. We start by checking that Assumption 1 holds. By construction of Fh in (3.2), we have

inf
πh∈Fh

inf
(s,a)∈S×A

πh(a|s) ⩾ 1
NE + A

.

Next, we have to consider the covering dimension of the hypothesis set. First, we notice that for
any two policies πh, µh ∈ Fh we have

|πh(a|s)− µh(a|s)| = |(1− κ)π′
h(a|s)− (1− κ)µ′

h(a|s)| = (1− κ)|π′
h(a|s)− µ′

h(a|s)| ,

where π′
h, µ

′
h ∈ F ′

h for F ′
h defined as follows

F ′
h =

{
πh(a|s) = exp(ψ(s, a)Twh)∑

a′∈A exp(ψ(s, a′)Twh) : ∥wh∥2 ⩽ R

}
.

Thus, it is sufficient to compute the covering number for F ′
h. Let us define

Φ(a|s, wh) = exp{⟨ψ(s, a), wh⟩}, Z(s, wh) =
∑
a∈A

Φ(a|s, wh) .

Then, let wh, w′
h be weight vectors corresponding to π′

h and µ′
h, respectively. Then

|π′
h(a|s)− µ′

h(a|s)| =
∣∣∣∣∣Φ(a|s, wh)
Z(s, wh) −

Φ(a|s, w′
h)

Z(s, w′
h)

∣∣∣∣∣
=
∣∣∣∣∣Φ(a|s, wh)− Φ(a|s, w′

h)
Z(s, wh) − Φ(a|s, w′

h)
[

1
Z(s, w′

h) −
1

Z(s, wh)

]∣∣∣∣∣
⩽

Φ(a|s, wh)
Z(s, wh)

∣∣∣∣∣1− Φ(a|s, w′
h)

Φ(a|s, wh)

∣∣∣∣∣+ Φ(a|s, w′
h)

Z(s, w′
h)

∣∣∣∣∣1− Z(s, w′
h)

Z(s, wh)

∣∣∣∣∣ .
Next, we analyze both terms separately. For the first term, we have∣∣∣∣∣1− Φ(a|s, w′

h)
Φ(a|s, wh)

∣∣∣∣∣ = |1− exp{⟨ψ(s, a), w′
h − wh⟩}| .

We notice that the absolute value of the expression under exponent is upper-bounded by ∥wh−w′
h∥2.

Let us assume that ∥wh−w′
h∥2 ⩽ 1, then by the inequality |1− ex| ⩽ 2|x| for any |x| ⩽ 1, we have∣∣∣∣∣1− Φ(a|s, w′

h)
Φ(a|s, wh)

∣∣∣∣∣ ⩽ 2∥wh − w′
h∥2 . (B.1)

For the second term, we have by the definition of the normalization constant∣∣∣∣∣1− Z(s, w′
h)

Z(s, wh)

∣∣∣∣∣ =
∣∣∣∣∣
∑
a′ Φ(a′|s, wh)[1− Φ(a′|s, w′

h)/Φ(a′|s, wh)]
Z(s, wh)

∣∣∣∣∣
⩽
∑
a′ Φ(a′|s, wh) · |1− Φ(a′|s, w′

h)/Φ(a′|s, wh)|
Z(s, wh) ⩽ 2∥wh − w′

h∥2 ,

127



APPENDIX B. COMPLEMENTS ON CHAPTER 3

where in the end we applied (B.1). Finally, we have, for any policies π′
h and µ′

h such that the
corresponding weights wh and w′

h satisfies ∥wh − w′
h∥2 ⩽ 1, that

|πh(a|s)− µh(a|s)| ⩽ |π′
h(a|s)− µ′

h(a|s)| ⩽ 4∥wh − w′
h∥2 . (B.2)

Now we construct an ε-net for ε ∈ (0, 1). Let Nε/4(W, ∥·∥2) be a ε/4-net in the space of weights
W = {wh ∈ Rd : ∥wh∥2 ⩽ R}. It satisfies (see i.e. Handel 2016)

logN (ε/4,W, ∥·∥2)| ⩽ d log(12R/ε) .

Next, we show that policies with weights that correspond to a covering of size N (ε/4,Wh, ∥·∥2)
forms an ε-net in Fh. Let πh ∈ Fh be an arbitrary policy with parameter wh. Let w′

h be in the
covering of size N (ε/4,W, ∥·∥2) be a parameter that satisfies ∥wh − w′

h∥2 ⩽ ε/4 ⩽ 1. Let us fix µh
as a policy corresponding to w′

h. Since ∥wh − w′
h∥2 ⩽ 1, (B.2) is applicable. Thus

∥πh − µh∥∞ = sup
(s,a)∈S×A

|πh(a|s)− µh(a|s)| ⩽ 4∥wh − w′
h∥2 ⩽ ε .

Therefore, policies that correspond to an ε/4-net in wh form an ε-net in F and we have an upper
bound on the size of the ε-net. As a result, Fh satisfies Assumption 1 with a dimension dF =
d, a scaling factor RF = 12R and γ = 1/(NE + A). Additionally, by construction of Fh and
Assumption 3, the last Assumption 2 holds with κ = A/(NE + A). Therefore, we can apply
Theorem 3.3 and obtain with probability at least 1− δ

KLtraj(πE∥πBC) ⩽ 6dH · (log(e3(NE + A)) · (log(24HNE(NE + A)R/δ)))
NE + 18AH

NE .

Using of A ⩽ NE concludes the statement.

B.2.4 Concentration Results
In this section, we state important results on the concentration of the stochastic error for the risk
estimates.

Recall the definition of the κ-greedy version of the expert policy as follows

πE,κ
h (a|s) = (1− κ)πE

h (a|s) + κ

A
= (1− κ) ·

(
πE
h (a|s) + κ

(1− κ)A

)
.

Lemma B.4. Let πE be a fixed expert policy. Let (sth, ath)Nt=1 be an i.i.d. sequence of state-action
pairs generated by following the policy πE at step h. For γ ∈ (0, 1/A) let π a policy such that for
all (s, a) ∈ S ×A it holds πh(a|s) ⩾ γ. Then for any δ ∈ (0, 1) and any κ < 1/2 with probability at
least 1− δ∣∣∣∣∣ 1

N

N∑
t=1

log
(
πE

h,σ(at
h|st

h)
πh(at

h|st
h)

)
− EπE

[
log
(
πE,κ

h (ah|sh)
πh(ah|sh)

)]∣∣∣∣∣ ⩽
√

2 log(e2/γ) KLtraj(πE
h |πh) log(2/δ)

N

+ 2 log(Ae3/(Aγ ∧ κ) · log(2/δ)
3N + 5κ

1− κ .

Proof. As a first step, we can apply Bernstein inequality

∣∣∣∣∣ 1
N

N∑
t=1

log
(
πE,κ

h (at
h|st

h)
πh(at

h|st
h)

)
− EπE

[
log
(
πE,κ

h (ah|sh)
πh(ah|sh)

)]∣∣∣∣∣ ⩽
√√√√√2VarπE

[
log
(

πE,κ
h

(ah|sh)
πh(ah|sh)

)]
log(2/δ)

N

+ 2(log(1/γ) ∨ log(A/κ) · log(2/δ)
3N .
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Next, we want to upper bound a variance in terms of KLtraj(πE
h ∥πh). We start from a bound of

square root variance in terms of the second moment and Minkowski inequality√√√√VarπE

[
log
(
πE,κ

h (ah|sh)
πh(ah|sh)

)]
⩽

√√√√√EπE

(log
(
πE,κ

h (ah|sh)
πh(ah|sh)

))2


=

√√√√√EπE

(log
(
πE

h (a|s)
πh(a|s)

)
+ log

(
πE,κ

h (a|s)
πE

h (a|s)

))2


⩽

√√√√EπE

[(
log
(
πE

h (ah|sh)
πh(ah|sh)

))2]
=
√

(A)

+

√√√√EπE

[(
log
(

1 + κ

(1− κ)AπE
h (a|s)

)
+ log(1− κ)

)2
]
. =

√
(B)

Term (A). The result below directly follows from Lemma 4 of Yang and Barron (1998). However,
for completeness, we prove it here.

First, we notice that

(A) = EπE

∑
a∈A

πE
h (a|sh) log2

(
πE
h (a|sh)
πh(a|sh)

) .
To analyze this term, we define an f -divergence (Sason and Verdú 2016) for a function f as follows

Df (πE
h (s)∥πh(s)) =

∑
a∈A

f

(
πE
h (a|s)
πh(a|s)

)
πh(a|s) .

In particular, KL(πE
h (s), πh(s)) = Dg(πE

h (s)∥πh(s)) for g(t) = t log t + (1 − t) and, moreover for
f(t) = t log2(t)

Df (πE
h (s)∥πh(s)) =

∑
a∈A

πE
h (a|s) log2

(
πE
h (a|s)
πh(a|s)

)
.

Then we notice that g and f are non-negative function and, moreover, its argument t takes values
in (0, 1) ∪ (1, 1/γ] since for t = 1 both functions are zero. First, we analyze the ratio for f and g
for any t ∈ (0, 1)

r(t) = f(t)
g(t) = t log2(t)

t log t+ (1− t) .

To bound this function, let us prove that it is monotone for all t ∈ (0, 1)

r′(t) =

⩽0︷ ︸︸ ︷
log(t) ·

⩽0︷ ︸︸ ︷
((t+ 1) log(t) + 2(1− t))
(t log t+ (1− t))2 ⩾ 0 .

Thus for any t ∈ (0, 1)

r(t) ⩽ lim
t→1

t log2(t)
t log t+ (1− t) = 2 .

Next, we analyze the segment t ∈ (1, 1/γ].

r(t) = t log2(t)
t log t+ (1− t) ⩽ log(t) + 2 ⩽ log(1/γ) + 2 = log(e2/γ) .
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since

t log2(t) ⩽ t log2(t) + (1− t) log t+ 2t log(t) + 2(1− t) ⇐⇒ (t+ 1) log(t) + 2(1− t) ⩾ 0 ∀t > 1 .

Therefore we have for any t ∈ (0, 1) ∪ (1, 1/γ] and as a simple corollary

f(t) ⩽ log(e2/γ) · g(t)⇒ Df (πE
h (s)∥πh(s)) ⩽ log(e2/γ) ·KL(πE

h (s)∥πh(s)) .

Finally, we have

(A) ⩽ log(e2/γ)EπE

[
KL(πE

h (sh), πh(sh))
]

= log(e2/γ) KLtraj(πE
h ∥πh) .

Term (B). We can rewrite this term as follows using inequality (a+ b)2 ⩽ 2a2 + 2b2

(B) ⩽ 2EπE

 ∑
a:πE

h (a|sh)>0
πE
h (a|sh) log2

(
1 + κ

(1− κ)AπE
h (ah|sh)

)+ 2
(

κ

1− κ

)2
.

Next we analyze the function g(x) = x log2(1 + ε/x). Its derivative is equal to

g′(x) = log
(

1 + ε

x

)
·
(

log
(

1 + ε

x

)
− 2ε
x+ ε

)
.

Since ε > 0. we can define x⋆ as a root of equation g′(x) = 0 for x > 0. Notice that it will be
maximum of g(x), thus for ε > 0

g(x) ⩽ g(x⋆) = x⋆
(

log
(

1 + ε

x⋆

))2
= x⋆

4ε2

(x⋆ + ε)2 ⩽
4ε2

x⋆ + ε
⩽ 4ε .

Therefore
(B) ⩽ 8κ

1− κ + 2
(

κ

1− κ

)2
.

Final bound on variance. Combining these two bounds, we have√√√√VarπE

[
log
(
πE,κ

h (ah|sh)
πh(ah|sh)

)]
⩽
√

log(e2/γ) ·KLtraj(πE
h ∥πh) +

√
8κ/(1− κ) + 2κ2/(1− κ)2 .

Using this bound on variance, we can bound the main stochastic term√√√√√2VarπE

[
log
(
πE,κ

h (ah|sh)
πh(ah|sh)

)]
log(2/δ)

N
⩽

√
2 log(e2/γ) KLtraj(πE

h ∥πh) log(2/δ)
N

+ 2
√

(4κ/(1− κ) + κ2/(1− κ)2) log(2/δ)
N

.

Next, we use an inequality 2ab ⩽ a2 + b2 to obtain

2
√

(4κ/(1− κ) + κ2/(1− κ)2) · log(2/δ)
N

⩽ (4κ/(1− κ) + κ2/(1− κ)2) + 2 log(2/δ)
N

.

Finally, since k/(1− κ) ⩽ 1, we conclude the statement.
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Next we define Πγ,h a set of all one-step policies πh(a|s) such that

inf
(s,a)∈S×A

πh(a|s) ⩾ γ .

This set forms a metric space with a metric induced by ℓ∞-norm

∥πh − π′
h∥∞ = sup

(s,a)×S×A
|πh(a|s)− π′

h(a|s)| .

Lemma B.5. Let F be sub-space of Πγ,h with an induced metric, such that it satisfies for all
ε ∈ (0, 1)

log |N (ε,F , ∥·∥∞)| ⩽ d log(R/ε) .
for some positive constants R, d > 0. Then with probability at least 1− δ the following holds for all
πh ∈ F simultaneously∣∣∣∣∣ 1

N

N∑
t=1

(
log
(
πE,κ
h (ath|sth)
πh(ath|sth)

)
− EπE

[
log
(
πE,κ
h (ah|sh)
πh(ah|sh)

)])∣∣∣∣∣
⩽

√
2 log(e2/γ) KLtraj(πE

h ∥πh) · d(log(2NR/γ) + log(1/δ))
N

+ 5(log(Ae3/(γ ∧ σ)) · d(log(2NR/γ) + log(1/δ)))
3N + 8κ

1− κ .

Proof. Let Nε be a minimal ε-net of F for ε that will be specified later. Combining Lemma B.4
with a union bound over Nε we have for any π′

h ∈ Nε with probability at least 1− δ∣∣∣∣∣ 1
N

N∑
t=1

(
log
(
πE,κ
h (ath|sth)
π′
h(ath|sth)

)
− EπE

[
log
(
πE,κ
h (ah|sh)
π′
h(ah|sh)

)])∣∣∣∣∣
⩽

√
2 log(e2/γ) KLtraj(πE

h ∥π′
h) · d log(2R/(εδ))

N

+ 2(log(Ae3/(Aγ ∧ κ)) · d log(2R/(εδ))
3N + 5κ

1− κ .

(B.3)

Next, we select an arbitrary policy πh ∈ F and let π′
h ∈ Nε be ε-close policy to πh. Then∣∣∣∣∣ 1

N

N∑
t=1

(
log
(
πE,κ
h (ath|sth)
πh(ath|sth)

)
− EπE

[
log
(
πE,κ
h (ah|sh)
πh(ah|sh)

)])∣∣∣∣∣
⩽

∣∣∣∣∣ 1
N

N∑
t=1

(
log
(
πE,κ
h (ath|sth)
π′
h(ath|sth)

)
− EπE

[
log
(
πE,κ
h (ah|sh)
π′
h(ah|sh)

)])∣∣∣∣∣
+
∣∣∣∣∣ 1
N

N∑
t=1

(
log
(
π′
h(ath|sth)
πh(ath|sth)

)
− EπE

[
log
(
π′
h(ah|sh)
πh(ah|sh)

)])∣∣∣∣∣ .
We start from bounding the second term, which could be done as follows∣∣∣∣∣ 1

N

N∑
t=1

(
log
(
π′
h(ath|sth)
πh(ath|sth)

)
− EπE

[
log
(
π′
h(ah|sh)
πh(ah|sh)

)])∣∣∣∣∣⩽ 2 max
s,a

∣∣∣∣∣log
(
π′
h(a|s)
πh(a|s)

)∣∣∣∣∣ .
Next, we use simple inequalities

log
(
π′
h(a|s)
πh(a|s)

)
= log

(
1 + π′

h(a|s)− πh(a|s)
πh(a|s)

)
⩽
|π′
h(a|s)− πh(a|s)|

γ
⩽
ε

γ
,
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and, in the opposite direction, we can use the same reasoning

log
(
π′
h(a|s)
πh(a|s)

)
= − log

(
πh(a|s)
π′
h(a|s)

)
⩾ − ε

γ
.

Thus, applying (B.3) for the first term we obtain∣∣∣∣∣ 1
N

N∑
t=1

(
log
(
πE,κ
h (ath|sth)
πh(ath|sth)

)
− EπE

[
log
(
πE,κ
h (ah|sh)
πh(ah|sh)

)])∣∣∣∣∣
⩽

√
2 log(e2/γ) KLtraj(πE

h ∥π′
h) · d log(2R/(εδ))

N

+ 2(log(Ae3/(Aγ ∧ κ)) · d log(2R/(εδ))
3N + 5κ

1− κ + 2ε/γ .

Next, we use a similar inequality to obtain

KLtraj(πE
h ∥π′

h) = EπE

[
log
(
πE
h (ah|sh)
π′
h(ah|sh)

)]

= KLtraj(πE
h ∥πh) + EπE

[
log
(
πh(ah|sh)
π′
h(ah|sh)

)]
⩽ KLtraj(πE

h ∥πh) + ε

γ
.

Finally, applying inequalities
√
a+ b ⩽

√
a+
√
b and 2ab ⩽ a2 + b2∣∣∣∣∣ 1

N

N∑
t=1

(
log
(
πE,κ
h (ath|sth)
πh(ath|sth)

)
− EπE

[
log
(
πE,κ
h (ah|sh)
πh(ah|sh)

)])∣∣∣∣∣
⩽

√
2d log(e2/γ) KLtraj(πE

h ∥πh) log(2R/(εδ))
N

+ d log(e2/γ) · log(2R/(εδ))
N

+ ε

γ

+ 2(log(Ae3/(Aγ ∧ κ)) · d log(2R/(εδ))
3N + 5κ

1− κ + 2ε/γ .

We conclude the statement by rearranging the terms and taking ε = γ · κ/(1− κ).

B.2.5 Proof of Lower Bounds

General setup

In this section, we provide a lower bound on estimation in KL-divergence using a framework of
Chapter 2 by Tsybakov (2008). Our goal is to obtain a lower bound on minimax risk that is defined
as follows

inf
π̂

sup
π∈F

Eτ1,...,τN ∼π[KLtraj(π∥π̂)] ,

where infimum is taken over all estimators that map the sampled trajectories (τ1, . . . , τN ) to a policy
from the hypothesis class F ≜ F1 × . . .FH .

Let us consider a specific type of MDPs where the transition kernel ph(s, a) does not depend on
a state-action pair (s, a): ∀(s, a, h) ∈ S ×A× [H], ∀A ∈ FS : ph(A|s, a) = µh(A) for fixed measures
µh. In particular, for h = 1 we always have µh = δs1 is a Dirac measure at initial state s1.
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Then, we define over the space of all policies the following specific distance defined through the
Hellinger distance

ρh(πh, π′
h) =

√
Es∼µh

[d2
H(πh, π′

h)], d2
H(πh, π′

h) =
∑
a∈A

(√
πh(a|s)−

√
π′
h(a|s)

)2

and we define the following distance for the space of full policies (the triangle inequality follows
from Minkowski inequality)

ρ(π, π′) =

√√√√ H∑
h=1

ρ2
h(πh, π′

h) . (B.4)

Next, we impose the following metric-specific assumption for our hypothesis classes

Assumption 5. For all h ∈ [H] a of the function class Fh with respect to the metric ρh satisfies

∀ε ∈ (0, 1) : logP(ε,Fh, ρh) ⩾ dh log(R/ε)

for constants dh ⩾ 0 and R > 0.

In particular, Lemma B.10 implies that logP(ε,F , ρ) ⩾ ∑H
h=1 dh log(R/ε).

Theorem B.6. Let Assumption 5 holds and let us define D = ∑H
h=1 dh. Also we assume that for

any π ∈ F it holds πh(s, a) ⩾ γ for γ ∈ (0, 1/A). Let us assume D ⩾ 5 and n ⩾ e2D/R2. Then,
the following minimax lower bound holds

min
π̂

max
π∈F

E[KLtraj(π∥π̂)] ⩾ D

16N log(e2/γ) .

Proof. First, we notice by the first part of Lemma B.11

min
π̂

max
π∈F

E
[

log(e2/γ)N
D

KLtraj(π∥π̂)
]
⩾ min

π̂
max
π∈F

E
[

log(e2/γ)N
D

ρ2(π, π̂)
]
,

where the expectation is taken with respect to a sample τ1, . . . , τN . Next, we can follow the general
reduction scheme, see Chapter 2.2 by Tsybakov (2008). By Markov inequality

min
π̂

max
π∈F

E
[
n log(e2/γ)

D
ρ2(π, π̂)

]
⩾

1
4 min

π̂
max
π∈F

P
[
ρ(π, π̂) ⩾

√
D

4N log(e2/γ)

]
.

Next, we use the reduction to a finite hypothesis class. Define ζ =
√
D/(4 log(e2/γ)N) and take

P is a maximal ζ-separated set of size M + 1 = P(ζ,F , ρ) and enumerate all the policies in it as
π0, . . . , πM . Therefore we obtain

min
π̂

max
π∈F

Pτ1,...,τN ∼π

[
ρ(π, π̂) ⩾

√
D

4N · log(e2/γ)

]

⩾ min
π̂

max
j∈{0,...,M}

Pτ1,...,τN ∼πj

[
ρ(πj , π̂) ⩾

√
D

4N · log(e2/γ)

]
.

Let us define ψ⋆ = arg minj=0,...,M ρ(πj , π̂). Then we have that if ψ⋆ ̸= j, then

2ρ(πj , π̂) ⩾ ρ(πj , π̂) + ρ(πψ⋆ , π̂) ⩾ ρ(πj , πψ⋆) .
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Since j ̸= π⋆, then by definition of ζ-separable set we have ρ(πj , π̂) ⩾ ζ/2. As a result

min
π̂

max
j∈{0,...,M}

Pτ1,...,τN ∼πj

[
ρ(πj , π̂) ⩾

√
D

4N · log(e2/γ)

]
⩾ min

π̂
max

j∈{0,...,M}
Pτ1,...,τN ∼πj [ψ⋆ ̸= j] .

Finally, taking infimum over all hypothesis tests, we obtain

min
π̂

max
π∈F

P
[
ρ(π, π̂) ⩾

√
D

4N · log(e2/γ)

]
⩾ inf

ψ
max

j=0,...,M
Pj [ψ ̸= j] ≜ pe,M .

To lower bound the right-hand side, we apply Proposition 2.3 by Tsybakov (2008). Notice that the
maximal ε-packing is ε-net (see Lemma 4.2.6 by Vershynin (2018)). Therefore, by Lemma B.11 we
have

1
M

M∑
i=1

KL(Pτ1,...,τN ∼πi∥Pτ1,...,τN ∼π0) = N

M

M∑
i=1

KLtraj(πi∥π0)

⩽ n log(e2/γ) 1
M

M∑
i=1

ρ2(πi, π0) ⩽ D ≜ α⋆ .

Thus by Proposition 2.3 by Tsybakov (2008)

pe,M ⩾ sup
0<τ<1

[
τM

1 + τM

(
1 + α⋆ +√α⋆

log(τ)

)]
.

Next, we select τ⋆ in a way such that

α⋆ +
√
α⋆/2

log(τ⋆)
= −1

2 ⇐⇒ log(τ⋆) = −1
2

(
α⋆ +

√
α⋆/2

)
.

Therefore we have

pe,M ⩾
1
2

exp(log(M)− 1/2(α⋆ +
√
α⋆/2))

1 + exp(log(M)− 1/2(α⋆ +
√
α⋆/2))

.

Notice that the function f(x) = exp(x)/(1 + exp(x)) monotonically increasing. Therefore, it is
enough to bound the expression under the exponent from below.

Let us assume that α⋆ ⩾ 5 ⇐⇒ D ⩾ 5. Then we have

log(M)− 1/2(α⋆ +
√
α⋆/2) ⩾ log(M + 1)− 2 +

√
2

4 α⋆ − log(2)

⩾ D log

R
√

4 log(e2/γ)N
D

−D
⩾
D

2

(
log
(

4 log(e2/γ)R2 ·N
D

)
− 2

)
.

To show that the expression above is non-negative, it is enough to guarantee

log(N) + log(R2/D) ⩾ 2 ⇐⇒ N ⩾ e2D/R2 .

Under this condition, we have pe,M ⩾ 1/4 concluding the statement.
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Finite MDPs

For the case of finite MDPs, we additionally specialize the distributions µh as a uniform over S for
all h > 1 and µ1 = δs1 .

Lemma B.7. Let ∆A,γ = {x ∈ RA : ∑n
i=1 xi = 1, xi ⩾ γ} with γ < 1/A. Then we have for any

ε ∈ (0, 1)
logP(ε,∆A,γ , dH)| ⩾ (A− 1) log((1− Aγ)/(2ε)) .

Proof. Let S = {x ∈ RA : ∑n
i=1 x

2
i = 1, xi ⩾ 0}. Then there is a mapping φ : (S, ∥·∥2)→ (∆A, dH)

that defines an isometry between these two metric spaces:

∀x, y ∈ S : ∥x− y∥2 = dH(φ(x), φ(y)), φ(x) =
√
x ,

where the square root is applied component-wise. Therefore, it is enough to estimate the packing
number of the preimage of ∆A,γ that is defined as follows Sγ(1) = {x ∈ RA : ∑A

i=1 x
2
i = 1, xi ⩾

√
γ}

with the same Euclidean metric.
The next step is to proceed with a shift x 7→ x +√γ that will be isometry between Sγ(1) and

S0(1− Aγ).
Next, we can lower bound the ℓ2-distance over the sphere by the ℓ2 distance over the first A− 1

coordinates and therefore it is enough to consider the packing number of S◦
0(1−Aγ) = B(0, 1)∩{y ∈

RA−1 : ∑A−1
i=1 y2

i ⩽ 1− Aγ}.
Finally, we apply the volume argument. In particular, it is enough to compute the volume of

S′
0(1 − Aγ). To do it, we notice that we can represent the ball of radius 1 − Aγ by 2A−1 copy of
S′

0(1− Aγ). Thus

vol(S′
0(1− Aγ)) = (1− Aγ)A−1

2A−1 · vol(BA−1
2 ) .

Finally we have by Proposition 4.2.12 by Vershynin (2018)

P(ε,∆A,γ , dH)| ⩾
(1− Aγ

2ε

)A−1
.

Lemma B.8. Let (X , ρ)Ki=1 be a metric space such that log |Pε(X , ρ)| ⩾ d log(R/ε) for d ⩾ 1. and
define on the space XK the following metric ρ(x, y) = 1

K

∑K
i=1 ρ(xi, yi). Then

logP(ε,XK , ρ) ⩾ dK/2 · log(R/(8ε)) .

Proof. Consider the maximal ε-separable set P of the space K. This set could be considered as a
finite alphabet of size q ⩾ (R/ε)d. Let us consider the set PK as the set of words in alphabet P of
size q of length K with a Hoeffding distance. Then we notice that if there is two words (x, y) ∈ PK

that have Hoeffding distance at least αK for some constant α ∈ (0, 1), then

ρ(x, y) = 1
K

∑
i

ρ(xi, yi) ⩾ αε.

Therefore, if we consider an αK separable set in PK in terms of Hoeffding distance, it will au-
tomatically be a αε-separable set in the original space XK . To find such a set, we use the
Gilbert–Varshamov bound from coding theory. As a result

P(αε, PK , ρ) ⩾ 1∑⌈αK⌉
j=1

(K
j

)
(1− 1/q)j · (1/q)K−j

.
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The denominator could be interpreted as follows: Let X1, . . . , XK be Ber(1/q) random variables.

⌈αK⌉∑
j=1

(
K

j

)
(1− 1/q)j · (1/q)K−j = P

[
K∑
i=1

Xi ⩾ (1− α)K
]
.

To upper bound the last probability, we can apply the Chernoff–Hoeffding theorem

P
[

1
K

K∑
i=1

Xi ⩾ 1/q + (1− α− 1/q)
]
⩽ exp(− kl(1− α∥1/q) ·K) .

Take α = 1/2, then we have

kl(1/2∥1/q) = 1
2 log

(
q

2

)
+ 1

2 log
(

q

q − 1

)
− 1

2 log(2) ⩾ 1
2 log

(
q

4

)
.

Thus, we have since d ⩾ 1

P(ε/2, PK , ρ) ⩾ exp{K/2 · log(q/4)} ⩾ exp{dK/2 · log(R/(4ε))} .

By rescaling ε we conclude the statement.

Corollary B.9. Assume that γ ⩽ 1/(2A). Let us define Fh = ∆S
A,γ and F = F1 × . . .FH . Then

Assumption 5 holds with constants dh = (A− 1)S/2 for all h > 1, d1 = (A− 1) and R = 1/32.
As a result, as soon as H ⩾ 2, A ⩾ 2, HSA ⩾ 40 and n ⩾ 512e2HSA the following minimax

lower bound holds
min
π̂

max
π∈F

Eτ1,...,τN ∼π[KLtraj(π∥π̂)] ⩾ HSA

128N log(e2/γ) .

Technical lemmas

Lemma B.10. Let {(Xi, ρi)}i=1,...,K be a collection of relaxed pseudometric spaces that satisfy

∀ε ∈ (0, 1) : logP(ε,Xi, ρi) ⩾ di log(R/ε)

for some constants 0 ⩽ d1 ⩽ d2, Then the product space X = X1 × . . .XK with a pseudometric
ρ((x1, . . . , xK), (y1, . . . , yK)) =

√∑K
i=1 ρ

2
i (xi, yi) satisfies

∀ε ∈ (0, 1) : logP(ε,X , ρ) ⩾
K∑
i=1

di log(R/ε) .

Proof. Let P1, . . . , PK be a maximal ε-separated set in the corresponding spaces M1, . . . ,MK .
Then we want to show that the set P1 × . . .× PK is also ε-separated set in the product space.

Let x ̸= x′ be two point in P . Then

ρ(x,x′) =

√√√√ K∑
i=1

ρ2
i (xi, x′

i) ⩾ ε

since x and x′ are different in at least one coordinate. As a result, we have

logP(ε,Mi, ρi)| ⩾
K∑
i=1

logP(ε,Mi, ρi) ⩾
K∑
i=1

di log(R/ε) .
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Lemma B.11. Let π, π′ ∈ Πγ. Let ρ be an averaged Hellinger distance distance defined in (B.4).
Then the following inequality holds

ρ2(π, π′) ⩽ KLtraj(π∥π′) ⩽ log(e2/γ)ρ2(π, π′) .

Proof. It is enough to show that for two measures p, q ∈ ∆n such that mini pi/qi ⩾ γ the following
holds

d2
H(p, q) ⩽ KL(p∥q) ⩽ log(e2/γ)d2

H(p, q) .
The lower bound holds by Lemma 2.4 of Tsybakov (2008), and the upper bound holds by Lemma
4 of Yang and Barron (1998).

B.2.6 Imitation Learning Guarantees
In this appendix, we present guarantees that give behavior cloning procedure in the setting of imita-
tion learning for finite MDPs and compare obtained results to (Ross and Bagnell 2010; Rajaraman
et al. 2020).

General expert. Using Pinsker inequality in the space of trajectories (see Lemma B.13) and the
fact the expert policy is εE-optimal we deduce the following bound on the optimality gap of the
behavior cloning policy with probability at least 1− δ

V ⋆
1 (s1)− V πBC

1 (s1) ⩽ εE + Õ

√SAH3

NE

 .
We remark that we obtain a similar rate as in BPI, see for example Ménard et al. (2021), where
instead of observing NE demonstrations, we collect the same number of trajectories (also observing
the rewards) by interacting sequentially with the MDPs. This seems a bit counter-intuitive since
we expect to learn faster by directly observing the expert.

However, we get an improved rate for the deterministic expert using the following variance-aware
Pinkser inequality.

Lemma B.12. Let π and π′ be arbitrary policies. Then, the following upper bound holds

V π
1 (s1)− V π′

1 (s1) ⩽

√√√√4Eπ
[
H∑
h=1

VarπQπ′
h (sh)

]
·KLtraj(π∥π′) + 5H KLtraj(π∥π′) .

Proof. Let us start from Lemma B.15 and Lemma D.9.

V π
1 (s1)− V π′

1 (s1) = Eπ
[
H∑
h=1

[πh − π′
h]Qπ′

h (sh)
]

⩽ Eπ
[
H∑
h=1

√
2Varπ′Qπ′

h (sh) ·KL(πh(sh)∥π′
h(sh)) + H

3 KL(πh(sh)∥π′
h(sh))

]

⩽

√√√√2Eπ
[
H∑
h=1

Varπ′Qπ′
h (sh)

]
·
√

KLtraj(π∥π′) + H

3 KLtraj(π∥π′) ,

where in the last line we have applied Cauchy-Schwartz inequality. Next we apply Lemma D.10
and obtain

Eπ
[
H∑
h=1

Varπ′Qπ′

h (sh)
]
⩽ 2Eπ

[
H∑
h=1

VarπQπ′

h (sh)
]

+ 4H2 KLtraj(π∥π′) .
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By inequality
√
a+ b ⩽

√
a+
√
b for any a, b ⩾ 0 we have

V π
1 (s1)− V π′

1 (s1) ⩽

√√√√4Eπ
[
H∑
h=1

VarπQπ′
h (sh)

]
·KLtraj(π∥π′) + 5H KLtraj(π∥π′) .

Deterministic expert. If we assume that the expert policy is deterministic, for example, a
deterministic optimal policy, then we can improve the bound on the optimality gap since the
variance term in Lemma B.12 is zero,

V ⋆
1 (s1)− V πBC

1 (s1) ⩽ εE + Õ
(
SAH2

NE

)
.

Ross and Bagnell (2010) also consider behavior cloning with a deterministic expert and provide
a bound in terms of the classification-type error of the behavior cloning policy to imitate the expert

V ⋆
1 (s1)− V πBC

1 (s1) ⩽ εE + eE(πBC) where eE(πBC) = 1
H
EπBC

[
H∑
h=1

1{πE(ah|sh) ̸= 1}
]
.

We can easily recover our bound on the optimality gap of the behavior cloning policy from their
bound by noting that eE(πBC) ⩽ KLtraj(πE∥πBC)/H, see Lemma B.14 for a proof. In particular, we
also remark that the bound scales quadratically with the horizon H and linearly with the number
of actions and states SA.

By comparing this bound to the lower bound in Theorem 1.1 of Rajaraman et al. (2020) we
see that it is optimal in its dependence on S,H and N . Additional dependence on a number of
actions comes from the fact that our behavior cloning algorithm always outputs stochastic policy
and obtains additional dependence on a number of actions.

We would like to underline that the bound in Lemma B.12 directly does not give any insights
on the performance of the algorithm in the case of non-deterministic optimal expert, whereas
Rajaraman et al. (2020) provides Õ(SH2/NE) guarantees using a non-regularized behavior cloning
algorithm. It is connected to the fact that for the optimal policy, it is enough to determine the
subset of the support of π⋆(s) to achieve the policy with the same value.

Finally, we would like to emphasize that our approach is directly generalized to arbitrary para-
metric function approximation setting, whereas the approach of Rajaraman et al. (2020) could be
applied only in the setting of finite MDPs.

Technical Lemmas for Imitation Learning

Lemma B.13. Let M = (S,A, {ph}Hh=1, {rh}Hh=1, s1) be a finite MDP and let π and π′ be two any
policies in M. Then

V π
1 (s1)− V π′

1 (s1) ⩽ H
√

KLtraj(π∥π′)/2 .
Proof. Let us define the trajectory distribution qπ(τ) for τ = (s1, a1, . . . , sH , aH). Then by the
chain rule for KL-divergence we have KL(qπ∥qπ′) = KLtraj(π∥π′).

Since rh ∈ [0, 1], we may apply a variational formula for total variation distance and Pinkser’s
inequality ∣∣∣V π

1 (s1)− V π′

1 (s1)
∣∣∣ ⩽ ∣∣∣∣∣

H∑
h=1

Eπ[rh(sh, ah)]− Eπ′ [rh(sh, ah)]
∣∣∣∣∣

⩽ H TV(qπ, qπ′) ⩽ H
√

KLtraj(π∥π′)/2 .
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Let us assume that a policy π is deterministic, then define the following notion of the imitation
learning error

eπ(π′) ≜ 1
H

H∑
h=1

Eπ

∑
a∈A

π′(a|sh)1{a ̸= π(sh)}

 .
Notice that ∑

a∈A
π′(a|sh)1{a ̸= π(sh)} = 1

2
∑
a∈A
|π′(a|sh)− π(a|sh)| = TV(π(sh), π′(sh)) .

Therefore, this quantity could be decomposed as follows

eπ(π′) = 1
H

H∑
h=1

Eπ[TV(π(sh), π′(sh))] .

Lemma B.14. Let π be a deterministic policy and π′ be any policy. Then

eπ(π′) ⩽ KLtraj(π∥π′)
H

.

Proof. If the policy π is deterministic, then

KL(πh(sh)∥π′
h(sh)) = log

(
1

π′
h(ah|sh)

)
= log

(
1

π′
h(πh(sh)|sh)

)

= log
(

1
1−∑a∈A π

′
h(a|sh)1{a ̸= πh(sh)}

)
= − log(1− TV(πh(sh), π′

h(sh))) .

By an inequality log(1− x) ⩽ −x for any x > 0 we have KL(πh(sh)∥π′
h(sh)) ⩾ TV(πh(sh), π′

h(sh)).

The following lemma is known as performance-difference lemma (see, e.g., Kakade and Langford
(2002) for a statement in the discounted setting). We provide proof for completeness.

Lemma B.15. Let π and π′ be arbitrary policies. Then, the following decomposition holds

V π
1 (s1)− V π′

1 (s1) = Eπ
[
H∑
h=1

[πh − π′
h]Qπ′

h (sh)
]
.

Proof. Let us proceed by backward induction over h ∈ [H]. We want to show the following bound

V π
h (s)− V π′

h (s) = Eπ
[

H∑
h′=1

[πh′ − π′
h′ ]Qπ′

h′ (sh′)|sh = s

]
.

For h = H+1 both sides of the equation above are equal to zero. Let us assume that the statement
holds for any h′ > h. Then we have

V π
h (s)− V π′

h (s) = πQπ
h(s)− π′Qπ′

h (s) = π[Qπ
h −Qπ′

h ](s) + [π − π′]Qπ′(s)
= Eπ

[
V π
h+1(sh+1)− V π′

h+1(sh+1) + [π − π′]Qπ′(sh)|sh = s
]
.

By the induction hypothesis and the tower property of mathematical expectation, we conclude the
statement.
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B.3 Proof for Demonstration-regularized RL
Here for completeness we present the proof of Theorem 3.13.

Theorem (Restatement of Theorem 3.13). For all ε > 0, δ ∈ (0, 1), the UCBVI-Ent+ /LSVI-UCB-Ent
algorithms defined in Appendix B.4.4 /Appendix B.5.4 are (ε, δ)-PAC for the regularized BPI with
sample complexity

C(ε, δ) = Õ
(
H5S2A

λε

)
(finite) C(ε, δ) = Õ

(
H5d2

λε

)
(linear).

Additionally, assume that the expert policy is εE = ε/2-optimal and satisfies Assumption 3 in
the linear case. Let πBC be the behavior cloning policy obtained using corresponding function sets
described in Section 3.3. Then demonstration-regularized RL based on UCBVI-Ent+ / LSVI-UCB-Ent
with parameters εRL = ε/4, δRL = δ/2 and λ = Õ

(
NEε/(SAH)

)
/ Õ

(
NEε/(dH)

)
is (ε, δ)-PAC for

BPI with demonstration in finite / linear MDPs and has sample complexity of order

C(ε,NE, δ) = Õ
(
H6S3A2

NEε2

)
(finite) C(ε,NE, δ) = Õ

(
H6d3

NEε2

)
(linear) .

Proof. The first part of the statement is a combination of Theorem B.21 and Theorem B.28. The
second part of the statement follows from an upper bound on ε2

KL by a behavior cloning (see
Appendix B.2.2 and Appendix B.2.3) and Theorem 3.10.
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B.4 Best Policy Identification in Regularized Finite MDPs
In this appendix, we present and analyze the UCBVI-Ent+ algorithm for regularized BPI.

B.4.1 Preliminaries
First, we will detail the general setting of KL-regularized MDPs.

Given some reference policy π̃ and some regularization parameter λ > 0, instead of looking
at the usual value function of a policy π, we consider the trajectory Kullback-Leibler divergence
regularized value function V π

π̃,λ,1(s1) ≜ V π
1 (s1)−λKLtraj(π, π̃). In this case, the value function of the

policy π is penalized for moving too far from the reference policy π̃. Interestingly, we can compute
the value of policy π and the optimal value thanks to the regularized Bellman equations

Qπ
π̃,λ,h

(s, a) = rh(s, a) + phV
π
π̃,λ,h+1(s, a) ,

V π
π̃,λ,h

(s) = πhQ
π
π̃,λ,h

(s)− λKL(πh(s)∥π̃h(s)) ,
Q⋆
π̃,λ,h

(s, a) = rh(s, a) + phV
⋆
π̃,λ,h+1(s, a) , (B.5)

V ⋆
π̃,λ,h

(s) = max
π∈∆A

{
πQ⋆

π̃,λ,h
(s)− λKL(πh(s)∥π̃h(s))

}
,

π⋆
π̃,λ,h

(s) = arg max
π∈∆A

{
πQ⋆

π̃,λ,h
(s)− λKL(πh(s)∥π̃h(s))

}
,

where V π
π̃,λ,H+1 = V ⋆

π̃,λ,H+1 = 0. Note that for π the uniform policy we recover the entropy-
regularized Bellman equations.

Next we define a convex conjugate to λKL(·∥π̃h(s)) as Fπ̃h(s),λ,h : RA → R

Fπ̃h(s),λ,h(x) = max
π∈∆(A)

{⟨π, x⟩ − λKL(π∥π̃h(s))} = λ log

∑
a∈A

π̃h(a|s) exp{xa/λ}

 .
and, with a sight abuse of notation, extend the action of this function to the Q-function as follows

V ⋆
π̃,λ,h

(s) = Fπ̃h(s),λ,h(Q⋆
π̃,λ,h

(s, ·)) = max
π∈∆A

{
πQ⋆

π̃,λ,h
(s)− λKL(π∥π̃h(s))

}
.

Thanks to the fact that the norm of gradients of KL(π|π̃h(s)) tends to infinity as π tends to a
border of simplex, we have an exact formula for the optimal policy by Fenchel-Legendre transform

π⋆
π̃,λ,h

(s) = arg max
π∈∆A

{
πQ⋆

π̃,λ,h
(s)− λKL(π∥π̃h(s))

}
= ∇Fπ̃h(s),λ,h(Q⋆

π̃,λ,h
(s, ·)) .

Notice that we have ∇Fπ̃h(s),λ,h(Q⋆
π̃,λ,h

(s, ·)) ∈ ∆(A) since the gradient of Φ diverges on the bound-
ary of ∆(A).

Finally, it is known that the smoothness property of Fπ̃h(s),λ,h plays a key role in reduced sample
complexity for planning in regularized MDPs (Grill et al. 2019). For our general setting we have
that since λKL(·∥π̃h(s)) is λ-strongly convex with respect to ∥·∥1, then Fπ̃h(s),λ,h is 1/λ-strongly
smooth with respect to the dual norm ∥·∥∞

Fπ̃h(s),λ,h(x) ⩽ Fπ̃h(s),λ,h(x′) + ⟨∇Fπ̃h(s),λ,h(x′), x− x′⟩+ 1
2λ∥x− x

′∥2
∞ .

We notice that KL-divergence is always non-negative and, moreover, V ⋆
π̃,λ,h

(s) ⩾ 0 for any s since
the value of the reference policy π̃ is non-negative.
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B.4.2 Algorithm Description
In this appendix, we present the UCBVI-Ent+ algorithm, a modification of the algorithm UCBVI-Ent
proposed by Tiapkin et al. (2023a), that achieves better rates in the tabular setting. The UCBVI-Ent+
algorithm works by sampling trajectory according to an exploratory version of an optimistic solution
of the regularized MDP and is characterized by the following rules.

Sampling rule. To obtain the sampling rule at episode t, we first compute a policy π̄t by opti-
mistic planning in a regularized MDP,

Q
t
h(s, a) = clip

(
rh(s, a) + p̂ thV

t
h+1(s, a) + bp,th (s, a), 0, H

)
,

V
t
h(s) = max

π∈∆A

{
πQ

t
h(s)− λKL(π∥π̃h(s))

}
, (B.6)

π̄t+1
h (s) = arg max

π∈∆A

{
πQ

t
h(s)− λKL(π∥π̃h(s))

}
,

with V
t
H+1 = 0 by convention, where p̂t is an estimate of the transition probabilities defined in

Appendix B.4.3 and bp,t some bonus term, defined in (B.8), Appendix B.4.4. It takes into account
an estimation error for transition probabilities. Then, we define a family of policies aimed to explore
actions for which Q-value is not well estimated at a particular step. That is, for h′ ∈ [0, H], the
policy πt,(h′) first follows the optimistic policy π̄t until step h where it selects an action leading to
the largest confidence interval for the optimal Q-value,

π
t,(h′)
h (a|s) =

π
t,(h′)
h (a|s) = π̄th(a|s) if h ̸= h′ ,

π
t,(h′)
h (a|s) = 1

{
a ∈ arg maxa′∈A(Q t

h(s, a′)−Qt
h
(s, a′))

}
if h = h′ ,

where Qt is a lower bound on the optimal regularized Q-value function, see Appendix B.4.4. In
particular, for h′ = 0 we have πt,(0) = π̄t. The sampling rule is obtained by picking up uniformly
at random one policy among the family πt = πt,(h

′), h′ ∼ Unif[0, H] . Note that it is equivalent to
sampling from a uniform mixture policy πmix,t over all h′ ∈ [0, H].

Stopping rule and decision rule. To define the stopping rule, we first recursively build an
upper-bound on the difference between the value of the optimal policy and the value of the current
optimistic policy π̄t,

W t
h(s, a) =

(
1 + 1

H

)
p̂ thG

t
h+1(s) + bgap,t

h (s, a) ,

Gt
h(s) = clip

(
π̄t+1
h W t

h(s) + 1
2λ max

a∈A

(
Q
t
h(s, a)−Qt

h
(s, a)

)2
, 0, H

)
,

(B.7)

where bgap,t
h is a bonus defined in (B.10), Appendix B.4.4, V t is a lower-bound on the optimal

value function defined in Appendix B.4.4 and Gt
H+1 = 0 by convention. Then the stopping time

t = inf{t ∈ N : Gt
1(s1) ⩽ ε} corresponds to the first episode when this upper-bound is smaller than

ε. At this episode, we return the policy π̂ = πt.
The complete procedure is described in Algorithm 8.

B.4.3 Concentration Events
We first define an estimate of the transition kernel. The number of times the state action-pair
(s, a) was visited in step h in the first t episodes are nth(s, a) ≜

∑t
i=1 1

{
(sih, aih) = (s, a)

}
. Let
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Algorithm 8 UCBVI-Ent+

1: Input: Target precision ε, target probability δ, bonus functions bt, bt,KL.
2: while true do
3: Compute π̄t by optimistic planning with (B.6).
4: Compute bound on the gap Gt

1(s, a) with (B.7).
5: if Gt

1(s1) ⩽ ε then break
6: Sample h′ ∼ Unif[H] and set πt = πt,(h

′).
7: for h ∈ [H] do
8: Play ath ∼ πth(sth)
9: Observe sth+1 ∼ ph(sth, ath)

10: end for
11: Update transition estimates p̂ t.
12: end while
13: Output policy π̂ = π̄t.

nth(s′|s, a) ≜
∑t
i=1 1

{
(sih, aih, sih+1) = (s, a, s′)

}
be the number of transitions from s to s′ at step

h. The empirical distribution is defined as p̂ th(s′|s, a) = n th(s′|s, a)/n th(s, a) if nth(s, a) > 0 and
p̂ th(s′|s, a) ≜ 1/A for all s′ ∈ S else.

Following the ideas of Ménard et al. (2021), we define the following concentration events. First,
we define pseudo-counts as a sum of conditional expectations of the random variables that corre-
spond to counts

nth(s, a) =
t∑
i=1

dπ̃
t

h (s, a) ,

where πmix,t is a mixture policy played on t-th step. In particular, we have

dπ
mix,t

h (s, a) = 1
H + 1

H∑
h′=0

dπ
t,(h′)

h (s, a) ,

where πt,(h
′)

h (s, a) is a greedy-modified policy π̄t in h′-step:

π
t,(h′)
h (a|s) =

π
t,(h′)
h (a|s) = π̄th(a|s) if h ̸= h′

π
t,(h′)
h (a|s) = 1

{
a = arg maxa′∈A(Q t

h(s, a′)−Qt
h
(s, a′))

}
if h = h′ ,

Let βKL, βcnt : (0, 1) × N → R+ be some functions defined later on in Lemma B.16. We define
the following favorable events

EKL(δ) ≜

∀t ∈ N,∀h ∈ [H],∀(s, a) ∈ S ×A : KL(p̂ th(s, a)∥ph(s, a)) ⩽ βKL(δ, n th(s, a))
n th(s, a)

 ,
Ecnt(δ) ≜

∀t ∈ N, ∀h ∈ [H],∀(s, a) ∈ S ×A : nth(s, a) ⩾ 1
2n

t
h(s, a)− βcnt(δ)

 ,
We also introduce an intersection of these events of interest, G(δ) ≜ EKL(δ) ∩ Ecnt(δ). We prove
that for the right choice of the functions βKL, βcnt, the above events hold with high probability.
Lemma B.16. For any δ ∈ (0, 1) and for the following choices of functions β,

βKL(δ, n) ≜ log(2SAH/δ) + S log(e(1 + n)) ,
βcnt(δ) ≜ log(2SAH/δ) ,
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it holds that

P[EKL(δ)] ⩾ 1− δ/2, P[Ecnt(δ)] ⩾ 1− δ/2,

In particular, P[G(δ)] ⩾ 1− δ.

Proof. Applying Theorem D.13 and the union bound over h ∈ [H], (s, a) ∈ S×A we get P[EKL(δ)] ⩾
1− δ/2.

By Theorem D.14 and union bound, P[Ecnt(δ)] ⩾ 1−δ/2. The union bound over three prescribed
events concludes P[GH(δ)] ⩾ 1− δ and P[GB(δ)] ⩾ 1− δ.

Lemma B.17. Assume conditions of Lemma B.16. Then on event EKL(δ), for any f : S →
[0, H], t ∈ N, h ∈ [H], (s, a) ∈ S ×A

[ph − p̂th]f(s, a) ⩽
√

2H2βKL(δ, nth(s, a))
nth(s, a) .

Proof. By a Hölder and Pinsker inequalities

[ph − p̂th]f(s, a) ⩽ H∥ph(s, a)− p̂th(s, a)∥1 ⩽ H
√

2 KL(p̂ th(s, a)∥ph(s, a)) .

We conclude the statement by applying the definition of the event EKL.

Lemma B.18. Assume conditions of Lemma B.16. Then on event EKL(δ), for any f : S → [0, H],
t ∈ N, h ∈ [H], (s, a) ∈ S ×A,

[ph − p̂th]f(s, a) ⩽ 1
H
p̂ thf(s, a) +H

(
5HβKL(δ, n th(s, a))

n th(s, a) ∧ 1
)
,

[p̂th − ph]f(s, a) ⩽ 1
H
phf(s, a) +H

(
5HβKL(δ, n th(s, a))

n th(s, a) ∧ 1
)
.

Proof. Let us start from the first statement. We apply Lemma D.9 to a function g = H − f and
Lemma D.10 to obtain

[p̂th − ph]g(s, a) = [ph − p̂th]f(s, a) ⩽
√

2Varph
[f ](s, a) ·KL(p̂th∥ph) + H

3 KL(p̂th∥ph)

⩽ 2
√

Varp̂ t
h
[f ](s, a) ·KL(p̂th∥ph) + 4H KL(p̂ th∥ph) .

Since 0 ⩽ f(s) ⩽ H we get

Varp̂ t
h
[f ](s, a) ⩽ p̂ th[f2](s, a) ⩽ H · p̂ thf(s, a) .

Finally, applying 2
√
ab ⩽ a+ b, a, b ⩾ 0, we obtain the following inequality

(ph − p̂th)f(s, a) ⩽ 1
H
p̂ thf(s, a) + 5H2 KL(p̂th∥ph) .

The definition of EKL(δ) implies the first part of the statement. At the same time we have a trivial
bound since f(s) ∈ [0, H]

[ph − p̂ th]f(s, a) ⩽ H ⩽
1
H
p̂ thf(s, a) +H .

The second statement holds by the same inequalities.
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B.4.4 Confidence Intervals
Similar to Azar et al. (2017), Zanette and Brunskill (2019), and Ménard et al. (2021), we define
the upper confidence bound for the optimal regularized Q-function with Hoeffding bonuses.

Then we have the following sequences defined as follows

Q
t
h(s, a) = clip

(
rh(s, a) + p̂ thV

t
h+1(s, a) + bp,th (s, a), 0, H

)
,

πt+1
h (s) = max

π∈∆A
{πQ t

h(s)− λKL(π∥π̃h(s))} ,

V
t
h(s) = π̄t+1

h Q
t
h(s)− λKL(π̄t+1

h (s)∥π̃h(s)) ,
V
t
H+1(s) = 0 ,

and the lower confidence bound as follows

Qt
h
(s, a) = clip

(
rh(s, a) + p̂ thV

t
h(s, a)− bp,th (s, a), 0, H

)
V t
h(s) = max

π∈∆A
{πQt

h
(s)− λKL(π∥π̃h(s))} ,

V t
H+1(s) = 0 ,

where we have two types of transition bonuses that will be specified before use. The Hoeffding
bonuses are defined as follows

bp,th (s, a) ≜
√

2H2βKL(δ, nth(s, a))]
nth(s, a) . (B.8)

Proposition B.19. Let δ ∈ (0, 1). Assume Hoeffding bonuses (B.8). Then on event G(δ) for any
t ∈ N, (h, s, a) ∈ [H]× S ×A it holds

Qt
h
(s, a) ⩽ Q⋆

π̃,λ,h
(s, a) ⩽ Q

t
h(s, a) , V t

λ,h(s) ⩽ V ⋆
π̃,λ,h

(s) ⩽ V
t
h(s) .

Proof. Proceed by induction over h. For h = H + 1 the statement is trivial. Now we assume
that inequality holds for any h′ > h for a fixed h ∈ [H]. Fix a timestamp t ∈ N and a state-
action pair (s, a) and assume that Q t

h(s, a) < H, i.e., no clipping occurs. Otherwise the inequality
Q⋆
π̃,λ,h

(s, a) ⩽ Q
t
h(s, a) is trivial. In particular, it implies nth(s, a) > 0.

In this case by Bellman equations (B.5) we have

[Q t
h −Q⋆

π̃,λ,h
](s, a) = p̂ thV

t
h+1(s, a)− phV ⋆

π̃,λ,h+1(s, a) + bp,th (s, a) .

To show that the right-hand side is non-negative, we start from the induction hypothesis

[Q t
h −Q⋆

π̃,λ,h
](s, a) ⩾ [p̂ th − ph]V ⋆

π̃,λ,h+1(s, a) + bp,th (s, a) .

The non-negativity of the expression above automatically holds from Lemma B.17. To prove the
second inequality on Q-value, we proceed exactly the same.

Finally, we have to show the inequality for V -values. To do it, we use the fact that V -value are
computed by Fπ̃h(s),λ,h applied to Q-value

V t
λ,h(s) = Fπ̃h(s),λ,h(Qt

h
)(s), V ⋆

π̃,λ,h
(s) = Fπ̃h(s),λ,h(Q⋆

π̃,λ,h
)(s), V t

λ,h(s) = Fπ̃h(s),λ,h(Q t
h)(s) .

Notice that ∇Fπ̃h(s),λ,h takes values in a probability simplex; thus, all partial derivatives of Fπ̃h(s),λ,h
are non-negative and therefore Fπ̃h(s),λ,h is monotone in each coordinate. Thus, since Qt

h
(s, a) ⩽

Q⋆
π̃,λ,h

(s, a) ⩽ Q
t
h(s, a), we have the same inequality V t

h(s) ⩽ V ⋆
π̃,λ,h

(s) ⩽ V
t
h(s).
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B.4.5 Sample Complexity Bounds
In this section, we provide guarantees for the regularization-aware gap that highly depends on the
parameter λ.

Let us recall the regularization-aware gap that is defined recursively, starting from Gt
H+1 ≜ 0

and

W t
h(s, a) =

(
1 + 1

H

)
p̂ thG

t
h+1(s) + bgap,t

h (s, a) ,

Gt
h(s) = clip

(
π̄t+1
h W t

h(s) + 1
2λ max

a∈A

(
Q
t
h(s, a)−Qt

h
(s, a)

)2
, 0, H

)
,

(B.9)

where the additional bonus is defined as

bgap,t
h (s, a) ≜ 5H2βKL(δ, nth(s, a))

nth(s, a) ∧H , (B.10)

and the corresponding stopping time for the algorithm

t = inf{t ∈ N : Gt
1(s1) ⩽ ε} . (B.11)

The next lemma justifies this choice of the stopping rule.

Lemma B.20. Assume the choice of Hoeffding bonuses (B.8) and let the event G(δ) defined in
Lemma B.16 holds. Then for any t ∈ N, s ∈ S, h ∈ [H]

V ⋆
π̃,λ,h

(s)− V πt+1

π̃,λ,h
(s) ⩽ Gt

h(s) .

Proof. Let us proceed by induction. For h = H + 1 the statement is trivial. Assume that for any
h′ > h the statement holds. Also, assume that Gt

h(s) < H; otherwise, the inequality on the policy
error holds trivially. In particular, it holds that nth(s, a) > 0 for all a ∈ A.

We can start analysis from understanding the policy error by applying the smoothness of
Fπ̃h(s),λ,h.

V ⋆
π̃,λ,h

(s)− V πt+1

π̃,λ,h
(s) = Fπ̃h(s),λ,h(Q⋆

π̃,λ,h
(s, ·))−

(
π̄t+1
h Qπt+1

π̃,λ,h
(s)− λKL(π̄t+1

h (s)∥π̃h(s))
)

⩽ Fπ̃h(s),λ,h(Qt
h(s, ·)) + ⟨∇Fπ̃h(s),λ,h(Qt

h(s, ·)), Q⋆
π̃,λ,h

(s, ·)−Q t
h(s, ·)⟩

+ 1
2λ∥Q

t
h −Q⋆

π̃,λ,h
∥2

∞(s)−
(
π̄t+1
h Qπt+1

π̃,λ,h
(s)− λKL(π̄t+1

h (s)∥π̃h(s))
)
.

Next we recall that

π̄t+1
h (s) = ∇Fπ̃h(s),λ,h(Qt

h(s, ·)), Fπ̃h(s),λ,h(Qt
h)(s) = π̄t+1

h Q
t
h(s)− λKL(π̄t+1

h (s)∥π̃h(s)) ,

thus we have

Fπ̃h(s),λ,h(Q t
h)(s)−

(
π̄t+1
h Qπt+1

π̃,λ,h
(s, ·)− λKL(π̄t+1

h (s)∥π̃h(s))
)

= π̄t+1
h [Q t

h −Qπt+1

π̃,λ,h
](s)

and, by Bellman equations

V ⋆
π̃,λ,h

(s)− V πt+1

π̃,λ,h
(s) ⩽ π̄t+1

h

[
Q⋆
π̃,λ,h
−Qπt+1

π̃,λ,h

]
(s) + 1

2λ∥Q
t
h −Q⋆

π̃,λ,h
∥2

∗(s)

⩽ π̄t+1
h ph

[
V ⋆
π̃,λ,h+1 − V

πt+1

π̃,λ,h+1

]
(s) + 1

2λ∥Q
t
h −Q⋆

π̃,λ,h
∥2

∗(s) .
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By induction hypothesis we have

V ⋆
π̃,λ,h

(s)− V πt+1

λ,h (s) ⩽ π̄t+1
h phG

t
λ,h+1(s) + 1

2λ∥Q
t
h −Q⋆

π̃,λ,h
∥2

∗(s) .

Next, we apply Lemma B.18

phGλ,h+1(s, a) = p̂ thGλ,h+1(s, a) + [ph − p̂ th]Gt
λ,h+1(s, a)

⩽
(

1 + 1
H

)
p̂ thG

t
λ,h+1(s, a) + 5H2βKL(δ, nth(s, a))

nth(s, a) ∧H ≜ W t
h(s, a) ,

thus

V ⋆
π̃,λ,h

(s)− V πt+1

λ,h (s) ⩽ π̄t+1
h W t

h(s) + 1
2λ∥Q

t
h −Q⋆

π̃,λ,h
∥2

∞(s) .

Finally, by the definition of ∥·∥∞ and Proposition B.19

V ⋆
π̃,λ,h

(s)− V πt+1

λ,h (s) ⩽ π̄t+1
h W t

h(s) + 1
2λ max

a∈A

(
Q
t
h(s, a)−Qt

h
(s, a)

)2
≜ Gt

h(s) .

Theorem B.21. Let ε > 0, δ ∈ (0, 1), S ⩾ 2 and λ ⩽ H. Then UCBVI-Ent+ algorithm with
Hoeffding bonuses and a stopping rule t (B.11) is (ε, δ)-PAC for the best policy identification in
regularized MDPs.

Moreover, the stopping time t is bounded as follows

t = O
(
H5SA · (log(SAH/δ) + SL) · L

ελ

)
,

where L = O(log(SAH log(1/δ)/(ελ))).
Proof. To show that UCBVI-Ent+ is (ε, δ)-PAC we notice that on event G(δ) for π̂ = πt by Lemma B.20

V ⋆
π̃,λ,1(s1)− V π̂

π̃,λ,1(s1) ⩽ Gt
1(s1) ⩽ ε ,

and the event G(δ) holds with probability at least 1− δ. Next, we show that the sample complexity
is bounded by the abovementioned quantity.

Step 1. Bound for Gt
1(s1) First, we start from bounding W t

h(s, a) and Gt
h(s). By Lemma B.18

we can define the following upper bound for W t
h(s, a)

W t
h(s, a) ⩽

(
1 + 2

H

)
phG

t
h+1(s, a) + 10H2βKL(δ, nth(s, a))

nth(s, a) ∧ 2H .

Therefore we obtain

Gt
h(s) ⩽ Eπt+1

[(
1 + 2

H

)
Gt
h+1(sh+1) + 10H2βKL(δ, nth(sh, ah))

nth(sh, ah)

+ 1
2λ max

a∈A

(
Q
t
h(sh, a)−Qt

h
(sh, a)

)2
∣∣∣∣∣sh = s

]
,

By rolling out this expression

Gt
1(s1) ⩽ Eπt+1

[
H∑
h=1

(
1 + 2

H

)h(10H2βKL(δ, nth(sh, ah))
nth(sh, ah) ∧ 2H

)

+
(

1 + 2
H

)h 1
2λ max

a∈A

(
Q
t
h(sh, a)−Qt

h
(sh, a)

)2
]
.
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Using the fact that (1 + 2/H)h ⩽ e2, we have

Gt
1(s1) ⩽ 10e2H2Eπt+1

[
H∑
h=1

(
βKL(δ, nth(sh, ah))

nth(sh, ah) ∧ 1
)]

︸ ︷︷ ︸
(A)

+ e2

2λEπt+1

[
H∑
h=1

max
a∈A

(
Q
t
h(sh, a)−Qt

h
(sh, a)

)2
]

︸ ︷︷ ︸
(B)

.

Term (A). The analysis of the term (A) follows Ménard et al. (2021): we switch counts to
pseudo-counts by Lemma D.5 and obtain

(A) ⩽ 40e2H2
H∑
h=1

∑
(s,a)∈S×A

dπt+1

h (s, a)β
KL(δ, nth(s, a))
nth(s, a) ∨ 1 .

Term (B). For this term we analyze each summand over h separately. By Lemma D.12

Eπt+1

[
max
a∈A

(
Q
t
h(sh, a)−Qt

h
(sh, a)

)2
]

= Eπt+1,(h)

[(
Q
t
h(sh, ah)−Qt

h
(sh, ah)

)2
]
.

Next, we analyze the expression under the square. First, we have

Q
t
h(sh, ah)−Qt

h
(sh, ah) ⩽ 2bp,th (sh, ah) + p̂ th[V t

h+1 − V t
h+1](sh, ah) .

By Lemma B.17

Q
t
h(sh, ah)−Qt

h
(sh, ah) ⩽ 4bp,th (sh, ah) + ph[V t

h+1 − V t
h+1](sh, ah) .

using V t
λ,h+1(s)−V t

λ,h+1(s) ⩽ π̄th+1

[
Q
t
h+1 −Qt

h+1

]
(s) and the definition of Hoeffding bonuses (B.8),

thus, rolling out this recursion

Q
t
h(sh, ah)−Qt

h
(sh, ah) ⩽ 5H · Eπt+1

 H∑
h′=h

√
2βKL(δ, nth′(sh′ , ah′))

nth′(sh′ , ah′) ∧ 1
∣∣∣∣∣sh
 .

By Lemma D.5, Jensen inequality, and a change of policy πt+1 to πt+1,(h) by Lemma D.12 we have

Q
t
h(sh, ah)−Qt

h
(sh, ah) ⩽ 20H3/2

√√√√Eπt+1,(h)

[
H∑

h′=h

2βKL(δ, nth′(sh′ , ah′))
nth′(sh′ , ah′) ∨ 1 |sh

]
.

By taking the square, we get

Eπt+1

[
max
a∈A

(
Q
t
h(sh, a)−Qt

h
(sh, a)

)2
]

⩽ 400H3Eπt+1,(h)

[
Eπt+1,(h)

[
H∑

h′=h

2βKL(δ, nth′(sh′ , ah′))
nth′(sh′ , ah′) ∨ 1

∣∣∣∣∣sh
]]
.

The telescoping property of conditional expectation yields the final bound

Eπt+1

[
max
a∈A

(
Q
t
h(sh, a)−Qt

h
(sh, a)

)2
]
⩽

H∑
h′=1

400H3Eπt+1,(h)

[
2βKL(δ, nth′(sh′ , ah′))
nth′(sh′ , ah′) ∨ 1

]
.
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Finally, collecting bounds over all h ∈ [H] we have

(B) ⩽ 200e2H3

λ

H∑
h=1

∑
s,a

H∑
h′=1

dπ
t,(h)

h′ (s, a)β
KL(δ, nth′(s, a))
nth′(s, a) ∨ 1 .

The final bound for an initial gap follows

Gt
1(s1) ⩽ 40e2H2

H∑
h′=1

∑
(s,a)∈S×A

dπt+1

h′ (s, a)β
KL(δ, nth′(s, a))
nth′(s, a) ∨ 1

+ 200e2H3

λ

H∑
h=1

∑
s,a

H∑
h′=1

dπ
t,(h)

h′ (s, a)β
KL(δ, nth′(s, a))
nth′(s, a) ∨ 1 .

Since λ ⩽ H, we have that H2 ⩽ H3/λ. Using a convention dπt+1

h′ (s, a) = dπ
t+1,(0)

h′ (s, a) we have

Gt
1(s1) ⩽ 240e2H3

λ

H∑
h=0

∑
s,a

H∑
h′=1

dπ
t,(h)

h′ (s, a)β
KL(δ, nth′(s, a))
nth′(s, a) ∨ 1 .

By changing the summation order and noticing that

dπ
mix,t

h′ (s, a) = 1
H + 1

H∑
h=0

dπ
t,(h)

h (s, a)

for H + 1 ⩽ 2H we get

Gt
1(s1) ⩽ 480e2H4

λ

∑
s,a

H∑
h=1

dπ
mix,t

h (s, a)β
KL(δ, nth(s, a))
nth(s, a) ∨ 1 .

Step 2. Sum over t < t. Assume t > 0. In the case t = 0, the bound is trivially true. Notice
that for any t < t we have

Gt
λ,1(s1) > ε ,

thus, summing upper bounds on Gt
λ,1(s1) over all t < t we have

ε(t− 1) <
t−1∑
t=1

Gt
λ,1(s1) ⩽ 480e2H4

λ

∑
(s,a,h)

t−1∑
t=1

dπ
mix,t

h (s, a)β
KL(δ, nth(s, a))
nth(s, a) ∨ 1 .

Notice that βKL(δ, ·) is monotone and maximizes at t−1, and dπmix,t+1

h (s, a) = nt+1
h (s, a)−nth(s, a).

Thus, applying Lemma D.6, we have

ε(t− 1) < 1920e2H5SA

λ
βKL(δ, t− 1) log(t) .

Then by definition of βKL

ε(t− 1) ⩽ 1920e4H5SA

λ
· (log(2SAH/δ) + S log(et)) · log(t) .

Step 3. Solving the recurrence. Define A = 1920e2H5SA/(λε) and B = log(2SAH/δ) + S.
Our goal is to provide an upper bound for solutions to the following inequality

t ⩽ 1 + A(S log(t) +B) · log(t) .
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First, we obtain a loose solution by using inequality log(t) ⩽ tβ/β that holds for any t ⩾ 1. Taking
β = 1/3 we have

t ⩽ 1 + 3A(3S · t1/3 +B) · t1/3 .

Also we may assume that t ⩾ 2, thus 1 ⩽ t/2 and we achieve

t2/3 ⩽ 6A(3St1/3 +B) .

Solving this quadratic inequality in t1/3, we have

t ⩽

18AS +
√

(18AS)2 + 24AB
2

3

⩽
(
18AS +

√
24AB

)3
.

Define L = 3 log
(
54AS +

√
18AB

)
. Then, we can easily upper bound the initial inequality as

follows
t ⩽ 1 + A(B + SL)L .
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B.5 Best Policy Identification in Regularized Linear MDPs

In this appendix, we first state some useful properties of regularized linear MDPs and describe the
LSVI-UCB-Ent algorithm.

B.5.1 General Properties of Linear MDPs

Let us start with a description of how to generalize the techniques of regularized MDPs to the setup
of linear function approximation (Jin et al. 2020b). Again, we consider the case of KL-regularized
MDPs with respect to a reference policy π̃. In this setting, the Q- and V -values could be defined
through regularized Bellman equations

Qπ
π̃,λ,h

(s, a) = rh(s, a) + phV
π
π̃,λ,h+1(s, a),

V π
π̃,λ,h

(s) = πhQ
π
π̃,λ,h

(s)− λKL(πh(s)∥π̃h(s)) .

Moreover, for optimal Q- and V -functions we have

Q⋆
π̃,λ,h

(s, a) = rh(s, a) + phV
⋆
π̃,λ,h+1(s, a),

V ⋆
π̃,λ,h

(s) = max
π∈∆A

{
πQ⋆

π̃,λ,h
(s)− λKL(π∥π̃h(s))

}
.

Note that the value of a policy could be arbitrarily negative, however, we know a priori that the
optimal policy has non-negative value V ⋆

π̃,λ,h
∈ [0, H], since the policy π̃ itself has non-negative

value.
In particular, under this assumption, we have the following simple proposition

Proposition B.22. For a linear MDP, for any policy π such that V π
π̃,λ,h

(s, a) ⩾ 0 for any (s, a, h) ∈
S × A × [H] there exists weights {wπh}h∈[H] such that for any (s, a, h) ∈ S × A × [H] we have
Qπ
π̃,λ,h

(s, a) = ψ(s, a)Twπh . Moreover, for any h ∈ [H] it holds ∥wπh∥2 ⩽ 2H
√
d.

Proof. By Bellman equations

Qπ
π̃,λ,h

(s, a) = rh(s, a) + phV
π
π̃,λ,h

(s, a) = ψ(s, a)Tθh +
∫

S
V π
π̃,λ,h

(s′) ·
d∑
i=1

ψ(s, a)iµh,i(ds′)

= ⟨ψ(s, a), θh +
∫

S
V π
π̃,λ,h

(s′)µh(ds′)⟩ .

To show the second part, we use Definition 3.2. First, we note that ∥θh∥ ⩽
√
d and, at the same

time ∫
S
V π
π̃,λ,h

(s′)µh(ds′) ⩽ H
√
d

since the value is bounded by H.

B.5.2 Algorithm Description

In this appendix, we describe the LSVI-UCB-Ent algorithm for regularized BPI in linear MDPs.
LSVI-UCB-Ent is characterized by the following rules.

Sampling rule As for the UCBVI-Ent+ algorithm, we start with regularized optimistic planning
under the linear function approximation
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Q
t
h(s, a) = ψh(s, a)Twth + bth(s, a) ,

V
t
h(s) = clip

(
max
π∈∆(A)

{
πQ

t
h(s)− λKL(π, π̃h(s))

}
, 0, H

)
,

π̄t+1
h (s) = arg max

π∈∆(A)

{
πQ

t
h(s)− λKL(π, π̃h(s))

}
,

(B.12)

where bt is some bonus defined as follows

bth = B ·
√

[ψ(s, a)]T[Λt
h]−1ψ(s, a)

for B > 0 a bonus scaling factor, and the parameter wth is obtained by least-square value iteration
with Tikhonov regularization parameter α (Jin et al. 2020b),

wth = arg min
w∈Rd

t∑
k=1

[
rh(skh, akh) + V

t
h+1(skh+1)− ψ(skh, akh)Tw

]2
+ α∥w∥2

2 .

We notice that there is a closed-form solution to this problem given by

wth =
[
Λt
h

]−1
[

t∑
τ=1

ψτh
[
rτh + V

t
h+1(sτh+1)

]]
,

where ψτh = ψ(sτh, aτh) and Λt
h = ∑t

τ=1 ψ
τ
h[ψτh]T + αI.

Then, we also define a family of exploratory policies by, for all h′ ∈ [H],

πt,(h
′)(a|s) =

π
t,(h′)(a|s) = π̄th(a|s) if h ̸= h′

πt,(h
′)(a|s) = 1

{
a ∈ arg maxa′∈A(Qt

h(s, a′)−Qt
h
(s, a′))

}
if h = h′ , (B.13)

where Qt is some lower bound on the optimal regularized Q-value defined as follows

wth =
[
Λt
h

]−1
[

t∑
τ=1

ψτh
[
rτh + V t

h+1(sτh+1)
]]
,

Qt
h
(s, a) = [ψ(s, a)]Twth − B ·

√
[ψ(s, a)]T[Λt

h]−1ψ(s, a) ,

V t
h(s) = clip

(
max
π∈∆(A)

{
πQt

h
(s)− λKL(π∥π̃h(s))

}
, 0, H

)
.

(B.14)

The sampling rule is then obtained by picking uniformly at random a policy among the ex-
ploratory policies, πt = πt,(h

′) for h′ ∼ Unif[H]. Notice that it is equivalent to using a non-
Markovian mixture policy πmix,t over all h ∈ [H]. Additionally, it would be valuable to mention
that computation of this policy could be done on-flight since we can compute Q and Q.

Stopping and decision rule In the linear setting, we use a simple deterministic stopping rule
τ = T for a fixed parameter T . In the finite setting, we could define an adaptive stopping rule
by leveraging a certain Bernstein-like inequality on the gaps (see Lemma B.18). However, how to
adapt such inequality to the linear setting remains unclear.

As decision rule LSVI-UCB-Ent returns the non-Markovian policy π̂, the uniform mixture over
the optimistic policies {π̄t}t∈[T ] The complete procedure is described in Algorithm 9.
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Algorithm 9 LSVI-UCB-Ent

1: Input: Number of episodes T , bonus function bt, Tikhonov regularization parameter α.
2: for t ∈ [T ] do
3: Compute π̄t by regularized optimistic planning with (B.12).
4: Sample h′ ∼ Unif{1, . . . , H} and set πt = πt,(h

′)

5: for h ∈ [H] do
6: Play ath ∼ πth(sth)
7: Observe sth+1 ∼ ph(sth, ath)
8: end for
9: end for

10: Output π̂ the uniform mixture over {πt}t∈[T ].

B.5.3 Concentration Events
In this section, the required concentration events for a proof of sample complexity for LSVI-UCB-Ent
will be described. First, we define several important objects. Let ψτh = ψ(sτh, aτh) for any τ ∈ N, h ∈
[H] and define

Λt
h = αId +

t∑
τ=1

ψτh[ψτh]T , Λt
h = αId +

t∑
τ=1

Eπmix,τ [ψ(sh, ah)[ψ(sh, ah)]T|s1] ,

where π̃t is a uniform mixture policy of πt,(h′) defined in (B.13) over all h′ ∈ {0, . . . , H}.
Let βconc : (0, 1)×N×R+×R+ → R+ and βcnt : (0, 1)×N→ R+ be some functions defined later

on in Lemma B.23. We define the following favorable events for any fixed values of bonus scaling
B > 0 and Ridge coefficient α ⩾ 1 that will be specified later.

Econc(δ,B) ≜

∀t ∈ N, ∀h ∈ [H] :
∥∥∥∥∥

t∑
τ=1

ψτh
{
V
t
h+1(sτh+1)− phV

t
h+1(sτh, aτh)

}∥∥∥∥∥
[Λt

h]−1

⩽ 2dH
√
βconc(δ, t,B)

∥∥∥∥∥
t∑

τ=1
ψτh
{
V t
h+1(sτh+1)− phV t

h+1(sτh, aτh)
}∥∥∥∥∥

[Λt
h]−1

⩽ 2dH
√
βconc(δ, t,B)

 ,
Ecnt(δ) ≜

∀t ∈ N, ∀h ∈ [H] : Λt
h ≽

1
2Λt

h − βcnt(δ, t)Id

 .
We also introduce an intersection of these events of interest, G(δ,B) ≜ Econc(δ,B)∩Ecnt(δ). We prove
that for the right choice of the functions βconc, βcnt the above events hold with high probability.
Lemma B.23. Let B, α ⩾ 1 be fixed. For any δ ∈ (0, 1) and for the following choices of functions
β,

βconc(δ, t,B) ≜ 2 log
(
H(1 + t2)

δ

)
+ 5 + log

(
1 + 8d1/2t2 ·

( B
Hd

)2)
,

βcnt(δ, t) ≜ 4 log(8eH(2t+ 1)/δ) + 4d log(3t) + 3 ,

for any fixed α ⩾ 1 it holds that

P[Econc(δ,B)] ⩾ 1− δ/2 , P[Ecnt(δ)] ⩾ 1− δ/2 ,
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In particular, P[G(δ,B)] ⩾ 1− δ.

Proof. Let us fix h ∈ [H]. Then for all t ∈ N by Lemma B.24 we have ∥wth∥2 ⩽ 2H
√
dt/α and by

a construction of Λt
h we have λmin(Λt

h) ⩾ α. Therefore, combination of Lemmas D.16 and D.17 for
any fixed ε > 0 we have with probability at least 1− δ/H∥∥∥∥∥

t∑
τ=1

ψτh
{
V
t
h+1(sτh+1)− phV

t
h+1(sτh, aτh)

}∥∥∥∥∥
2

[Λt
h]−1

⩽ 4H2
[
d

2 log
(
H(t+ α)

αδ

)
+ d log

(
1 + 8Hd1/2t1/2

εα1/2

)

+ d2 log
(

1 + 8d1/2B2

αε2

)]
+8t2ε2

α
.

Next we take ε = Hd/t and obtain by using α ⩾ 1 and d ⩾ 1∥∥∥∥∥
t∑

τ=1
ψτh
{
V
t
h+1(sτh+1)− phV

t
h+1(sτh, aτh)

}∥∥∥∥∥
2

[Λt
h]−1

⩽ 4H2d2
[
2 log

(
H(1 + t2)

δ

)
+ 5

+ log
(

1 + 8d1/2t2 ·
( B
Hd

)2)]
.

Taking the square root, we conclude the first half of the statement; the second half is exactly the
same since Lemma D.16 gives a bound uniformly over all value functions.

By Theorem D.18 and union bound over h ∈ [H], P[Ecnt(δ)] ⩾ 1 − δ/2. The union bound over
two prescribed events concludes P[G(δ,B)] ⩾ 1− δ.

The proof of the following lemma remains exactly the same as in Jin et al. (2020b).

Lemma B.24. [Lemma B.2 by Jin et al. 2020b] For any (t, h) ∈ N× [H] the weights wth generated
by LSVI-UCB-Ent satisfies

∥wth∥2 ⩽ 2H
√
dt/α .

B.5.4 Confidence Intervals
In this section, we provide the confidence intervals on the optimal Q-function that is required for
the proof of sample complexity of LSVI-UCB-Ent.

We start by specifying the required values of α and B.

α ≜ 2(βcnt(δ, T ) + 1), B = 32dH
√

log
(24edHT

δ

)
, (B.15)

where βcnt is defined in Lemma B.23.

Proposition B.25. Let α and B satisfy (B.15). Then on the event G(δ) defined in Lemma B.23
we have

⟨ψ(s, a), wth⟩ −Q⋆
π̃,λ,h

(s, a) = ph[V t
h+1 − V ⋆

π̃,λ,h+1](s, a) + ∆t
h,

⟨ψ(s, a), wth⟩ −Q⋆
π̃,λ,h

(s, a) = ph[V t
h+1 − V ⋆

π̃,λ,h+1](s, a) + ∆t
h ,

where ∆t
h(s, a) and ∆t

h(s, a) satisfies

max{|∆t
h(s, a)|, |∆t

h(s, a)|} ⩽ B
√
⟨ψ(s, a), [Λt

h]−1ψ(s, a)⟩ .
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Proof. We provide the proof only for the first equation since proof of one statement completely
reassembles the other. By Proposition B.22 and Bellman equations we have

Q⋆
π̃,λ,h

(s, a) = ⟨ψ(s, a), w⋆h⟩ = rh(s, a) + phV
⋆
π̃,λ,h+1(s, a) ,

therefore

wth − w⋆h =
[
Λt
h

]−1
[

t∑
τ=1

ψτh[rτh + V
t
h+1(sτh+1)]−

t∑
τ=1

ψτh⟨ψ(sτh, aτh), w⋆h⟩ − αw⋆h

]

= −α
[
Λt
h

]−1
w⋆h︸ ︷︷ ︸

ξ1

+
[
Λt
h

]−1 t∑
τ=1

ψτh
[
V
t
h+1(sτh+1)− phV

t
h+1(sτh, aτh)

]
︸ ︷︷ ︸

ξ2

+
[
Λt
h

]−1 t∑
τ=1

ψτhph
[
V
t
h+1 − V ⋆

π̃,λ,h+1

]
(sτh, aτh)︸ ︷︷ ︸

ξ3

.

Next, we analyze the last term ξ3. By Definition 3.2 we have

ph
[
V
t
h+1 − V ⋆

π̃,λ,h+1

]
(sτh, aτh) =

〈
ψτh,

∫
S
[V t

h+1 − V ⋆
π̃,λ,h+1](s′)µh(ds′)

〉
,

thus

ξ3 =
[
Λt
h

]−1
(

t∑
τ=1

ψτh[ψτh]T + αId − αId
)[∫

S
[V t

h+1 − V ⋆
π̃,λ,h+1](s′)µh(ds′)

]
=
∫

S
[V t

h+1 − V ⋆
π̃,λ,h+1](s′)µh(ds′)−α

[
Λt
h

]−1 ∫
S
[V t

h+1 − V ⋆
π̃,λ,h+1](s′)µh(ds′)︸ ︷︷ ︸

ξ4

.

As a result, moving to Q-values directly, we have

⟨ψ(s, a), wth⟩ −Qπ
h(s, a) = ⟨ψ(s, a), wth − w⋆h⟩

= ph[V t
h+1 − V ⋆

π̃,λ,h+1](s, a) + ⟨ψ(s, a), ξ1 + ξ2 + ξ4⟩︸ ︷︷ ︸
∆t

h(s,a)

.

Next, we compute an upper bound for ∆t
h(s, a). We start from the first term, where we apply

Cauchy-Schwartz inequality and the second statement of Proposition B.22

|⟨ψ(s, a), ξ1⟩| = |⟨ψ(s, a), αw⋆h⟩[Λt
h]−1 | ⩽ α∥ψ(s, a)∥[Λt

h]−1 · ∥w⋆h∥[Λt
h]−1

⩽ 2H
√
dα∥ψ(s, a)∥[Λt

h]−1 ,

where we have used that ∥[Λt
h]−1∥2 ⩽ 1/α. We apply the same construction for the third term and

obtain the same upper bound. For the second term, we also apply Cauchy-Schwartz inequality and
Lemma B.23

|⟨ψ(s, a), ξ1⟩| ⩽ ∥ψ(s, a)∥[Λt
h]−1

∥∥∥∥∥
t∑

τ=1
ψτh
[
V
t
h+1(sτh+1)− phV

t
h+1(sτh, aτh)

]∥∥∥∥∥
[Λt

h]−1

⩽ 2dH
√
βconc(δ, t,B)∥ψ(s, a)∥[Λt

h]−1 .
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Thus, we have

|∆t
h(s, a)| ⩽

[
2dH

√
βconc(δ, T ) + 4H

√
2d(βcnt(δ, T ) + 1)

]√
[ψ(s, a)]T[Λt

h]−1ψ(s, a) .

The only part is to show that for our particular choice of B it holds

2dH
√
βconc(δ, T,B) + 4H

√
2d(βcnt(δ, T ) + 1) ⩽ B .

First, we notice that

4H
√

2d(βcnt(δ, T ) + 1) ⩽ 16Hd
√

log
(24eHT

δ

)
⩽ B/2 .

Thus, it is enough to show

βconc(δ, T,B) = 2 log
(
H(1 + T 2)

δ

)
+ 5 + log

(
1 + 8d1/2T 2

( B
dH

)2)
⩽

1
16

( B
dH

)2
.

First, we notice that since T ⩾ 1 and δ ∈ (0, 1) then

2 log
(
H(1 + T 2)

δ

)
+ 5 ⩽ 4 log

(
2THe2

δ

)
,

and also, using the inequality log(1 + x) ⩽ x for any x ⩾ 0

log
(

1 + 8d1/2T 2
( B
dH

)2)
⩽ log

(
1 + 1

32

( B
dH

)2)
+ log

(
32 · 8 · d1/2T 2

)
⩽

1
32

( B
dH

)2
+ 2 log(16 · dT ) .

Thus, it is enough for B to satisfy the following inequalities

log
(24eHT

δ

)
⩽
( B

32dH

)2
, 4 log

(
2THe2

δ

)
⩽
( B

8dH

)2
, 2 log(16dT ) ⩽

( B
8dH

)2
.

It is clear that the choice B defined in (B.15) satisfies all required inequalities.

Corollary B.26 (Confidence intervals validity). Let constant α and B defined in (B.15). Then on
the event G(δ,B) we have Qt

h(s, a) ⩾ Q⋆
π̃,λ,h

(s, a) ⩾ Qt
h
(s, a) and V t

h(s) ⩾ V ⋆
π̃,λ,h

(s) ⩾ V t
h(s) for any

t ∈ [T ], h ∈ [H], (s, a) ∈ S ×A.
Proof. Let us prove using backward induction over h ∈ [H]. For h = H + 1 this statement is
trivially true. Let us assume that the statement holds for any h′ > h. Thus by Proposition B.25

Q
t
h(s, a)−Q⋆

π̃,λ,h
(s, a) = ∆t

h(s, a) + B
√

[ψ(s, a)]T[Λt
h]−1ψ(s, a) + ph

[
V
t
h+1 − V ⋆

h+1

]
(s, a) .

Notice that ∆t
h(s, a) +B

√
[ψ(s, a)]T[Λt

h]−1ψ(s, a) ⩾ 0 and by induction hypothesis V t
h+1−V ⋆

h+1 ⩾ 0
for any s′. Thus, we have proven the required statement for Q-values. To show it for V -values,
we notice that if upper clipping in the definition V in (B.12) occurs, then the statement trivially
holds. Otherwise, we have

V
t
h(s)− V ⋆

π̃,λ,h
(s) ⩾ Fπ̃h(s),λ,h(Qt

h(s))− Fπ̃h(s),λ,h(Q⋆
π̃,λ,h

(s)) .

However, the function Fπ̃h(s),λ,h is monotone since its gradients lie in a probability simplex. Thus,
V
t
h(s) − V ⋆

π̃,λ,h
(s) ⩾ 0. Using exactly the same reasoning, we may show the lower confidence

bound.
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B.5.5 Sample Complexity Bounds

In this section, we provide the sample complexity result of the LSVI-UCB-Ent algorithm. We start
with a general result that does not depend on the properties of linear MDPs but depends on the
algorithms’ properties.

Lemma B.27. Let constants α,B be defined by (B.15). Then on event G(δ,B) defined in Lemma B.23
for any t ∈ N, s ∈ S, h ∈ [H]

V ⋆
π̃,λ,h

(s)− V πt+1

π̃,λ,h
(s) ⩽ 1

2λEπt+1

[
H∑
h=1

max
a∈A

(
Q
t
h −Qt

h

)2
(sh, a)

]
.

Proof. Let us proceed by induction. For h = H + 1 the statement is trivial. Assume that for any
h′ > h the statement holds. Also, assume that Gt

h(s) < H; otherwise, the inequality on the policy
error holds trivially. In particular, it holds that nth(s, a) > 0 for all a ∈ A.

We can start analysis from understanding the policy error by applying the smoothness of
Fπ̃h(s),λ,h.

V ⋆
π̃,λ,h

(s)− V πt+1

π̃,λ,h
(s) = Fπ̃h(s),λ,h(Q⋆

π̃,λ,h
(s, ·))−

(
π̄t+1
h Qπt+1

π̃,λ,h
(s, ·)− λKL(π̄t+1

h (s)∥π̃h(s))
)

⩽ Fπ̃h(s),λ,h(Qt
h(s, ·)) + ⟨∇Fπ̃h(s),λ,h(Qt

h(s, ·)), Q⋆
π̃,λ,h

(s, ·)−Qt
h(s, ·)⟩

+ 1
2λ∥Q

t
h −Q⋆

π̃,λ,h
∥2

∞(s)−
(
π̄t+1
h Qπt+1

π̃,λ,h
(s, ·)− λKL(π̄t+1

h (s)∥π̃h(s))
)
.

Next we recall that

π̄t+1
h (s) = ∇F (Qt

h(s, ·)), F (Qt
h)(s) = π̄t+1

h Q
t
h(s)− λKL(π̄t+1

h (s)∥π̃h(s)) ,

thus we have

F (Qt
h)(s)−

(
π̄t+1
h Qπt+1

π̃,λ,h
(s, ·)− λKL(π̄t+1

h (s)∥π̃h(s))
)

= π̄t+1
h [Qt

h −Qπt+1

π̃,λ,h
](s)

and, by Bellman equations

V ⋆
π̃,λ,h

(s)− V πt+1

π̃,λ,h
(s) ⩽ π̄t+1

h

[
Q⋆
π̃,λ,h
−Qπt+1

π̃,λ,h

]
(s) + 1

2λ∥Q
t
h −Q⋆

π̃,λ,h
∥2

∞(s)

⩽ π̄t+1
h ph

[
V ⋆
π̃,λ,h+1 − V

πt+1

π̃,λ,h+1

]
(s) + 1

2λ∥Q
t
h −Q⋆

π̃,λ,h
∥2

∞(s) .

Next, we start by changing the norm and using the properties of Q and Q (see Corollary B.26)

∥Qt
h −Q⋆

π̃,λ,h
∥2

∞(s) = max
a∈A

(
Q
t
h(s, a)−Q⋆

π̃,λ,h
(s, a)

)2
⩽ max

a∈A

(
Q
t
h(s, a)−Qt

h
(s, a)

)2
.

Theorem B.28. Let ε > 0,δ ∈ (0, 1). Then LSVI-UCB-Ent algorithm with a choice of parameters
described in (B.15) is (ε, δ)-PAC for the best policy identification in regularized MDPs after

T = Õ
(
H5d2

λε

)

iterates.
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Proof. First, we notice that the definition of the output policy π̂ as a mixture policy over {π̄t}t∈[T ]
allows us to define the following

V ⋆
π̃,λ,1(s1)− V π̂

π̃,λ,1(s1) = 1
T

T∑
i=1
{V ⋆

π̃,λ,1(s1)− V π̄t

π̃,λ,1(s1)} .

Therefore it is enough to compute only the average regret of the presented procedure. In the sequel
we assume the event G(δ,B) for B defined in (B.15).

Step 1. Study of sub-optimality gap. Let us fix t ∈ [T ], then by Lemma B.27 we have

V ⋆
π̃,λ,1(s1)− V πt+1

1 (s1) ⩽ 1
2λ

H∑
h=1

Eπt+1

[
max
a∈A

(
Q
t
h −Qt

h

)2
(sh, a)

]
.

Next, we analyze each term separately, starting from the difference between Q-values inside. Let
us fix h ∈ [H], then by Proposition B.25

Q
t
h(s, a)−Qt

h
(s, a) = [Qt

h −Q⋆
π̃,λ,h

](s, a)− [Qt
h
−Q⋆

π̃,λ,h
](s, a)

⩽ ph
[
V
t
h+1 − V t

h+1

]
(s, a) + 4B∥ψ(s, a)∥[Λt

h]−1 .
(B.16)

Next, we have for any h′ ∈ [H] and any s′ ∈ S[
V
t
h′ − V t

h′

]
(s′) ⩽ π̄t+1

h

[
Q
t
h′ −Qt

h′

]
(s′) ,

therefore we can roll-out the equation (B.16) and obtain

Q
t
h(s, a)−Qt

h
(s, a) ⩽ 4BEπt+1

[
H∑

h′=h
∥ψ(sh′ , ah′)∥[Λt

h′ ]−1

∣∣∣∣∣(sh, ah) = (s, a)
]
.

Next, we apply Lemma D.12 for any fixed h ∈ [H]

Eπt+1

[
max
a∈A

(
Q
t
h −Qt

h

)2
(sh, a)|s1

]
= Eπt+1,(h)

[(
Q
t
h −Qt

h

)2
(sh, ah)|s1

]
and for any h′ ⩾ h

Eπt+1

[
∥ψ(sh′ , ah′)∥[Λt

h′ ]−1

∣∣∣∣(sh, ah) = (s, a)
]

= Eπt+1,(h)

[
∥ψ(sh′ , ah′)∥[Λt

h′ ]−1

∣∣∣∣(sh, ah) = (s, a)
]
.

Therefore, applying Jensen’s inequality to conditional measure and the tower property of condi-
tional expectation

Eπt+1

[
max
a∈A

(
Q
t
h −Qt

h

)2
(sh, a)|s1

]
⩽ 16B2Eπt+1,(h)

( H∑
h′=h
∥ψ(sh′ , ah′)∥[Λt

h′ ]−1

)2

|s1


⩽ 16B2H

H∑
h′=h

Eπt+1,(h)

[
∥ψ(sh′ , ah′)∥2

[Λt
h′ ]−1 |s1

]

⩽ 16B2H
H∑
h′=1

Eπt+1,(h)

[
∥ψ(sh′ , ah′)∥2

[Λt
h′ ]−1 |s1

]
.

Summing over all h and recalling π̃t+1 as a mixture policy of all πt+1,(h)

Eπt+1

[
max
a∈A

(
Q
t
h −Qt

h

)2
(sh, a)|s1

]
⩽ 16B2H

H∑
h′=1

H∑
h=1

Eπt+1,(h)

[
∥ψ(sh′ , ah′)∥2

[Λt
h′ ]−1 |s1

]

= 16B2H2
H∑
h′=1

Eπmix,t+1

[
∥ψ(sh′ , ah′)∥2

[Λt
h′ ]−1 |s1

]
.
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Step 2. Summing sub-optimality gaps. Next, we sum all sub-optimality gaps and obtain
T∑
t=1
{V ⋆

π̃,λ,1(s1)− V π̄t

π̃,λ,1(s1)} ⩽ H +
T−1∑
t=1
{V ⋆

π̃,λ,1(s1)− V πt+1

1 (s1)}

⩽ H + 16B2H2

λ

H∑
h′=1

T−1∑
t=1

Eπmix,t+1

[
∥ψ(sh′ , ah′)∥2

[Λt
h′ ]−1 |s1

]
.

Next, we apply the definition of event Ecnt(δ)

Λt
h ≽

1
2Λt

h − βcnt(δ, T )Id ⇒ [Λt
h]−1 ≼ 2

[
Λt
h − 2βcnt(δ, T )Id

]−1
.

Notice that by the choice of α = 2(βcnt(δ, t) + 1) we have

Λ̃t
h ≜ Λt

h − 2βcnt(δ, T )Id = 2Id +
t∑

τ=1
Eπmix,τ [ψ(sh, ah)[ψ(sh, ah)]T] .

Thus, we may apply Lemma D.8
T−1∑
t=1

Eπ̃t+1

[
∥ψ(sh′ , ah′)∥2

[Λt
h′ ]−1 |s1

]
⩽ 2

T−1∑
t=1

Eπmix,t+1

[
∥ψ(sh′ , ah′)∥2

[Λ̃t
h′ ]−1 |s1

]
⩽ 4 log det

(
Λ̃T
h′

)
.

To upper bound the determinant, we upper bound the operator norm using the triangle inequality

∥Λ̃T
h ∥2 =

∥∥∥∥∥2Id +
T−1∑
τ=1

Eπ̃τ [ψ(sh, ah)[ψ(sh, ah)]T]
∥∥∥∥∥

2
⩽ 2 + (T − 1) ,

therefore, combining with a definition of B given in (B.15) we have

T∑
t=1
{V ⋆

π̃,λ,1(s1)− V π̄t

π̃,λ,1(s1)} ⩽ H + 64 · 322d2H5 · log(T + 1)
λ

· log
(24edHT

δ

)
,

yielding

V ⋆
π̃,λ,1(s1)− V π̂

π̃,λ,1(s1) ⩽ H

T
+ 64 · 322d2H5 · log(T + 1)

λT
· log

(24edHT
δ

)
.

In particular, it implies that T = Õ
(
H5d2

λε

)
is enough to achieve ε-accurate policy.
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B.6 Demonstration-Regularized Preference-Based Learning

B.6.1 Maximum Likelihood Estimation for Reward Model
In this section, we discuss the maximum likelihood estimation problem for the reward estimation,
following Zhan et al. (2023). Let G be a function class of reward functions that satisfies the following
assumption
Assumption 6. For a function class G, we assume that the true reward belongs to it: r⋆ ∈ G.
Additionally, for the following function family Q = {qr(τ0, τ1) = σ(r(τ1)− r(τ0)) : r ∈ G} equipped
with an ℓ∞-norm has a finite bracketing dimension, that means there is a dG > 0 and RG > 0 such
that

∀ε ∈ (0, 1) : logN[](ε,Q, ∥·∥∞) ⩽ dG log(RG/ε) .
The bracketing numbers are commonly used in statistics for MLE, M-estimation, and, more

generally, in the empirical processes theory, see Geer (2000). Related to our setting, this assumption
is satisfied in the setting of tabular MDPs with a dimension dG = SAH and linear MDPs with
dimensions dG = dH, see Lemmas B.33-B.34.

For each r ∈ G and a pair of trajectories (τ0, τ1) define the induced preference model as follows

qr(τ0, τ1) ≜ σ(r(τ1)− r(τ0)) .

To measure the complexity of the reward class G, we will use the bracketing numbers of the function
class Q = {qr : T × T → [0, 1] : r ∈ G}, where T = (S × A)H is a space of all trajectories. See
Definition B.2 for the definition of bracketing numbers.

Given the dataset of preferences DRM = {(τk0 , τk1 , ok)}N
RM

k=1 , we define the maximum likelihood
estimate of the reward model as follows

r̂ = arg max
r∈G


NRM∑
k=1

ok log qr(τk0 , τk1 ) + (1− ok) log(1− qr(τk0 , τk1 ))

 . (B.17)

The following result is a standard result on MLE estimation and, generally, M-estimation, see
Geer (2000). The proof heavily uses PAC-Bayes techniques by Zhang (2006), see also Agarwal et al.
(2020a) for non-i.i.d. extension. We notice that a similar result could be extracted from Lemma 2
by Zhan et al. (2023); however, we did not find the proof of exactly this statement in their paper
or references within.
Proposition B.29. Let Assumptions 4-6 hold. Let DRM be a preference dataset and assume that
trajectories τk0 and τk1 were generated i.i.d. by following the policy π. Then for any δ ∈ (0, 1) with
probability at least 1 − δ the following bound for the MLE reward estimate r̂ given by solution to
B.17 holds

Eτ0,τ1∼qπ

[(
q⋆(τ0, τ1)− qr̂(τ0, τ1)

)2
]
⩽

2 + 2dG log(RGN
RM) + log(1/δ)

NRM ,

where qπ is a distribution over trajectories induced by policy π
Proof. In the sequel, we drop the superscript from DRM and NRM to simplify the notation.

Let us consider a maximal set of ε-brackets B of size N[](ε,Q, ∥·∥∞) and apply Lemma 2.1 by
Zhang (2006) (or Lemma 21 by Agarwal et al. (2020a)), where consider brackets [ℓ, u] from B
as parameters θ, prior π is a uniform over B, and the density wD([ℓ, u]) is equal to a (properly
weighted) Dirac measure on a bracket [ℓ⋆, u⋆] that contains the MLE estimate (ties are resolved
arbitrary). It implies that for any function L : B ×D → R it holds

ED
[
exp

{
L(D, [ℓ⋆, u⋆])− logED′

[
eL(D′,[ℓ⋆,u⋆])

]
− logN[](ε,Q, ∥·∥∞)

}]
⩽ 1 ,
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where D′ is an independent copy of the dataset D and the KL-divergence between a Dirac measure
on an MLE bracket and the uniform distribution is computed exactly. Since we can control the
exponential moment, a simple Chernoff argument implies that with probability at last 1− δ

− logED′

[
eL(D′,[l⋆,u⋆])

]
⩽ −L(D, [l⋆, u⋆]) + logN[](ε,Q, ∥·∥∞) + log(1/δ) .

Next we choose L(D, [ℓ, u]) as log-likelihood ratio

L(D, [ℓ, u]) = −1
2

N∑
k=1

{
ok log q⋆(τk0 , τk1 ) + (1− ok) log(1− q⋆(τk0 , τk1 ))
ok log u(τk0 , τk1 ) + (1− ok) log(1− ℓ(τk0 , τk1 ))

}
.

By the choice of a brackets [ℓ, u] it holds ℓ⋆(τ0, τ1) ⩽ qr̂(τ0, τ1) ⩽ u⋆(τ0, τ1). Using the fact that r̂ is
a solution to (B.17)

−L(D, [ℓ⋆, u⋆]) = 1
2

N∑
k=1

{
ok log q⋆(τk0 , τk1 ) + (1− ok) log(1− q⋆(τk0 , τk1 ))
ok log u(τk0 , τk1 ) + (1− ok) log(1− ℓ(τk0 , τk1 ))

}

⩽
1
2

N∑
k=1

{
ok log q⋆(τk0 , τk1 ) + (1− ok) log(1− q⋆(τk0 , τk1 ))
ok log qr̂(τk0 , τk1 ) + (1− ok) log(1− qr̂(τk0 , τk1 ))

}
⩽ 0 .

At the same time

− logED′

[
eL(D′,[l⋆,u⋆])

]
= −N logE

[
exp

{
−1

2
o log q⋆(τ0, τ1) + (1− o) log(1− q⋆(τ0, τ1))
o log u⋆(τ0, τ1) + (1− o) log(1− ℓ⋆(τ0, τ1))

}]
,

where in the last expectation τ0, τ1 ∼ qπ, o ∼ Ber(q⋆(τ0, τ1)).
By Fubini’s theorem, we have

− 1
N

logED′

[
eL(D′,[l⋆,u⋆])

]
= − log Eτ0,τ1

[√
q⋆(τ0, τ1)u(τ0, τ1)

+
√

(1− q⋆(τ0, τ1))(1− ℓ(τ0, τ1))
]
.

Next, we study the expression under the square root. By the definition of the ε-bracket we have
ℓ⋆(τ0, τ1) ⩽ qr̂(τ0, τ1) ⩽ u⋆(τ0, τ1) and u⋆(τ0, τ1)− ℓ⋆(τ0, τ1) ⩽ ε, therefore√

q⋆(τ0, τ1)u(τ0, τ1) ⩽
√
q⋆(τ0, τ1)(qr̂(τ0, τ1) + ε) ⩽

√
q⋆(τ0, τ1)qr̂(τ0, τ1) +

√
ε .

and the similar bound for the second term. Applying inequality − log(x) ⩾ 1− x we have

− 1
N

logED′

[
eL(D′,[l⋆,u⋆])

]
⩾ 1− Eτ0,τ1

[√
q⋆(τ0, τ1)qr̂(τ0, τ1)

+
√

(1− q⋆(τ0, τ1))(1− qr̂(τ0, τ1))
]
−2
√
ε .

By the properties of the Hellinger distance dH (see Section 2.4 and Lemma 2.3 by Tsybakov 2008)
we have

1− Eτ0,τ1

[√
q⋆(τ0, τ1)qr̂(τ0, τ1) +

√
(1− q⋆(τ0, τ1))(1− qr̂(τ0, τ1))

]

= 1
2Eτ0,τ1

[
d2

H(Ber(q⋆(τ0, τ1)),Ber(qr̂(τ0, τ1))
]
⩾ Eτ0,τ1

[
(q⋆(τ0, τ1)− qr̂(τ0, τ1))2

]
.
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Overall, we obtain

Eτ0,τ1

[
(q⋆(τ0, τ1)− qr̂(τ0, τ1))2

]
⩽ 2
√
ε+

logN[](ε,Q, ∥·∥∞) + log(1/δ)
N

.

Taking ε = 1/N2 and applying the upper bound on the bracketing number by Assumption 6 we
conclude the statement.

We also have a simple corollary of this result that shows convergence of the reward models.

Theorem B.30. Let Assumptions 4-6 hold. Let DRM be a preference dataset and assume that
trajectories τk0 and τk1 were generated i.i.d. by following the policy π. Then for any δ ∈ (0, 1) with
probability at least 1− δ the following bound holds

Eτ0,τ1∼qπ

[(
r⋆(τ1)− r⋆(τ0)− r̂(τ1) + r̂(τ1)

)2
]
⩽

2ζ2dG log(RG/N
RM) + ζ2 log(e2/δ)
NRM ,

where ζ = 1/(infx∈[−H,H] σ
′(x)) the non-linearity measure of the link function σ defined in Assump-

tion 4.

Remark B.31. We additionally notice that since two trajectories are i.i.d., we have

Eτ0,τ1∼qπ

[(
[r⋆(τ1)− r⋆(τ0)]− [r̂(τ1)− r̂(τ0)]

)2
]

= 2Varqπ [r⋆(τ1)− r̂(τ1)] .

This means, in particular, that if the reward function is estimated up to a constant shift, then the
MLE estimation error is zero.
Remark B.32. In the setting of a sigmoid link function σ(x) = 1/(1 + exp(−x)) we have ζ =
exp{Θ(H)}, yields the exponential dependence on the reward scaling. However, for the general
distribution of trajectories, the exponential dependence is unavoidable even in the linear setting
(Hazan et al. 2014).

Proof. Follows from the application of Proposition B.29 and the following application of mean-value
theorem for any two fixed τ0, τ1

[r⋆(τ1)− r⋆(τ0)]− [r̂(τ1)− r̂(τ0)] = σ−1(q⋆(τ0, τ1))− σ−1(qr̂(τ0, τ1))
= (σ−1)′(ξ)[q⋆(τ0, τ1)− qr̂(τ0, τ1)] ,

where ξ is a point between q⋆(τ0, τ1) and qr̂(τ0, τ1). The observation (σ−1)′(ξ) = 1/σ′(σ−1(ξ)) yields
the statement.

Next, we compute the required quantities dG for the case of finite and linear MDPs for a choice
of σ = 1/(1 + exp(−x) as a sigmoid function.

Lemma B.33. Let a reward function {rh(s, a)}h∈[H] be an arbitrary function rh : S × A → [0, 1].
Let us define G = {r(τ) = ∑H

h=1 rh(sh, ah)}. Then Assumption 6 holds with constants dG = HSA
and RG = 3H/2.

Proof. Let us define a functional class of interest Q = {qr(τ1, τ2) = σ(r(τ1) − r(τ2)) | r ∈ G} .
Since σ is a monotonically increasing function that satisfies σ′(x) ⩽ 1/4. Thus, by combination of
Lemma B.35 and Lemma B.36 we have

N[](ε,Q, ∥·∥∞) ⩽ N[](2ε,G, ∥·∥∞) .
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Next we define a function classes Fh = {rh : S ×A → [0, 1]} of one-step rewards. By Lemma B.37
it holds

N[](2ε,G, ∥·∥∞) ⩽
H∏
h=1
N[](2ε/H,Fh, ∥·∥∞) .

Then we can associate a function space Fh with a parameters Θh = [0, 1]SA and by Lemma B.38
and a standard results in bounding of covering numbers of balls in normed spaces, see Handel
(2016),

N[](ε,Fh, ∥·∥∞) ⩽ N (ε/2, [0, 1]SA, ∥·∥∞) ⩽ (3/ε)SA .
As a result, we have

logN[](ε,Q, ∥·∥∞) ⩽ HSA log(3H/(2ε)) .

Lemma B.34. Let a reward function {rh(s, a)}h∈[H] be parametrized as rh(s, a) = ψ(s, a)Tθh for
ψ : S × A → Rd that satisfies ∥ψ(s, a)∥2 ⩽ 1, and θh ∈ Θh for Θh = {θh ∈ Rd | ∥θh∥ ⩽

√
d}. Let

us define G = {r(τ) = ∑H
h=1 rh(sh, ah)}. Then Assumption 6 holds with constants dG = dH and

RG = 3H
√
d/2.

Proof. Let us define one-step rewards as follows Fh = {rh(s, a) = ψ(s, a)Tθh | θh ∈ Rd, ∥θh∥ ⩽
√
d}.

Then, following exactly the same reasoning as in Lemma B.33

N[](ε,Q, ∥·∥∞) ⩽
H∏
h=1
N[](2ε/H,Fh, ∥·∥∞) .

Next we notice that Fh is Lipschtiz in ℓ2-norm with respect to parameters θh with a constant 1:

|rh(s, a)− r′
h(s, a)| = |ψ(s, a)T(θh − θ′

h)| ⩽ ∥θh − θ′
h∥2 .

Therefore, since Θh is a ball of radius
√
d we obtain

N[](ε,Fh, ∥·∥∞) ⩽ N (ε/2,Θh, ∥·∥2) ⩽ (3
√
d/ε)d .

As a result, we have
logN[](ε,Q, ∥·∥∞) ⩽ dH log(3H

√
d/(2ε)) .

B.6.2 Properties of Bracketing numbers
In this section, we provide a list of elementary properties of bracketing numbers for completeness.
See Section 7 of Dudley (2014) for additional information.
Lemma B.35. Let (G, ∥·∥∞) be a normed space of functions over a set X that takes values in
the interval I and let σ : I → [0, 1] be a monotonically increasing link function that satisfies
supx∈I σ

′(x) ⩽ C for C > 0. Then for F = σ ◦ G = {f = σ ◦ g | g ∈ G} it holds for any
ε > 0

N[](ε,F , ∥·∥∞) ⩽ N[](ε/C,G, ∥·∥∞) .
Proof. Let G be a minimal set of ε brackets that covers G. Then let us take a set of brackets
F = {[σ ◦ ℓ, σ ◦ u] : [l, u] ∈ G}. The set of F consists of brackets since σ is monotone and covers all
the space F . Additionally, we have

|σ ◦ u(x)− σ ◦ ℓ(x)| = σ′(ξ)|(u(x)− ℓ(x))| ⩽ Cε ,

therefore the set F consists of Cε-brackets. By rescaling, we conclude the statement.
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Lemma B.36. Let (G, ∥·∥∞) be a normed space of functions over a set X and let us define a set
of functions over X × X as F = {f(x, x′) = g(x)− g(x′) | g ∈ G} . Then it holds

N[](ε,F , ∥·∥∞) ⩽ N[](ε/2,G, ∥·∥∞) .

Proof. Let G be a minimal set of ε brackets that covers G. Let us define the following set of brackets

F = {[fℓ(x, x′) = ℓ(x)− u(x′), fu(x, x′) = u(x)− ℓ(x′)] | [ℓ, u] ∈ G} .

We may check that elements cover all the set F . Let us take f ∈ F and the corresponding g ∈ G.
Then let us take a bracket [ℓ, u] that covers g. In this case, we have

fℓ(x, x′) = ℓ(x)− u(x′) ⩽ g(x)− g(x′) ⩽ u(x)− ℓ(x′) = fu(x, x′) .

At the same time, we have
∥fℓ − fu∥∞ ⩽ 2∥u− ℓ∥∞ ⩽ 2ε .

Thus, F is a set of 2ε-brackets that covers F .

Lemma B.37. Let {Gk}Kk=1 be a sequence of spaces of functions over a set X equipped with a norm
∥·∥∞ and let us define a set F of functions over XK as follows

F =
{
f(x1, . . . , xk) =

K∑
k=1

gk(xk) | gk ∈ G
}
.

Then the following bound holds

N[](ε,F , ∥·∥∞) ⩽
K∏
k=1
N[](ε/K,G, ∥·∥∞) .

Proof. For any k ∈ [K] let Gk be a minimal set of ε brackets that covers Gk. Then we construct
the set F as follows

F =
{[
fℓ(x) =

K∑
k=1

ℓk(xk), fu(x) =
k∑
k=1

uk(xk)
]
| ∀k ∈ [K] : [ℓk, uk] ∈ Gk

}
.

It holds that |F | ⩽ ∏K
k=1 |Gk| and also it is clear that F consists of brackets and covers all the set

F . Additionally, we notice that

∥fℓ − fu∥∞ ⩽
K∑
k=1
∥ℓk − uk∥∞ ⩽ Kε .

By rescaling, we conclude the statement.

Lemma B.38. Let Θ be a set of parameters and let F = {fθ(x) | θ ∈ Θ} be a set of functions over
X . Assume that fθ(x) is L-Lipschitz in θ with respect to an arbitrary norm ∥·∥:

∀x ∈ X : |fθ(x)− fθ′(x)| ⩽ L∥θ − θ′∥ .

Then we have
N[](ε,F , ∥·∥∞) ⩽ N (ε/(2L),Θ, ∥·∥) .

Proof. Let X be a ε-covering of Θ and let us define a set F = {[ℓ = fθ − εL, u = fθ + εL] | θ ∈ X}.
Let us show that F consists of brackets. Let fθ ∈ F , then there is θ̂ ∈ X. By Lipchitzness

∀x ∈ X : |fθ(x)− f
θ̂
(x)| ⩽ L∥θ − θ̂∥ = Lε ,

therefore a bracket that corresponding ℓ and u indeed satisfy ℓ(x) ⩽ fθ(x) ⩽ u(x) for any x ∈ X .
Also, we notice that ∥ℓ− u∥∞ = 2εL; therefore, we conclude the statement by rescaling.
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B.6.3 Proof for Demonstration-regularized RLHF
During this section, we assume that the MDP is finite, i.e., |S| < +∞, to simplify the manipulations
with the trajectory space. However, the state space could be arbitrarily large.

In this section, we provide the proof for the demonstration-regularized RLHF pipeline defined
in Algorithm 4. We start from the general oracle version of this inequality. For a reward function
r let the value with respect to this value be defined as follows

V π
h (s; r) = Eπ

[
H∑

h′=h
rh′(sh′ , ah′) | sh = s

]
, V π

π̃,λ,h
(s; r) = V π

h (s; r)− λKLtraj(π̃∥π) .

A similar definition holds for Q-values.
Theorem B.39. Let us assume that there is an underlying reward function r⋆ such that

1. There is an expert policy πE such that V ⋆
1 (s1; r⋆)− V πE

1 (s1; r⋆) ⩽ εE;

2. There is a behavior cloning policy πBC that satisfies
√

KLtraj(πE∥πBC) ⩽ εKL;

3. There is an estimate of reward function r̂ that satisfies
√

VarqπBC [r⋆(τ)− r̂(τ)] ⩽ εRM;

Let πRL be a εRL-optimal policy in the λ-regularized MDP with πBC and using r̂ as rewards:

V ⋆
πBC,λ,1(s1; r̂)− V πRL

πBC,λ,1(s1; r̂) ⩽ εRL .

Then, for any λ ⩾ H we have the following optimality guarantees for πRL in the unregularized MDP
equipped with the true reward function

V ⋆
1 (s1; r⋆)− V πRL

1 (s1; r⋆) ⩽ 3(εE + εRL) + 9/H · ε2
RM + (λ+ 4H)ε2

KL .

Proof. We start from the following decomposition, using the assumption on the expert policy

V ⋆
1 (s1; r⋆)− V πRL

1 (s1; r⋆) ⩽ V πE

1 (s1; r⋆)− V πRL

1 (s1; r⋆) + εE .

Next, we change the optimal reward function to its reward-shaped version r⋆ and apply the following
decomposition

V πE

1 (s1; r⋆)− V πRL

1 (s1; r⋆) = V πE

1 (s1; r̂)− V πRL

1 (s1; r̂)︸ ︷︷ ︸
(A)

+V πE

1 (s1; r⋆ − r̂)− V πRL

1 (s1; r⋆ − r̂)︸ ︷︷ ︸
(B)

.

We start from the analysis of the term (A). By properties of the behavior cloning policy and the
BPI policy πRL

(A) = V πE

πBC,λ,1(s1; r̂) + λKLtraj(πE∥πBC)− V πRL

πBC,λ,1(s1; r̂)− λKLtraj(πRL∥πBC)
⩽ V ⋆

πBC,λ,1(s1; r̂)− V πRL

πBC,λ,1(s1; r̂) + λε2
KL ⩽ εRL + λε2

KL .

Next, we have to analyze the second term (B). We decompose it as follows

(B) = V πE

1 (s1; r⋆ − r̂)− V πBC

1 (s1; r⋆ − r̂)︸ ︷︷ ︸
(C)

+V πBC

1 (s1; r⋆ − r̂)− V πRL

1 (s1; r⋆ − r̂)︸ ︷︷ ︸
(D)

.

We start from the analysis of (D). We can apply Lemma D.9 since the space of the trajectories is
finite

(D) = EqπBC [r⋆(τ)− r̂(τ)]− EqπRL [r⋆(τ)− r̂(τ)]

⩽
√

2VarqπBC [r⋆(τ)− r̂(τ)] ·KLtraj(πRL∥πBC) + H

3 KLtraj(πRL∥πBC) .
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Next, we notice that by an assumption on the reward estimate, we have

(D) ⩽
√

2ε2
RM ·KLtraj(πRL∥πBC) + H

3 KLtraj(πRL∥πBC) .

Next, we have to estimate the trajectory KL-divergence between πRL and πBC.
Let us use the ε-optimality of the policy πRL with respect to reward r̂ in the regularized MDP

V πE

1 (s1; r̂)− λKLtraj(πE∥πBC) ⩽ V πRL

1 (s1; r̂) + εRL − λKLtraj(πRL∥πBC) .

By rerranging the terms we have

KLtraj(πRL∥πBC) ⩽ 1
λ

(
V πRL

1 (s1; r̂)− V πE

1 (s1; r̂) + εRL
)

+ ε2
KL

⩽
εE + εRL

λ
+ 1
λ

(
V πRL

1 (s1; r̂ − r⋆)− V πE

1 (s1; r̂ − r⋆)
)

+ ε2
KL

= 1
λ

(
V πE

1 (s1; r⋆ − r̂)− V πRL

1 (s1; r⋆ − r̂)
)

+ ε2
KL + εE + εRL

λ
.

Recalling that (B) ≜ V πE
1 (s1; r⋆ − r̂)− V πRL

1 (s1; r⋆ − r̂), we obtain the following recursion

(B) ⩽ (C) +

√√√√2ε2
RM
λ
·
(

(B) + εE + εRL

)
+ 2ε2

RM · ε2
KL + Hε2

KL
3 + H

3λ

(
(B) + εE + εRL

)
.

Next, we apply the bound 2
√
ab ⩽ a+ b for a, b > 0√√√√2ε2

RM

(
1
λ
·
(

(B) + εE + εRL

)
+ ε2

KL

)
⩽
H

3λ

(
(B) + εE + εRL

)
+ H

3 ε
2
KL + 3ε2

RM
2H .

Overall, we have (
1− 2H

3λ

)
(B) ⩽ (C) + 3ε2

RM
2H + 2Hε2

KL
3 + 2H

3λ (εE + εRL) .

Next, using the assumption that λ ⩾ H we get 1− 2H/(3λ) ⩾ 1/3 and thus

(B) ⩽ 3(C) + 9ε2
RM

2H + 2Hε2
KL + 2(εE + εRL) .

Next, we analyze the term (C). By Lemma D.9 we have

(C) = EqπE [r⋆(τ)− r̂(τ)]− EqπBC [r⋆(τ)− r̂(τ)]

⩽
√

2VarqπBC (r⋆ − r̂) ·KLtraj(πE∥πBC) + H

3 KLtraj
(
πE∥πBC

)
⩽

3ε2
RM

2H + 2H
3 ε2

KL ,

where for the last inequality we applied 2
√
ab ⩽ a + b. Overall, we have the final rates for any

λ ⩾ H
V ⋆

1 (s1; r⋆)− V πRL

1 (s1; r⋆) ⩽ 3(εE + εRL) + λε2
KL + 9/H · ε2

RM + 4Hε2
KL .

Corollary (Restatement of Corollary 3.17). Let Assumption 4 hold. For ε > 0 and δ ∈ (0, 1),
assume that an expert policy εE is ε/15-optimal and satisfies Assumption 3 in the linear case. Let
πBC be the behavioral cloning policy obtained using function sets described in Section 3.3 and let
the set G be defined in Lemma B.33 for finite and in Lemma B.34 for linear setting, respectively.
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If the following two conditions hold

(1)NRM ⩾ Ω̃
(
ζD̃/ε

)
; (2)NE ⩾ Ω̃

(
H2D̃/ε

)
for D̃ = SA/ d in finite / linear MDPs, then demonstration-regularized RLHF based on UCBVI-Ent+
/ LSVI-UCB-Ent with parameters εRL = ε/15, δRL = δ/3 and λ = λ⋆ = Õ

(
NEε/(SAH)

)
/

Õ
(
NEε/(dH)

)
is (ε, δ)-PAC for BPI with demonstration in finite / linear MDPs with sample com-

plexity

C(ε,NE, δ) = Õ
(
H6S3A2

NEε2

)
(finite) C(ε,NE, δ) = Õ

(
H6d3

NEε2

)
(linear) .

Proof. By symmetry of the distribution qπ
BC ⊗ qπBC , we have

Eτ0,τ1∼πBC

[(
r⋆(τ0)− r⋆(τ1)− (r(τ0)− r(τ1))

)2
]

= 2VarqπBC [r⋆ − r̂] . (B.18)

First of all, notice that under the assumption NRM ⩾ Ω̃
(
ζD̃/ε

)
, Theorem B.30 combined with

(B.18) imply ε2
RM ⩽ Hε/45 with probability at least 1− δ/3.

Next, notice that under the assumption NE ⩾ Ω̃
(
H2D̃/ε

)
, behavior cloning guarantees imply

4Hε2
KL ⩽ ε/5 with probability at least 1−δ/3 (see Appendix B.2.2 and Appendix B.2.3). Then, the

optimal choice λ⋆ for demonstration-regularized RL (see Theorem 3.10) implies λ⋆ = ε/(5ε2
KL) ⩾ H,

thus Theorem B.39 is applicable. By a union bound, we have with probability at least 1− δ

V ⋆
1 (s1; r⋆)− V πRL

1 (s1; r⋆) ⩽ 3( εE︸︷︷︸
⩽ε/15

+ εRL︸︷︷︸
⩽ε/15

) + λ⋆ε2
KL︸ ︷︷ ︸

⩽ε/5

+ 9/H · ε2
RM︸ ︷︷ ︸

⩽ε/5

+ 4Hε2
KL︸ ︷︷ ︸

⩽ε/5

⩽ ε .
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C.1 Detailed Algorithm Description

In this section, we first provide a fully-detailed algorithmic description of the strategy introduced in
Section 4.3.1 (which had been summarized in an algorithm sketch titled Algorithm 5), and we then
write closed-form expressions of the policy constructions 4.3 based on the strategies of Examples 4.7
and 4.8, as well as AdaHedge.

Closed-form expressions of the policy constructions. We first recall the statement (4.3) for
the construction of policies: for all t ⩾ 1, all h ∈ [H], and s ∈ S,

πt,h( · | s) = φt

((
Âτ,h(s, · )

)
τ∈Eet ∩[t−1]

)
.

We now illustrate this definition with the strategies of Examples 4.7 and 4.8, as well as with
AdaHedge. A key observation to do so will be that, by definition of advantage functions and since
Âτ,h(s, · ) is based on the policy πτ,h,

∀τ ∈ [T ], ∀s ∈ S,
∑
a∈A

πτ,h(a | s) Âτ,h(s, a) = 0 .

Polynomial potential (Example 4.7). We denote by (x)+ = max{x, 0} the non-negative part
of x ∈ R. We have φ1 ≡ (1/A, . . . , 1/A) and for t ⩾ 2, whenever Eet ∩ [t− 1] contains at least one
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element,

πt,h(a | s) =

 ∑
τ∈Eet ∩[t−1]

Âτ,h(s, a)−
∑
a′′∈A

πτ,h(a′′ | s) Âτ,h(s, a′′)

2 ln(A)

+∑
a′∈A

 ∑
τ∈Eet ∩[t−1]

Âτ,h(s, a′)−
∑
a′′∈A

πτ,h(a′′ | s) Âτ,h(s, a′′)

2 ln(A)

+

=

 ∑
τ∈Eet ∩[t−1]

Âτ,h(s, a)

2 ln(A)

+∑
a′∈A

 ∑
τ∈Eet ∩[t−1]

Âτ,h(s, a′)

2 ln(A)

+

.

Exponential potential (Example 4.8). Similarly to above, we have φ1 ≡ (1/A, . . . , 1/A) and
for t ⩾ 2, whenever Eet ∩ [t− 1] contains at least one element,

πt,h(a | s) =

exp

ηt ∑
τ∈Eet ∩[t−1]

Âτ,h(s, a)


∑
a′∈A

exp

ηt ∑
τ∈Eet ∩[t−1]

Âτ,h(s, a′)

 where ηt = 1
H + 1

√√√√ ln(A)∣∣∣Eet ∩ [t− 1]
∣∣∣

are time-varying learning rates, based on the cardinality
∣∣∣Eet ∩ [t− 1]

∣∣∣ of Eet ∩ [t− 1].

Adaptive versions of exponential-potential-based strategies. The literature proposed many
ways of setting the learning rates for exponential potentials based on past information—a series
of work initiated by Auer et al. (2002), whose learning rates were used in the paragraph above.
One may cite, among (many) others, Cesa-Bianchi et al. (2007), Erven et al. (2011), Rooij et al.
(2014), Orabona and Pál (2015); sometimes, the resulting strategy is called AdaHedge. For instance,
Orabona (2019, Section 7.6) summarizes this literature by the following learning rates:

ηt =
max{4, 2−1/4

√
ln(A)}√√√√ ∑

τ∈Eet ∩[t−1]
max
a′∈A

(
Âτ,h(s, a′)

)2
.

These updates correspond to an OLO strategy satisfying the bound of Definition 4.6 with a per-
formance bound BT,K = 4

√
T ln(K).

Space and computational complexity. We begin by outlining the space and computational
complexity of the policy optimization strategy discussed above. In both examples (Example 4.7-4.8),
it is clear that the computation of the policy relies solely on the sum of advantage estimates over the
current epoch. These can be stored with a space complexity of O(HSA), and the computational
complexity of updating the policy is O(HSA) per step, as it involves two key operations: (1)
updating the sum of advantage estimates, and (2) updating the policy via a closed-form formula.

Now, the overall computations for one iteration of the final algorithm, outlined in Algorithm 10,
consists of two main phases: (1) the dynamic programming update, which requires O(S2AH)
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C.1. DETAILED ALGORITHM DESCRIPTION

Algorithm 10 Adversarial Policy Optimization based on Monotonic Value Propagation (APO-MVP)
1: Input: Number of rounds T , number of states, actions and horizon S,A,H, confidence level δ,

online linear optimization strategy φ = (φt)t⩾1.
2: Initialize kernels P̂h(s′|s, a) = 1/S for all (s′, s, a, h) ∈ S × S ×A× [H − 1];
3: Initialize counters nh(s, a, s′) = nh(s, a) = 0 for all (s′, s, a, h) ∈ S × S ×A× [H − 1];
4: Initialize histories Hh,s = ∅ for all h ∈ [H] and s ∈ S;
5: Initialize π1,h( · | s) = φ1(∅) for all h ∈ [H] and s ∈ S;
6: Select initial state s1 ∈ S;
7: for rounds t = 1, . . . , T do
8: // Interaction
9: Set st,1 = s1;

10: for h = 1, . . . , H do
11: Play action at,h ∼ πt,h( · | st,h);
12: Receive next state st,h+1 ∼ Ph( · | st,h, at,h);
13: Update counters nh(st,h, at,h) += 1 and nh(st,h, at,h, st,h+1) += 1;
14: // Trigger, update the model
15: if nh(st,h, at,h) = 2ℓ−1 for some ℓ ⩾ 1 then
16: P̂h(s′|st,h, at,h) = nh(st,h,at,h,s

′)
2ℓ−1 for all s′ ∈ S;

17: bh(st,h, at,h) =
√

2H2 ln(2SATH log2(2T )/δ)
2ℓ−1 ∧H;

18: Activate trigger;
19: end if
20: end for
21: Receive reward function rt = (rt,h)h∈[H];
22: if trigger then
23: Drop all histories, i.e., set Hh,s = ∅ for all h ∈ [H] and s ∈ S;
24: Set πt+1,h( · | s) = φt(∅) for all h ∈ [H] and s ∈ S;
25: Deactivate trigger;
26: else
27: // Compute first the advantage functions via Bellman’s equations
28: Let Q̂H(s, a) = rt,H(s, a) and V̂h(s) = πt,HQ̂H(s) for each (s, a) ∈ S ×A;
29: for h = H − 1, H − 2, . . . , 1 do
30: Let Q̂h(s, a) = rt,h(s, a) + bh(s, a) + P̂hV̂h+1(s, a) and V̂h(s) = πt,hQ̂h(s) for each (s, a) ∈

S ×A;
31: end for
32: Let Âh(s, a) = Q̂h(s, a)− V̂h(s) for all (s, a, h) ∈ S ×A× [H];
33: Add

(
Âh(s, a)

)
a∈A

to the history Hh,s for each (h, s) ∈ [H]× S;
34: // Next, obtain πt+1 via the learning strategy
35: Let πt+1,h( · | s) = φt(Hh,s) for all (h, s) ∈ [H]× S;
36: end if
37: end for
38: Output: Sequence of policies πt = (πt,h)h∈[H], for t ∈ [T ].

calculations in the worst case, and (2) the policy optimization update, which requires O(SAH)
calculations, as previously described. The space complexity of the algorithm is standard for model-
based reinforcement learning algorithms and is equal to O(S2AH).

In summary, the algorithm introduces no additional computational and space overhead beyond
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that of standard dynamic programming methods.

C.2 Term (B)
It only remains to prove Lemma 4.9, which we restate below. For the sake of self-completeness,
we copy the proofs by Jonckheere et al. (2025). As noted by Jonckheere et al. (2025, Remark 1),
the proof below may be adapted to strategies run with Q–functions rather than with advantage
functions: (C.1) is then replaced by

2M(H − h+ 1)BT,A ⩾ max
a∈A

T∑
t=1

Q
π′

t,r
′
t,P

′

h (s, a)−
T∑
t=1

∑
a∈A

π′
t,h(a|s)Qπ′

t,r
′
t,P

′

h (s, a)︸ ︷︷ ︸
=V

π′
t

,r′
t

,P ′

h (s)

= max
a∈A

T∑
t=1

A
π′

t,r
′
t,P

′

h (s, a) ,

and the rest of the proof is unchanged. However, advantage functions are preferred in practice.
Lemma 4.9 (Jonckheere et al. 2025). If the learning strategy satisfies the conditions of Def-
inition 4.6, then the sequence of policies defined right above is such that, for all fixed policies
π = (πh)h∈[H], for all T ⩾ 1,

T∑
t=1

(
V

π,r′
t,P

′

1 (s1)− V π′
t,r

′
t,P

′

1 (s1)
)
⩽ 2MH2 BT,A .

Proof. As the reward function takes values in [0,M ], we have that
∣∣∣Aπ′

τ

τ,h(s, a)
∣∣∣ ⩽ M(H − h + 1).

By the definition of advantage functions (for the equality to 0) and by Definition 4.6 (for the upper
bound), we have, for all s ∈ S,

max
a∈A

T∑
t=1

A
π′

t,r
′
t,P

′

h (s, a)−
T∑
t=1

∑
a∈A

π′
t,h(a|s)Aπ′

t,r
′
t,P

′

h (s, a)︸ ︷︷ ︸
=0

⩽ 2M(H − h+ 1)BT,A . (C.1)

Now, the so-called performance difference lemma (see, e.g., Kakade and Langford (2002) for the
result in the discounted setting) shows that

V
π,r′

t,P
′

1 (s1)− V π′
t,r

′
t,P

′

1 (s1) =
H∑
h=1

∑
s∈S

µπ,P ′,s1
h (s)

∑
a∈A

πh(a|s)Aπ′
t,r

′
t,P

′

h (s, a)

where µπ,P ′,s1
h is the distribution of st,h induced in the h–th episode by π given the state transitions

P ′ and the initial state s1. Summing this equality over t and rearranging, we get
T∑
t=1

(
V

π,r′
t,P

′

1 (s1)− V π′
t,r

′
t,P

′

1 (s1)
)

=
H∑
h=1

∑
s∈S

µπ,P ′,s1
h (s)

∑
a∈A

πh(a|s)
T∑
t=1

A
π′

t,r
′
t,P

′

h (s, a)

⩽
H∑
h=1

∑
s∈S

µπ,P ′,s1
h (s) max

a∈A

T∑
t=1

A
π′

t,r
′
t,P

′

h (s, a)︸ ︷︷ ︸
⩽2M(H−h+1)BT,A

⩽ 2M
H∑
h=1

(H − h+ 1)BT,A = MH(H + 1)BT,A

⩽ 2MH2 BT,A ,
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where we substituted (C.1). Here, we crucially used that the convex combination with weights
µπ,P ′,s1
h (s) is independent of t and only depends on the fixed benchmark policy π, on the state

transitions P ′, and on the initial states s1 (identical for all t).

C.3 Term (A)
We start with the following consequence of Hoeffding’s inequality.

Lemma C.1. For each t ∈ [T ], for each h ∈ [H − 1], for each (s, a) ∈ S × A, for each ℓ ∈[
⌈log2(T )⌉

]
,

P


∣∣∣∣∣∣ 1
2ℓ−1

2ℓ−1∑
j=1

V π⋆,rt,P
h+1 (σh,s,a,j)− PhV π⋆,rt,P

h+1 (s, a)

∣∣∣∣∣∣ >
√

2H2 ln(2SATH log2(2T )/δ)
2ℓ−1 ∧H


⩽

δ

SATH log2(2T ) ,

where (σh,s,a,j)1⩽j⩽2ℓ−1 is a sequence of i.i.d. variables with distribution Ph( · | s, a).

Proof. The policy π⋆ is fixed, as it only depends on the rt and P , which are all fixed beforehand.
The function g = V π⋆,rt,P

h+1 is therefore a fixed deterministic function. The expectation of g(σh,s,a,j) is
indeed, given our notation, Phg. By the boundedness of rewards in [0, 1], and thus the boundedness
of values in the range [0, H], we may therefore apply Hoeffding’s inequality: we do so for each
t ∈ [T ], each (s, a, h) ∈ S × A× [H − 1], and each ℓ ∈

[
⌈log2(T )⌉

]
, and get that for all δ′ ∈ (0, 1),

with probability at least 1− δ′,∣∣∣∣∣∣ 1
2ℓ−1

2ℓ−1∑
j=1

V π⋆,rt,P
h+1 (σh,s,a,j)− PhV π⋆,rt,P

h+1 (s, a)

∣∣∣∣∣∣ ⩽
√

2H2 ln(2/δ′)
2ℓ−1 .

The proof is concluded by keeping in mind that the left-hand side necessarily belongs to [0, H] by
boundedness of values in [0, H].

We are now ready to prove Lemma 4.13, which we restate below; we do so by mimicking the
proof of Azar et al. (2017, Lemma 18).

Lemma 4.13. With probability at least 1− δ, for all t ∈ [T ] and all (s, a, h) ∈ S ×A× [H],

Qπ⋆,rt,P
h (s, a) ⩽ Qπ⋆,rt+bt,P̂t

h (s, a) , V π⋆,rt,P
h (s) ⩽ V π⋆,rt+bt,P̂t

h (s) .

Specifically, with probability ⩾ 1− δ, we have (A) ⩽ 0.

Proof. We proceed by backward induction, for each given t ∈ [T ]; more precisely, we consider, for
h ∈ [H], the induction hypothesis

∀(s, a) ∈ S ×A, Qπ⋆,rt,P
h (s, a) ⩽ Qπ⋆,rt+bt,P̂t

h (s, a) (Hh)

and V π⋆,rt,P
h (s) ⩽ V π⋆,rt+bt,P̂t

h (s) .

For h = H, we note that for all (s, a),

Qπ⋆,rt,P
H (s, a) = rt,H(s, a) = rt,H(s, a) + bt,H(s, a) = Qπ⋆,rt+bt,P̂t

H (s, a) ,
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so that (HH) is trivially satisfied. For h ∈ [H − 1], by Bellman equations,

Qπ⋆,rt+bt,P̂t

h (s, a)−Qπ⋆,rt,P
h (s, a) = bt,h(s, a) + P̂t,hV

π⋆,rt+bt,P̂t

h+1 (s, a)− PhV π⋆,rt,P
h+1 (s, a) ,

where by the induction hypothesis (Hh+1), we have V π⋆,rt+bt,P̂ t

h+1 (s′) ⩾ V π⋆,rt,P
h+1 (s′) for any s′. Thus,

Qπ⋆,rt+bt,P̂t

h (s, a)−Qπ⋆,rt,P
h (s, a) ⩾ bt,h(s, a) +

(
P̂t,h − Ph

)
V π⋆,rt,P
h+1 (s, a) , (C.2)

and a similar inequality for values, as the latter are obtained as convex combinations of Q–values,
where the convex weights are determined solely by the common policy π⋆ used. Therefore, (Hh)
holds at least on the event

Gt,h ≜

{
∀(s, a) ∈ S ×A,

∣∣∣∣(P̂t,h − Ph)V π⋆,rt,P
h+1 (s, a)

∣∣∣∣ ⩽ bt,h(s, a)
}
.

All in all, the inequalities required in the statement of the lemma thus hold on the intersection of
the events Gt,h over t ∈ [T ] and h ∈ [H − 1].

To conclude the proof, it suffices to show that this intersection is of probability at least 1 − δ.
By considering the complements and by a union bound, it suffices to show that any event

Gt,h,s,a ≜
{∣∣∣∣(P̂t,h − Ph)V π⋆,rt,P

h+1 (s, a)
∣∣∣∣ > bt,h(s, a)

}

is of probability at most δ/(SATH). We partition the probability space based on the value of
ℓt−1,h(s, a), resort to optional skipping and Corollary 4.12, with the deterministic function g =
V π⋆,rt,P
h+1 (see the proof of Lemma C.1), to get the first inequality below, and to Lemma C.1 for the

second inequality below. We also use the definition (4.5) of bt,h:

P
(
Gt,h,s,a

)
=

⌈log2(T )⌉∑
ℓ=0

P
(
Gt,h,s,a ∩

{
ℓt−1,h(s, a) = ℓ

})

=
⌈log2(T )⌉∑

ℓ=1
P
{∣∣∣(P̂t,h − Ph

)
V π⋆,rt,P

h+1 (s, a)
∣∣∣ >√2H2 ln(2SATH log2(2T )/δ)

2ℓ−1 ∧H and ℓt−1,h(s, a) = ℓ

}

⩽
⌈log2(T )⌉∑

ℓ=1
P


∣∣∣∣∣ 1
2ℓ−1

2ℓ−1∑
j=1

V π⋆,rt,P
h+1 (σh,s,a,j)− PhV

π⋆,rt,P
h+1 (s, a)

∣∣∣∣∣ >
√

2H2 ln(2SATH log2(2T )/δ)
2ℓ−1 ∧H


⩽ ⌈log2(T )⌉ δ

SATH log2(2T ) ⩽
δ

SATH
,

where we used the fact that bt,h(s, a) = H is a trivial upper bound on the difference of values at
hand in the case ℓ = 0, which is why the element ℓ = 0 gets dropped in the summation in the
second equality.

C.4 Term (D)
We first restate and then prove Lemma 4.14.

Lemma 4.14. With probability at least 1− δ, we have

(D) ⩽ 7
√
H4SAT ln(2SATH log2(2T )/δ) +H2SA .
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Proof. Since bt,h(s, a) ∈ [0, H], the Hoeffding-Azuma inequality implies that with probability at
least 1− δ,

T∑
t=1

V πt,bt,P
1 (s1)−

T∑
t=1

∑
h∈[H]

bt,h(st,h, at,h) ⩽

√
(H2)2 T ln(1/δ)

2 ; (C.3)

we crucially use here that the policies πt only depend on information gathered during previous
episodes τ ⩽ t− 1 and that the stochastic environment P considered in the definition of (D) is the
true underlying environment.

We fix h ∈ [H − 1] (recall that bt,H ≡ 0) and a pair (s′, a′) ∈ S ×A, and show that
T∑
t=1

bt,h(st,h, at,h)1
{

(st,h,, at,h) = (s′, a′)
}
⩽ H +

√
2H2 ln(2SATH log2(2T )/δ)nT,h(s′, a′) . (C.4)

Indeed, there can only be at most one t such (st,h,, at,h) = (s′, a′) and nt,h(s′, a′) = 1; for this t, we
use the upper bound bt,h(st,h, at,h) ⩽ H. For t such that nt,h(s′, a′) ⩾ 2, we have, by the definitions in
Section 4.3.1, that 2ℓt,h(s′,a′) ⩾ nt,h(s′, a′) and ℓt−1,h(s′, a′)+1 ⩾ ℓt,h(s′, a′) ⩾ ℓt−1,h(s′, a′). Therefore,
2ℓt−1,h(s′,a′)−1 ⩾ 2ℓt,h(s′,a′)−2 ⩾ nt,h(s′, a′)/4. Substituting this inequality in the definition (4.5) of
bt,h, we obtain

T∑
t=1

bt,h(st,h, at,h)1
{

(st,h,, at,h) = (s′, a′)
}

⩽ H +
T∑
t=1

√
8H2 ln(2SATH log2(2T )/δ)

nt,h(s′, a′) 1
{

(st,h,, at,h) = (s′, a′)
}
1
{
nt,h(s′, a′) ⩾ 2

}
,

where, using that the counters nt,h(s′, a′) vary (by +1) if and only if (st,h,, at,h) = (s′, a′), we also
have

T∑
t=1

1√
nt,h(s′, a′)

1
{

(st,h,, at,h) = (s′, a′)
}
1
{
nt,h(s′, a′) ⩾ 2

}
=
nT,h(s′,a′)∑

n=2

1√
n
⩽ 2

√
nT,h(s′, a′) .

We conclude the proof by noting first that for each (s′, a′) ∈ S ×A, by concavity of the root,∑
(s′,a′)

√
nT,h(s′, a′) ⩽

√
SAT ,

so that summing (C.4) over h ∈ [H − 1] and (s′, a′) ∈ S ×A yields
T∑
t=1

∑
h∈[H]

bt,h(st,h, at,h) ⩽ H2SA+ 4H
√

2H2SAT ln(2SATH log2(2T )/δ) .

We combine this inequality with (C.3) and note that√
H4 T ln(1/δ)

2 ⩽
√
H4SAT ln(2SATH log2(2T )/δ)

to get the claimed bound.

C.5 Term (C)
This section is devoted to the analysis of the term (C), which is the most involved part of the proof.
We leverage the recently developed techniques of Zhang et al. (2024). We start by restating the
claimed bound.
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Lemma 4.15. With probability at least 1− δ,

(C) ⩽ 2
√
H7SAT

(
log2(2T )

)3
+ 2

√
2H6 T log2(2T ) ln(4H/δ) + SAH3 .

The proof starts with an application of the performance-difference lemma in case of different
transition kernels (see, e.g., Russo 2019, Lemma 3):

V πt,rt+bt,P̂t

1 (s1)− V πt,rt+bt,P
1 (s1) = Eπt,P

[
H−1∑
h=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (s′
h, a

′
h)
]
,

where the piece of notation Eπt,P indicates (as in Section 4.2) that the expectation is taken over
trajectories (s′

1, a
′
1, . . . , s

′
H , a

′
H) started at s′

1 = s1 and induced by the policies πt and the transition
kernels P . Actually, one such trajectory is exactly (st,1, at,1, . . . , st,H , at,H) and we could rewrite
the considered expectation as a conditional expectation:

Eπt,P

[
H−1∑
h=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (s′
h, a

′
h)
]

= E
[
H−1∑
h=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (st,h, at,h)
∣∣∣∣∣πt, bt, P̂t

]
.

Next, we apply the Hoeffding–Azuma inequality, by resorting to a lexicographic order on pairs (t, h)
and by noting that the random variables at hand satisfy(

P̂t,h − Ph
)
V πt,rt+bt,P̂t

h+1 (st,h, at,h) ∈ [−H2, H2] ;

indeed, the sums rt,h + bt,h lies in [0, H + 1] and the value functions are weighted sums of at most
H − 1 such terms. We obtain that with probability at least 1− δ/2,

(C) =
T∑
t=1

V πt,rt+bt,P̂t

1 (s1)− V πt,rt+bt,P
1 (s1)

⩽
T∑
t=1

H−1∑
h=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (st,h, at,h) +
√

2H5T ln(2/δ) . (C.5)

We fix h ∈ [H − 1] and use the decomposition
T∑
t=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (st,h, at,h)

⩽ SAH2 +
T∑
t=1

∑
(s,a)

⌈log2 T ⌉∑
ℓ=1

2ℓ−1∑
j=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (s, a)1
{

(st,h, at,h) = (s, a)
}

(C.6)
× 1

{
nt,h(s, a) = 2ℓ−1 + j

}
;

the term SAH2 comes from the fact that for each pair (s, a), there is at most once round t when
(st,h, at,h) = (s, a) and nt,h(s, a) = 1. We prove below the following lemma.

Lemma C.2. For each pair (ℓ, j), where ℓ ∈
[
⌈log2 T ⌉

]
and j ∈ [2ℓ−1], with probability at least

1− δ/(4TH),
T∑
t=1

∑
(s,a)

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (s, a)1
{

(st,h, at,h) = (s, a)
}
1
{
nt,h(s, a) = 2ℓ−1 + j

}

⩽

√√√√√2H4 1
2ℓ−1

∑
(s,a)

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}
ln
(

4H(T + 1)1+SAH⌈log2(T )⌉

δ

)
.
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Remark C.3. Lemma C.2 is established for a fixed h, with the derived bound scaling as
√
H5 in

terms of the episode length. Consequently, the final bound on term-(C) scales as H
√
H5 =

√
H7

by summing the bound of Lemma C.2 over h ∈ [H].
A potential refinement of the bound on term (C) involves incorporating the summation over h

appearing in (C.5) and proving a strengthened version of Lemma C.2. In particular, taking the
sum over h into account (instead of a fixed value h) would replace

√
H5 in Lemma C.2 by

√
H6.

Since no more summation over h is needed, the final bound would also scale as
√
H6.

For the sake of simplicity and because the control of term (B) leads anyway to a factor
√
H7 in

the final regret bound, we do not pursue this direction.
We conclude the proof of Lemma 4.15 based on Lemma C.2. There are at most 2T different pairs

(ℓ, j) considered, so that all events considered in Lemma C.2 hold simultaneously with probability
at least 1− δ/(2H). In addition, a first application of Jensen’s inequality guarantees that for each
1 ⩽ ℓ ⩽ ⌈log2 T ⌉,

2ℓ−1∑
j=1

√√√√ 1
2ℓ−1

∑
(s,a)

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}
⩽

√√√√√∑
(s,a)

2ℓ−1∑
j=1

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}
,

and a second application yields

⌈log2 T ⌉∑
ℓ=1

2ℓ−1∑
j=1

√√√√ 1
2ℓ−1

∑
(s,a)

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}

⩽

√√√√√√√√⌈log2 T ⌉
∑
(s,a)

⌈log2 T ⌉∑
ℓ=1

2ℓ−1∑
j=1

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}
︸ ︷︷ ︸

=nT,h(s,a)−1

⩽
√
T ⌈log2 T ⌉ .

Therefore, substituting the bound above (together with Lemma C.2) into (C.6), we proved so far
that with probability at least 1− δ/2,

T∑
t=1

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (st,h, at,h)

⩽ SAH2 +

√√√√2H4 T ⌈log2 T ⌉ ln
(

4H(T + 1)1+SAH⌈log2(T )⌉

δ

)

⩽ SAH2 + 2
√
H5SAT

(
log2(2T )

)3
+
√

2H4 T ⌈log2 T ⌉ ln(4H/δ) .

Summing this bound over h ∈ [H − 1] and combining the outcome with (C.5) leads to

(C) ⩽ SAH3 + 2
√
H7SAT

(
log2(2T )

)3
+
√

2H6 T ⌈log2 T ⌉ ln(4H/δ) +
√

2H5T ln(2/δ) ,

and thus to the upper bound claimed in Lemma 4.15.
It therefore only remains to prove Lemma C.2.

Proof. We denote by

τℓ,j,h(s, a) ≜
{
t if (st,h, at,h) = (s, a) and nt,h(s, a) = 2ℓ−1 + j ,

+∞ if nT,h(s, a) ⩽ 2ℓ−1 + j − 1 ,
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the stopping time whether and when (s, a) was reached in stage h for the (2ℓ−1+j)–th time, with the
convention τℓ,j,h(s, a) = +∞ if (s, a) was reached fewer times than that. To apply optional skipping,
we will partition the underlying probability space according to the values of all the ℓt′,h′(s′, a′) as
t′, h′, s′, a′ vary and of the τℓ,j,h(s′, a′) as s′, a′ only vary.

Part 1: Hoeffding-Azuma inequality. We fix consistent sequences kt′,h′(s′, a′) ∈ [T ] and κℓ,j,h(s′, a′)
of values for the ℓt′,h′(s′, a′) and the τℓ,j,h(s′, a′); in particular, kκℓ,j,h(s,a)−1,h(s, a) = ℓ. The notation
in the display below is heavy but the high-level idea is simple to grasp: only rounds t = κℓ,j,h(s, a)
matter, and we know to which global epoch each of these rounds belongs and, in particular, we
know which averages are in the components P̂t,h( · | s′, a′) of P̂t,h.

We rewrite the quantity at hand on the event associated with the sequences fixed:
T∑
t=1

∑
(s,a)

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (s, a)1
{

(st,h, at,h) = (s, a)
}
1
{
nt,h(s, a) = 2ℓ−1 + j

}
×

∏
(s′,a′)∈S×A

1{τℓ,j,h(s′, a′) = κℓ,j,h(s′, a′)
} T∏
t′=1

∏
h′∈[H−1]

1
{
ℓt′,h′(s′, a′) = kt′,h′(s′, a′)

}
⩽

∑
(s,a):κℓ,j,h(s,a)⩽T

(
P̂κℓ,j,h(s,a),h − Ph

)
V̂κℓ,j,h(s,a),h+1(s, a)

×
∏

(s′,a′)∈S×A

∏
h′∈[H−1]

1
{
ℓκℓ,j,h(s,a)−1,h′(s′, a′) = kκℓ,j,h(s,a)−1,h′(s′, a′)

}
, (C.7)

where we used the short-hand notation V̂t,h+1 ≜ V πt,rt+bt,P̂t

h+1 .
We are now ready to apply optional skipping—a concept recalled in Section 4.4.2, whose notation

we use again here. On the events

C′ ≜
⋂

(s′,a′)∈S×A

⋂
h′∈[H−1]

{
ℓκℓ,j,h(s,a)−1,h′(s′, a′) = kκℓ,j,h(s,a)−1,h′(s′, a′)

}
considered, the empirical averages P̂κℓ,j,h(s,a),h′( · | s′, a′) have the same distributions as the empirical
frequency vectors associated with the i.i.d. random variables

σh′,s′,a′,j , j ∈
[
2kκℓ,j,h(s,a)−1,h′ −1]

, with distribution Ph′( · | s′, a′),

and are independent from each other as h′, s′, a′ vary. In particular, P̂κℓ,j,h(s,a),h( · | s, a) is distributed
as the empirical frequency vector of 2ℓ−1 i.i.d. random variables σh,s,a,j , with j ∈ [2ℓ−1]. In addition,
Bellman’s equations (see the beginning of Section 4.3.1) show that on the events C′ considered to
apply optional skipping, V̂κℓ,j,h(s,a),h+1 only depends on the πκℓ,j,h(s,a),h′ with h′ ⩾ h + 1, on the
P̂κℓ,j,h(s,a),h′( · | s′, a′) with h′ ⩾ h+ 1, and on state-action pairs relative to stages h′ ⩾ h+ 1. Given
the form of the adversarial learning strategy used, we conclude that on the events C′ considered
to apply optional skipping, all the V̂κℓ,j,h(s,a),h+1, as s, a vary, only depend on state-action pairs of
stages h′ ⩾ h+ 1 and are therefore independent from all the P̂κℓ,j,h(s′,a′),h, as s′, a′ vary.

Put differently, optional skipping entails here that for all ε > 0,

P

 ∑
(s,a):κℓ,j,h(s,a)⩽T

(
P̂κℓ,j,h(s,a),h − Ph

)
V̂κℓ,j,h(s,a),h+1(s, a) > ε

 ∩ C′


⩽ P

 ∑
(s,a):κℓ,j,h(s,a)⩽T

1
2ℓ−1

∑
j∈[2ℓ−1]

(
Ṽs,a,h+1(σh,s,a,j)− PhṼs,a,h+1(s, a)

)
> ε

, (C.8)

for some Ṽs,a,h+1 independent from all the σh,s,a,j as s, a, j vary (and h is fixed). We recall that the
σh,s,a,j are independent from each other as s, a, j vary (and h is fixed).

178



C.5. TERM (C)

By the independencies noted above, and by boundedness of the values functions in [0, (H −
h)(H + 1)] ⊆ [0, H2], the Hoeffding–Azuma inequality guarantees that for all δ′ ∈ (0, 1),

P

 ∑
(s,a):κℓ,j,h(s,a)⩽T

1
2ℓ−1

∑
j∈[2ℓ−1]

(
Ṽs,a,h+1(σh,s,a,j)− PhṼs,a,h+1(s, a)

)

>

√√√√√ 1
2× 2ℓ−1

∑
(s,a):κℓ,j,h(s,a)⩽T

H4 ln
(

1
δ′

) = δ′ . (C.9)

We summarize what we proved so far. Denoting by

∆T,ℓ,j ≜
T∑
t=1

∑
(s,a)

(
P̂t,h − Ph

)
V πt,rt+bt,P̂t

h+1 (s, a)1
{

(st,h, at,h) = (s, a)
}
1
{
nt,h(s, a) = 2ℓ−1 + j

}
the target quantity, and by

C ≜
⋂

(s′,a′)∈S×A

{τℓ,j,h(s′, a′) = κℓ,j,h(s′, a′)
} ⋂
t′=∈[T ]

⋂
h′∈[H−1]

{
ℓt′,h′(s′, a′) = kt′,h′(s′, a′)

}
the event associated with the values fixed, the bounds (C.7)–(C.8)–(C.9) show that for all δ′ ∈ (0, 1),

P

∆T,ℓ,j >

√√√√2H4 1
2ℓ−1

∑
(s,a)

1
{
nT,h(s, a) ⩾ 2ℓ−1 + j

}
ln
(

1
δ′

) ∩ C


= P


∆T,ℓ,j >

√√√√√ 1
2ℓ

∑
(s,a):κℓ,j,h(s,a)⩽T

H2 ln
(

1
δ′

) ∩ C
 ⩽ δ′ . (C.10)

Part 2: Union bound and counting the sequences. The proof is concluded by counting how many
different sets C may be obtained. We do so in a rough way, that will be sufficient for our purposes.
First, we need to count the profile values (4.8). There are T (H − 1) functions ℓt,h : S × A →[
⌈log2(T )⌉

]∗
, satisfying some monotonicity constraints, as well as some other constraints which we

ignore. The monotonicity constraints imply that for each (s, a) and h ∈ [H − 1], it is sufficient to
determine the at most ⌈log2(T )⌉ time steps t among [T ] when ℓt,h increases by 1. Thus, there are
at most

(T + 1)⌈log2(T )⌉

possible sequences of values for the ℓt,h(s, a) as t varies and h, s, a are fixed. All in all, the profile
part in the number of different sets C is smaller than(

(T + 1)⌈log2(T )⌉
)SA(H−1)

.

For stopping times, we need to determine, for each (s, a), a single value, in a set included in
[T ]∪ {+∞}. We neglect other constraints and see that there are therefore at most (T + 1)SA such
choices.

As a conclusion, there are at most

M = (T + 1)SAH⌈log2(T )⌉

different possible values for the sets C. The proof of Lemma C.2 is concluded by a union bound
over the events (C.10), with δ′ = δ/(4HTM).
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Appendix D

Technical Lemmas
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D.1 Entropy Properties

Lemma D.1. For any reward-free MDP M = (S,A, {ph}h∈[H], s1) the following holds

max
d∈Kp

Hvisit(d) = max
d∈Kp

min
d̄∈K

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

= min
d̄∈K

max
d∈Kp

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

Proof. The first equality is due to

Hvisit(d) =
H∑
h=1
H(dh) =

H∑
h=1
H(dh) + KL(dh, dh)

= min
d̄∈K

H∑
h=1

(H(dh) + KL(dh, d̄h)) = min
d̄∈K

∑
(h,s,a)

dh(s, a) log 1
d̄h(s, a)

and the second equality uses Sion’s theorem (Sion 1958) with the fact that K,Kp are compact
convex sets and (d, d̄) 7→ −∑h,s,a dh(s, a) log d̄h(s, a) is concave-convex.
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Lemma D.2. The trajectory entropy Htraj(π) has the following representation

Htraj(π) =
∑
m∈T

qπ(m) log 1
qπ(m) = Eπ

[
H∑
h=1
H(ph(sh, ah)) +H(πh(sh))|s1

]
,

with a convention H(pH(s, a)) = 0.
Proof. By a definition of qπ(m):

qπ(m) = π1(a1|s1)
H∏
h=2

ph−1(sh|sh−1, ah−1)πh(ah|sh),

thus ∑
m∈T

qπ(m) log 1
qπ(m) = −

∑
m∈T

qπ(m)
(

log(π1(a1|s1))

+
H∑
h=2

log(ph−1(sh|sh−1, ah−1)) + log(πh(ah|sh))
)
.

By rearranging the terms we have

Htraj(π) =
H∑
h=1

∑
m∈T

qπh(m)
(

log 1
ph(sh+1|sh, ah) + log 1

πh(ah|sh)

)
,

where under convention pH is a deterministic transition to s1. Marginalizing qπh(m) over sh, ah, sh+1
we get

Htraj(π) =
H∑
h=1

∑
s,a,s′

dπ(s, a)ph(s′|s, a)
(

log 1
ph(s′|s, a) + log 1

πh(a|s)

)

=
∑
s,a

dπh(s, a)
H∑
h=1
H(ph(s, a)) +

∑
s

dπh(s)H(πh(s)).

Lemma D.3. For any reward-free MDP M = (S,A, {ph}h∈[H], s1) and any policy π it holds
Htraj(qπ) ⩽ Hvisit(dπ) ⩽ HHtraj(qπ).

Proof. The first inequality is a result of the non-negativity of mutual information, specifically the
difference Hvisit(dπ) − Htraj(qπ) is equal to the Kullback-Leibler divergence between qπ and the
product distribution ⊗Hh=1d

π
h,

Hvisit(dπ) =
∑
s,a,h

dπh(s, a) log 1
dπh(s, a)

=
∑
s,a,h

∑
m=(s1,a1,...,sH ,aH)∈T

1{(s, a) = (sh, ah)}qπ(m) log 1
dπh(s, a)

=
H∑
h=1

∑
m=(s1,a1,...,sH ,aH)∈T

qπ(m) log 1
dπh(sh, ah)

=
∑

m=(s1,a1,...,sH ,aH)∈T
qπ(m) log 1∏H

h=1 d
π
h(sh, ah)

= KL(qπ,⊗Hh=1d
π
h) +Htraj(qπ)

⩾ Htraj(qπ).
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The second inequality is simply a consequence of the monotonicity of logarithm

Htraj(qπ) =
∑
m∈T

qπ(m) log 1
qπ(m)

=
∑
s,a,h

1
H

∑
m=(s1,a1,...,sH ,aH)∈T

1{(s, a) = (sh, ah)}qπ(m) log
(

1
qπ(m)

)

⩾
∑
s,a,h

1
H

∑
m=(s1,a1,...,sH ,aH)∈T

1{(s, a) = (sh, ah)}qπ(m)

× log
(

1∑
m′=(s′

1,a
′
1,...,s

′
H ,a

′
H)∈T 1{(s, a) = (s′

h, a
′
h)}qπ(m′)

)

= 1
H
Hvisit(dπ),

where we used that log(1/x) = − log(x) is monotonically decreasing, and∑
m′=(s′

1,a
′
1,...,s

′
H ,a

′
H)∈T

1{(s, a) = (s′
h, a

′
h)}qπ(m′) ⩾ qπ(m)

for any m = (s1, a1, . . . , sH , aH) such that (sh, ah) = (s, a).

Lemma D.4. In a deterministic MDP, i.e. the transition probability distributions are determinis-
tic, the maximum trajectory entropy policy is the uniform policy over actions

π⋆,TE
h (s, a) = 1/A .

Proof. The proof is straightforward by using the Bellman equations for MTEE. By induction over
the step h we prove that π⋆,TE

h (s, a) = 1/A and V ⋆
h (s) = (H + 1− h) log(A). Assume the induction

hypothesis at step h + 1. Then we get Q⋆
h(s, a) = 0 + phV

⋆
h+1(s, a) = (H − h) log(A) which yields

π⋆,TE
h (s, a) = 1/A and V ⋆

h (s) = log
(∑

a∈A A
H−h

)
= (H + 1 − h) log(A). The base case h = H is

immediate.

D.2 Counts to pseudo-counts

Here we state Lemma 8 and Lemma 9 by Ménard et al. (2021).

Lemma D.5. On event Ecnt, for any β(δ, ·) such that x 7→ β(δ, x)/x is non-increasing for x ⩾ 1,
x 7→ β(δ, x) is non-decreasing ∀h ∈ [H], (s, a) ∈ S ×A,

∀t ∈ N⋆,
β(δ, nth(s, a))
nth(s, a) ∧ 1 ⩽ 4β(δ, n̄th(s, a))

n̄th(s, a) ∨ 1 .

Lemma D.6. For T ∈ N⋆ and (ut)t∈N⋆ , for a sequence where ut ∈ [0, 1] and Ut ≜
∑t
l=1 uℓ, we get

T∑
t=0

ut+1

Ut ∨ 1 ⩽ 4 log(UT+1 + 1) .

D.3 Counts to pseudo-counts in linear MDPs

Let {Xt}∞
t=1 be a sequence of random vectors of dimension d adapted to a filtration {Ft}∞

t=1 such
that ∥Xt∥2 ⩽ 1 a.s.. Define a sequence of positive semi-definite matrices At = E[XtX

T
t |Ft−1].

Notice that ∥At∥2 = σmax(At) ⩽ 1. Also define Λt = λId +∑t
j=1 XjX

T
j and Λt = λId +∑t

j=1 Aj .
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Lemma D.7. Let A ≽ 0 be a positive semi-definite matrix such that ∥A∥2 ⩽ 1. Then

log det(I + A) ⩽ Tr(A) ⩽ 2 log det(I + A) .

Proof. Follows from eigendecomposition for A and numeric inequality log(1 +x) ⩽ x ⩽ 2 log(1 +x)
for all x ∈ [0, 1].

The next result generalized Lemma D.2 by Jin et al. (2020b); see also Abbasi-Yadkori et al.
(2011). Also, it could be treated as a generalization of Lemma D.6 for linear MDPs.

Lemma D.8. Let ∥At∥2 ⩽ 1 for all t ⩾ 1. Then for any T ⩾ 1

log det(ΛT )
det(Λ0)

⩽
T∑
t=1

E
[
XT
t [Λt−1]−1Xt|Ft−1

]
⩽ 2 log det(ΛT )

det(Λ0)
.

Proof. First, we notice that Λt−1 is Ft−1-measurable, thus

E
[
XT
t [Λt−1]−1Xt|Ft−1

]
= E

[
Tr
(
[Λt−1]−1XtX

T
t

)
|Ft−1

]
= Tr

(
[Λt−1]−1E[XtX

T
t |Ft−1]

)
= Tr

(
[Λt−1]−1At

)
= Tr

(
[Λt−1]−1/2At[Λt−1]−1/2

)
.

Notice that Σt = [Λt−1]−1/2At[Λt−1]−1/2 is positive semi-definite matrix. Then by Lemma D.7

log det(Id + Σt) ⩽ E
[
XT
t [Λt−1]−1Xt|Ft−1

]
⩽ 2 log det(Id + Σt) .

At the same time, we have

det(Λt) = det(Λt−1 + At) = det(Λt−1) · det
(
Id + [Λt−1]−1/2At[Λt−1]−1/2

)
.

Thus by telescoping property

log det(ΛT )
det(Λ0)

⩽
T∑
t=1

E
[
XT
t [Λt−1]−1Xt|Ft−1

]
⩽ 2 log det(ΛT )

det(Λ0)
.

D.4 On the Bernstein inequality

We restate here a Bernstein-type inequality by Talebi and Maillard (2018). Remark that the second
part of Corollary 11 by Talebi and Maillard (2018) is not correct, i.e., there exist two measures p, q
such that

qf − pf >
√

2Varq(f) KL(p∥q) ,
whereas the first inequality still holds. We provide a direct proof in Lemma D.9 for completeness.

Lemma D.9. Let p, q ∈ ∆S , where ∆S denotes the probability simplex of dimension S, and assume
p≪ q. For all functions f : S 7→ [0, b] defined on S,

pf − qf ⩽
√

2Varq(f) KL(p∥q) + 1
3bKL(p∥q) ,

qf − pf ⩽
√

2Varq(f) KL(p∥q) + 1
3bKL(p∥q) ,

where use the expectation operator defined as pf ≜ Es∼pf(s) and the variance operator defined as
Varp(f) ≜ Es∼p

(
f(s)− Es′∼pf(s′)

)2
= p(f − pf)2.
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Proof. Notice that in the case KL(p∥q) = 0 the inequality holds trivially since both sides of the
inequality are equal to zero, thus we assume KL(p∥q) > 0. Additionally, let us consider the case
Varq[f ] = 0, it implies that q = δs⋆ for some s⋆ ∈ S and thus KL(p∥q) < +∞ if and only if p = δs⋆ ,
thus the inequality also holds trivially.

By the Donsker and Varadahn’s variational formula for KL-divergence (Donsker and Varadhan
1983) we have for any function g : S → R

logEX∼q[exp(g(X))] = sup
p
{pg −KL(p∥q)} .

Taking g(s) ≜ λ · f(s) for a parameter λ > 0, we have

logEX∼q[exp(λ[f(X)− qf ])] + λqf ⩾ λpf −KL(p∥q) ,

and, denoting ψ(λ) ≜ logEX∼q[exp(λ[f(X)− qf ])] after some rearranging, we have

pf − qf ⩽ inf
λ>0

{
ψ(λ) + KL(p∥q)

λ

}
.

Next, we notice that a random variable Y = f(X)−qf is centered and bounded |Y | ⩽ b, thus the
moment generating function is bounded by Bennett’s inequality (Boucheron et al. 2013, Theorem
2.9) for any λ ∈ (0, 3/b)

ψ(λ) ⩽ E[Y 2]
b2

(
ebλ − bλ− 1

)
⩽ Varq[f ] · λ2

2(1− bλ/3) ,

where the second inequality holds by a simple bound for any x < 3

ex = 1 + x+ x2 ·
∞∑
k=0

xk

(k + 2)! ⩽ 1 + x+ x2

2 ·
∞∑
k=0

xk

3k = 1 + x+ x2

2(1− x/3) .

Notice that for λ⋆ = 1/(b/3 +
√
v/y), where v = Varq[f ]/2 and y = KL(p∥q), we have λ⋆/(1 −

bλ⋆/3) =
√
y/v and 1/λ⋆ = b/3 +

√
v/y, thus

pf − qf ⩽ inf
λ∈(0,3/b)

(
Varq[f ]

2 · λ

1− bλ/3 + KL(p∥q)
λ

)

⩽
√

2Varq[f ] KL(p∥q) + b

3 KL(p∥q) .

The second inequality follows directly from the first one by applying it to a function g ≜ b− f .

Lemma D.10. Let p, q ∈ ∆S and a function f : S 7→ [0, b], then

Varq(f) ⩽ 2Varp(f) + 4b2 KL(p∥q) ,
Varp(f) ⩽ 2Varq(f) + 4b2 KL(p∥q).

Proof. Let p ⊗ p be the distribution of the pair of random variables (X, Y ) where X,Y are
i.i.d. according to the distribution p. Similarly, let q ⊗ q be the distribution of the pair of ran-
dom variables (X,Y ) where X, Y are i.i.d. according to distribution q. Since Kullback–Leibler
divergence is additive for independent distributions, we know that

KL(p⊗ p, q ⊗ q) = 2 KL(p, q).
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Using Lemma D.9 for the function g(x, y) = (f(x) − f(y))2 defined on S2, such that 0 ⩽ g ⩽ b2,
we get

|(p⊗ p)g − (q ⊗ q)g| ⩽
√

4Varq⊗q(g) KL(p, q) + 2
3b

2 KL(p, q)

⩽
√

4b2 KL(p, q)(q ⊗ q)g + 2
3b

2 KL(p, q)

⩽
1
2(q ⊗ q)g + 3b2 KL(p, q) ,

where in the last line we used 2√xy ⩽ x+ y for x, y ⩾ 0. In particular, we obtain

(p⊗ p)g ⩽ 3
2(q ⊗ q)g + 3b2 KL(p, q) ,

(q ⊗ q)g ⩽ 2(p⊗ p)g + 6b2 KL(p, q) .

To conclude, it remains to note that

(p⊗ p)g = 2Varp(f) and (q ⊗ q)g = 2Varq(f) .

Lemma D.11. For p, q ∈ ∆S, for f, g : S 7→ [0, b] two functions defined on S, we have that

Varp(f) ⩽ 2Varp(g) + 2bp|f − g| and
Varq(f) ⩽ Varp(f) + 3b2∥p− q∥1 ,

where we denote the absolute operator by |f |(s) = |f(s)| for all s ∈ S.

Proof. For the first inequality, we have

Varp(f) = p(f − pf)2 = p(f − g + g − pg + pg − pf)2

⩽ 2p(f − g − p(f − g))2 + 2p(g − pg)2 = 2Varp(g) + 2Varp(f − g) ,

and the bound Varp(f − g) ⩽ p(f − g)2 ⩽ bp|f − g|.
The second inequality follows from the following representation:

Varq(f)− Varp(f) = (q − p)f2 + (pf − qf)(pf + qf) ⩽ 3b2∥p− q∥1 .

D.5 Change of policy

Let π and π′ be two Markovian policies and let π(h′) for h′ ∈ [H] be a family of policies defined as
follows

π
(h′)
h (s) =

{
πh(s) h ̸= h′ ,

π′
h(s) h = h′ .

Lemma D.12. For any measurable function f : S → R and any h ⩽ h′ it holds

Eπ[f(sh)|s1] = Eπ(h′) [f(sh)|s1] .

Moreover, for any measurable g : S ×A → R and any h ⩾ h′

Eπ[g(sh, ah)|(sh′ , ah′) = (s, a)] = Eπ(h′) [g(sh, ah)|(sh′ , ah′) = (s, a)] .
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Proof. At first, we recall that by definition of a kernel ph we have for any measurable f :

Eπ[f(sh+1)|sh, ah] = phf(sh, ah), Eπ[g(sh, ah)|sh] = πhg(sh) . (D.1)

We show the first statement by induction over h ⩽ h′. For h = 1 the statement is trivial. Next,
we assume that it holds for h and we have to show for h + 1 ⩽ h′. By the tower property of
conditional expectation and (D.1)

Eπ[f(sh+1)|s1] = Eπ[Eπ[f(sh+1)|sh, ah]|s1] = Eπ[phf(sh, ah)|s1]
= Eπ[Eπ[phf(sh, ah)|sh]|s1] = Eπ[πh[phf ](sh)|s1] .

We notice that since h < h′ then πh = π
(h′)
h . Then we can apply the induction hypothesis to a

function π
(h′)
h [phf ](sh)

Eπ[f(sh+1)|s1] = Eπ[πh[phf ](sh)|s1] = Eπ[π(h′)
h [phf ](sh)|s1] = Eπ(h′) [f(sh+1)|s1] .

We use induction over h ⩾ h′ to show the second statement. For h = h′ the statement is trivial.
Next, we assume that it holds for h ⩾ h′, and we have to show it for h+ 1. Again, using the tower
property

Eπ[g(sh+1, ah+1)|sh′ , ah′ ] = Eπ[Eπ[g(sh+1, ah+1)|sh+1]|sh′ , ah′ ] = Eπ[πh+1g(sh+1)|sh′ , ah′ ] .

We notice that πh+1 = π
(h′)
h+1 since h ⩾ h′. Thus, again applying the tower property, (D.1), and

induction hypothesis

Eπ[g(sh+1, ah+1)|sh′ , ah′ ] = Eπ[Eπ[π(h′)
h+1g(sh+1)|sh, ah]|sh′ , ah′ ]

= Eπ[ph[π(h′)
h+1g](sh, ah)|sh′ , ah′ ]

= Eπ(h′) [ph[π(h′)
h+1g](sh, ah)|sh′ , ah′ ] = Eπ(h′) [g(sh+1, ah+1)|sh′ , ah′ ] .

D.6 Deviation Inequalities

D.6.1 Deviation inequality for categorical distributions

Next, we state the deviation inequality for categorical distributions by Jonsson et al. (2020, Propo-
sition 1). Let (Xt)t∈N⋆ be i.i.d. samples from a distribution supported on {1, . . . ,m}, of probabilities
given by p ∈ ∆m−1, where ∆m−1 is the probability simplex of dimension m− 1. We denote by p̂n
the empirical vector of probabilities, i.e., for all k ∈ {1, . . . ,m},

p̂n,k ≜
1
n

n∑
ℓ=1

1{Xℓ = k} .

Note that an element p ∈ ∆m−1 can be seen as an element of Rm−1 since pm = 1−∑m−1
k=1 pk. This

will be clear from the context.

Theorem D.13. For all p ∈ ∆m−1 and for all δ ∈ [0, 1],

P(∃n ∈ N⋆, nKL(p̂n, p) > log(1/δ) + (m− 1) log(e(1 + n/(m− 1)))) ⩽ δ .
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D.6.2 Deviation inequality for sequence of Bernoulli random variables
Below, we state the deviation inequality for Bernoulli distributions by Dann et al. (2017, Lemma
F.4). Let Ft for t ∈ N be a filtration and (Xt)t∈N⋆ be a sequence of Bernoulli random variables
with P(Xt = 1|Ft−1) = Pt with Pt being Ft−1-measurable and Xt being Ft-measurable.

Theorem D.14. For all δ > 0,

P
(
∃n :

n∑
t=1

Xt <
n∑
t=1

Pt/2− log 1
δ

)
⩽ δ .

D.6.3 Deviation inequality for bounded distributions
Below, we state the self-normalized Bernstein-type inequality by Domingues et al. (2021b). Let
(Yt)t∈N⋆ , (wt)t∈N⋆ be two sequences of random variables adapted to a filtration (Ft)t∈N. We assume
that the weights are in the unit interval wt ∈ [0, 1] and predictable, i.e. Ft−1 measurable. We also
assume that the random variables Yt are bounded |Yt| ⩽ b and centered E[Yt|Ft−1 ] = 0. Consider
the following quantities

St ≜
t∑

s=1
wsYs, Vt ≜

t∑
s=1

w2
s · E

[
Y 2
s |Fs−1

]
, and Wt ≜

t∑
s=1

ws

and let h(x) ≜ (x+1) log(x+1)−x be the Cramér transform of a Poisson distribution of parameter 1.

Theorem D.15 (Bernstein-type concentration inequality). For all δ > 0,

P
(
∃t ⩾ 1, (Vt/b2 + 1)h

(
b|St|
Vt + b2

)
⩾ log(1/δ) + log(4e(2t+ 1))

)
⩽ δ .

The previous inequality can be weakened to obtain a more explicit bound: if b ⩾ 1 with probability
at least 1− δ, for all t ⩾ 1,

|St| ⩽
√

2Vt log(4e(2t+ 1)/δ) + 3b log(4e(2t+ 1)/δ) .

D.6.4 Deviation inequality for vector-valued self-normalized processes
Next, we state Lemma D.4 by Jin et al. (2020b). For any symmetric positive definite matrix A we
define ∥x∥A =

√
xTAx.

Lemma D.16 (Jin et al. 2020b). Let {sτ}∞
τ=1 be a stochastic process on the state space S adapted

to a filtration {Fτ}∞
τ=0. Let {Xτ}∞

τ=0 be an Rd-valued stochastic process where ψτ is F-predictable
(Xτ is Fτ−1 measurable) and ∥Xτ∥ ⩽ 1. Let Λt = αId + ∑t

τ=1 XtX
T
t and let V be a family of

function over the state-space S such that ∀V ∈ V , ∀s ∈ S : 0 ⩽ V (s) ⩽ H. Then for any δ ∈ (0, 1)
with probability at least 1− δ

∀t ∈ N,∀V ∈ V :
∥∥∥∥∥

t∑
τ=1

Xτ{V (sτ )− Eτ−1[V (sτ )]}
∥∥∥∥∥

2

Λ−1
t

⩽ 4H2
[
d

2 log
(
t+ α

α
· |Nε|
δ

)]
+ 8t2ε2

α
,

where Nε is a minimal ε-cover of V with respect to the distance ρ(V, V ′) = sups∈S |V (s)− V ′(s)|.

Also, we state the result on the covering dimension of the class of bonus function, see Lemma
D.6 by Jin et al. (2020b) for a similar result.
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Lemma D.17. Let V be a class of functions over S such that

∀s ∈ S : V (s) = clip
(

max
π∈∆(A)

{
π

[
wTψ(s, ·) + β

√
ψ(s, ·)TΛ−1ψ(s, ·)

]
− λΦh,s(π)

}
, 0, H

)

is parameterized by a tuple (w, β,Λ) such that ∥w∥ ⩽ L, β ∈ [0, B], λmin(Λ) ⩾ α. Assume
∥ψ(s, a)∥ ⩽ 1 for any (s, a) ∈ S × A. Then the covering number |Nε| of the function space V
with respect to the distance ρ(V, V ′) = sups∈S |V (s)− V ′(s)| satisfies

logN (ε,V , ρ) ⩽ d log
(

1 + 4L
ε

)
+ d2 log

(
1 + 8d1/2B2

αε2

)
.

Proof. Following the approach of Jin et al. (2020b), we reparametrize the following set by setting
A = β2Λ−1 and obtain

V (s) = clip
(

max
π∈∆(A)

{
π

[
wTψ(s, ·) +

√
ψ(s, ·)TAψ(s, ·)

]
− λΦh,s(π)

}
, 0, H

)
,

for ∥w∥2 ⩽ L, ∥A∥2 ⩽ B2α−1. Next, let V1, V2 ∈ V be two functions that corresponds to parameters
(w1, A1) and (w2, A2). Then, using non-expanding property of clip(·, 0, H) and maxπ∈∆(A){·} we
have

ρ(V1, V2) ⩽ sup
s∈S

max
π∈∆(A)

π

[
(wT

1ψ(s, ·) +
√
ψ(s, ·)TA1ψ(s, ·))− (wT

2ψ(s, ·) +
√
ψ(s, ·)TA2ψ(s, ·))

]

⩽ sup
s,a∈S×A

[
[w1 − w2]Tψ(s, a) +

√
ψ(s, a)TA1ψ(s, a))−

√
ψ(s, a)TA2ψ(s, a)

]

⩽ sup
ψ:∥ψ∥⩽1

|⟨w1 − w2, ψ⟩|+ sup
ψ:∥ψ∥⩽1

√
|ψT(A1 − A2)ψ|

⩽ ∥w1 − w2∥2 +
√
∥A1 − A2∥F .

The rest of the proof follows Lemma D.6 by Jin et al. 2020b and uses the result on covering numbers
of Euclidean balls in Rd.

D.6.5 Deviation inequality for sample covariance matrices
The following result generalizes Theorem D.14 in the case of linear MDPs and generalized counters.

Let {Xt}∞
t=1 be a sequence of random vectors of dimension d adapted to a filtration {Ft}∞

t=1
such that ∥Xt∥2 ⩽ 1 a.s.. Define a sequence of positive semi-definite matrices At = E[XtX

T
t |Ft−1].

Notice that ∥At∥2 = σmax(At) ⩽ 1. Also define Λt = λId +∑t
j=1 XjX

T
j and Λt = λId +∑t

j=1 Aj .

Lemma D.18. Let δ ∈ (0, 1). Then, the following event

Ecnt′(δ) =
{
∀t ⩾ 1 : Λt ≽

1
2Λt − β(δ, t)Id

}

under the choice β(δ, t) = 4 log(4e(2t+ 1)/δ) + 4d log(3t) + 3 holds with probability at least 1− δ.

Proof. Let us fix a vector v from a unit sphere ∥v∥2 = 1. Next, note that

vTΛtv − vTΛtv =
t∑

j=1
⟨v,Xj⟩2 − E

[
⟨v,Xj⟩2|Fj−1

]
︸ ︷︷ ︸

∆Mj

.
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Notice that ∆Mj is a martingale-difference sequence that satisfied |∆Mj | ⩽ 2 and
t∑

j=1
E
[
∆M2

j |Fj−1
]

=
t∑

j=1
E
[
∆M2

j |Fj−1
]
⩽

t∑
j=1

E
[
⟨v,Xj⟩4|Fj−1

]
⩽ vTΛtv .

Therefore, applying self-normalized Bernstein inequality (Theorem D.15) we have that with prob-
ability at least 1− δ for all t ⩾ 1

|vTΛtv − vTΛtv| ⩽
√

2vTΛtv · log(4e(2t+ 1)/δ) + 3 log(4e(2t+ 1)/δ) .

Next, inequality 2ab ⩽ a2 + b2 implies that

|vTΛtv − vTΛtv| ⩽
1
2v

TΛtv + 4 log(4e(2t+ 1)/δ) .

Let us denote by Nε a ε-net over a unit sphere of dimension d. By union bound over this net we
have with probability at least 1− δ

∀v̂ ∈ Nε : |v̂TΛtv̂ − vTΛtv̂| ⩽
1
2 v̂

TΛtv̂ + 4 log(4e(2t+ 1)/δ) + 4 log(|Nε|) .

Let v be an arbitrary vector on a unit sphere and let v̂ ∈ Nε be the closest vector to v in the ε-net.
Then for any matrix A ∈ Rd×d we have

|vTAv − v̂TAv̂| ⩽ |vTA(v − v̂)|+ |(v − v̂)TAv̂| ⩽ 2ε∥A∥2 .

Next we notice that ∥Λt − Λt∥2 ⩽ 2t and ∥Λt∥ ⩽ t. Then we have

∀v ∈ Sd : |vTΛtv − vΛtv| ⩽
1
2v

TΛtv + 4 log(4e(2t+ 1)/δ) + 4 log(|Nε|) + 3tε .

Finally, we have the upper bound on covering number |Nε| ⩽ (3/ε)d and, taking ε = 1/t for all
fixed t ⩾ 1 we have

∀v ∈ Sd : |vTΛtv − vΛtv| ⩽
1
2v

TΛtv + 4 log(4e(2t+ 1)/δ) + 4d log(3t) + 3 .

Thus, with probability at least 1− δ we have for all t ⩾ 1
3
2Λt + β(δ, t)Id ≽ Λt ≽

1
2Λt − β(δ, t)Id .

where β(δ, t) = 4 log(4e(2t+ 1)/δ) + 4d log(3t) + 3.

D.6.6 Deviation Inequalities for Expectation over Sampling Measure
In this section we describe two inequalities that shows the deviations of quantities of empirical
transition kernels constructed by an independent samples from some base distribution over states.
Let {zk}k∈[N ] be a set of independent trajectories using a fixed policy π in the original MDP:
∀i ∈ [H] : ai ∼ π(si), si+1 ∼ p(si, ai), and let µh(s, a) ≜ dπh(s, a) be its state-action visitation
distribution.

Using this data, we construct an estimates of transition probabilities {p̂h}h∈[H]: for each state-
action-step triple (s, a, h) we define nh(s, a) as a number of visits in these N trajectories:

nh(s, a) =
N∑
k=1

1{(skh, akh) = (s, a)} nh(s′|s, a) =
N∑
k=1

1{(skh, akh, skh+1) = (s, a, s′)},
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where zk = (sk1, ak1, . . . , skH , akH , skH+1), and then the model constructed in a usual way as a maximum
likelihood estimate

p̂h(s′|s, a) =


nh(s′|s,a)
nh(s,a) nh(s, a) > 0

1
S nh(s, a) = 0

.

Lemma D.19. Suppose that p̂h is the empirical transitions formed using N independent trajectories
{zk}k∈[N ] sampled independently using policy π in the original MDP. Then we probability at least
1− δ the following holds

∀h ∈ [H] : E(s,a)∼µh

[
(H(p̂h(s, a))−H(ph(s, a)))2

]
⩽

12S2A log2(SN) · log(4SAH/δ)
N

,

where µh(s, a) = dπh(s, a).

Proof. Define nh(s, a) be a number of samples from a fixed state-action pair s, a. Then by Theo-
rem D.21 we have with probability at least 1− δ/2 for all triples (s, a, h) ∈ S ×A× [H]

(H(p̂h(s, a))−H(ph(s, a)))2 ⩽
2 log2(nh(s, a)) · log(4SAH/δ)

nh(s, a) + S log(S) log(nh(s, a))
nh(s, a) .

From other point of view, we have a trivial upper bound log2(S). Thus, we obtain

(H(p̂h(s, a))−H(ph(s, a)))2 ⩽
2 log2(Snh(s, a)) · log(4SAH/δ) + S log(S) log(nh(s, a)

nh(s, a) ∧ 1.

Next we define the following event

Ecnt(δ) =
{
∀(s, a, h) ∈ S ×A× [H] : nh(s, a) ⩾ N

2 µh(s, a)− log(2SAH/δ)
}
.

By Theorem D.14 it holds with probability at least 1 − δ/2, then we can apply Lemma D.5 and
obtain the following bound with probability at least 1− δ by union bound

(H(p̂h(s, a))−H(ph(s, a)))2 ⩽ 42 log2(SN) · log(4SAH/δ) + S log(S) log(N)
(Nµh(s, a)) ∨ 1 .

Thus, taking expectation we have

E(s,a)∼µh

[
(H(p̂h(s, a))−H(ph(s, a)))2

]
⩽
∑
s,a

4µh(s, a)
(Nµh(s, a)) ∨ 1×

×
(
2 log2(SN) log(4SAH/δ) + S log(S) log(N)

)
⩽

12S2A · log2(SN) · log(4SAH/δ)
N

.

Lemma D.20. [Lemma C.2 by Jin et al. 2020c] Suppose that p̂h is the empirical transitions formed
using N independent trajectories {zk}k∈[N ] sampled independently using policy π in the original
MDP. Then there is an absolute constant C > 0 such that with probability at least 1 − δ the
following holds for all h ∈ [H]

max
G : S→[0,HRmax]

max
ν : S→A

E(s,a)∼µh

[(
[p̂h′ − ph′ ]G(s, a)

)2
1{ν(s) = a}

]
⩽
CH2R2

maxS

N
log
(
AHRmaxN

δ

)
,

where µh(s, a) = dπh(s, a).
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D.6.7 Deviation Inequality for Shannon Entropy
We denote by H(p) the (Shannon) entropy of p ∈ ∆m−1,

H(p) ≜
m∑
k=1

pk log
( 1
pk

)
.

We will follow the ideas of Paninski (2003).

Theorem D.21. For all p ∈ ∆m−1 and for all δ ∈ [0, 1]

P

|H(p̂n)−H(p)| ⩾

√
2 log2(n) · log(2/δ)

n
+
(

(m− 1) log(e(1 + n/(m− 1))) + 1
n

∧ log(m)
) ⩽ δ.

Moreover,

P

∃n : |H(p̂n)−H(p)| ⩾

√
2 log2(n) · log(2n(n+ 1)/δ)

n
+
(
m log(e(1 + n))

n
∧ log(m)

) ⩽ δ.

Proof. We start from application of McDiarmid’s inequality to entropy by Antos and Kontoyiannis
(2001). For all p ∈ ∆m−1 with probability at least 1− δ we have

P

|H(p̂n)− E[H(p̂n)]| ⩾

√
2 log2(n) · log(2/δ)

n

 ⩽ δ.

To relate E[H(p̂n)] and H(p) we use the following observation

H(p̂n)−H(p) = −KL(p̂n, p) +
∑

k:pk>0
(p̂n,k − pk) log(1/pk),

therefore by taking expectation we have

E[H(p̂n)]−H(p) = −E[KL(p̂n, p)].

In the following our analysis differs from Paninski (2003) since we obtain a direct estimate on the
KL-divergence using Theorem D.13,

E[nKL(p̂n, p)] =
∫ ∞

0
P[nKL(p̂n, p) > t]dt ⩽ (m− 1) log(e(1 + n/(m− 1))) +

∫ ∞

0
e−tdt.

At the same time we have a trivial bound that concludes the first statement

E[H(p̂n)]−H(p) ⩽ log(m).

To show the second statement of Theorem D.21, we apply the first part with δ′(n) = δ/(n(n+1)),

P
[
|H(p̂n)−H(p)| ⩾

√
2 log2(n) · log(2/δ′(n))

n

+
(

(m− 1) log(e(1 + n/(m− 1))) + 1
n

∧ log(m)
)]

⩽
δ

n(n+ 1) ,

thus by union bound over n ∈ N we conclude the statement.
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Titre: Apprentissage par renforcement efficace en taille d’échantillon : exploration, imitation et apprentissage séquentiel

Mots clés: apprentissage par renforcement, exploration, apprentissage par imitation, MDPs adversaires, apprentissage
par renforcement à partir du retour humain

Résumé: L’apprentissage par renforcement (RL) fournit un
cadre formel pour la prise de décision séquentielle en en-
vironnement inconnu. Un agent apprend une politique afin
de maximiser un signal de récompense cumulée en inter-
agissant avec un processus de décision markovien (MDP).
Cette thèse étudie trois extensions du cadre standard de
l’apprentissage par renforcement, en proposant de nou-
veaux algorithmes ainsi que leurs analyses théoriques as-
sociées. Premièrement, nous étudions le problème de
l’exploration en l’absence de signal de récompense. Nous
considérons deux formulations distinctes de l’exploration
par maximisation d’entropie et proposons des algo-
rithmes computationnellement efficaces. Pour ces algo-
rithmes, nous dérivons des bornes de complexité en tailles
d’échantillons, qui améliorent les résultats précédemment
connus. Notre analyse établit en outre que l’apprentissage
de la politique de maximisation de l’entropie de visite
est statistiquement moins exigeant que l’exploration sans
récompense dans l’une de ses variantes usuelles, ainsi que
l’apprentissage d’une politique optimale dans un PDM stan-
dard avec récompenses. Deuxièmement, nous abordons le
problème de l’accélération de l’apprentissage par renforce-
ment à l’aide de démonstrations expertes, un cadre motivé
par des applications modernes telles que l’apprentissage
par renforcement à partir de retours (feedback ) humains

(RLHF). Nous analysons le cadre de l’apprentissage par
renforcement régularisé par des démonstrations, où la fonc-
tion objectif de l’agent est augmentée d’une pénalité de
Kullback-Leibler pour toute déviation par rapport à une
politique de référence apprise à partir de démonstrations.
Nous prouvons que cette approche entraı̂ne une réduction
linéaire de la complexité en tailles d’échantillon par rapport
au nombre de démonstrations. Ce résultat établit comment
les données expertes peuvent améliorer l’efficacité de la
tâche d’apprentissage par renforcement. Troisièmement,
nous étudions le problème de l’apprentissage dans des
MDP où les récompenses sont choisies par un adver-
saire oublieux (oblivious). Nous proposons un nouvel algo-
rithme qui utilise un oracle boı̂te noire d’optimisation linéaire
séquentielle, le rendant facile à mettre en œuvre. Nous four-
nissons une analyse de regret montrant que sa borne de
performance correspond à la borne inférieure minimax du
cas stochastique (non adverse) en termes de dépendance
aux nombres d’états, d’actions et d’épisodes. Globale-
ment, les contributions de cette thèse consistent en de nou-
veaux algorithmes pour divers problèmes en apprentissage
par renforcement, accompagnés de preuves de leur perfor-
mance en termes de complexité en tailles d’échantillons et
de bornes de regret.

Title: Sample-Efficient Reinforcement Learning: Exploration, Imitation, and Online Learning

Keywords: reinforcement learning, exploration, imitation learning, adversarial MDPs, reinforcement learning from human
feedback

Abstract: Reinforcement learning (RL) provides a formal
framework for sequential decision-making in an unknown
environment. An agent learns a policy to maximize a cumu-
lative reward signal by interacting with a Markov Decision
Process (MDP). This thesis investigates three extensions
to the standard RL setting, providing new algorithms and
associated theoretical analyses. First, we study the prob-
lem of exploration in the absence of a reward signal. We
consider two distinct formulations of maximum entropy ex-
ploration and propose computationally efficient algorithms.
For these algorithms, we derive sample complexity bounds
that improve upon previously known results. Our analysis
further establishes that learning the maximum visitation en-
tropy policy is statistically less demanding than both a com-
mon variant of reward-free exploration and the task of learn-
ing an optimal policy in a standard rewarded MDP. Sec-
ond, we address the problem of accelerating reinforcement
learning using expert demonstrations, a setting motivated
by modern applications such as Reinforcement Learning

from Human Feedback (RLHF). We analyze the framework
of demonstration-regularized RL, where the agent’s learning
objective is augmented with a Kullback-Leibler penalty for
deviating from a reference policy learned from the demon-
strations. We prove that this approach leads to a linear re-
duction in sample complexity with respect to the number of
demonstrations. This result establishes how expert data can
improve the efficiency of the subsequent RL task. Third, we
address the problem of learning in MDPs with rewards se-
lected by an (oblivious) adversary. We propose a new algo-
rithm that uses a black-box online linear optimization oracle,
making it easy to implement. We provide a regret analysis
showing that its performance bound matches the minimax
lower bound for the stochastic (non-adversarial) case in its
dependence on the number of states, actions, and the num-
ber of episodes. Collectively, the contributions of this thesis
consist of novel algorithms for various problems in reinforce-
ment learning, accompanied by proofs of their performance
in terms of sample complexity and regret bounds.
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